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Electromagnetic Radiation”
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This document is a supplementary material to the article submitted to IEEE Antennas and Propagation Magazine:
“Explicit Definitions for the Electromagnetic Energies in Electromagnetic Radiation”. Readers can also access to a
50min video on IEEE TechRxiv: A Theory for Electromagnetic Radiation and Electromagnetic Coupling (techrxiv.org).
The main revisions in version 4 are: (1) delete the part about mutual couplings; (2) changed some denotations, e.g.,

the primary radiative energy and primary radiative power are denoted respectively by Wr";ﬁ (t) and Pf;ﬁ (t);(3) added
a reference [21] to show that potentials may be gauge invariant if they are subject to some conditions.

This document includes 6 parts: (1) background of the work. (2) the reason to introduce the macroscopic Schott
energy. (3) detailed derivation of the explicit expressions for the energies of a pulse radiator in free space. (4) detailed
derivation for the energies and powers of the Hertzian dipole. (5) explanation to the negative energy that may appear

in sources like a loop current. (6) the numerical techniques used to calculate the energies.
1. Background of the Work

The reactive energy f an antenna has been investigated by many researchers, and the frequency domain calculation
methods proposed so far can be roughly divided into two types:

(1) Methods in early stage, mainly based on spherical mode expansion technique [1]-[3].

® In 1948, Chu discussed in his paper [4] the radiation problem associated with electrically small antennas, and

derived ladder type equivalent circuits for TM,,,/TE,, spherical waves. The reactive energy only includes those
stored in the reactive elements in the equivalent circuit, hence is bounded and can be accurately evaluated.

® Collin [1] calculated the reactive energies strictly with fields obtained using mode decomposition method [5][6],

where the reactive energies of spherical modes and cylindrical modes are obtained by directly integrating the
term (e,/4)E - E*and (u,/4)H - H* in the whole space outside a sphere with a small radius. Since the integration
is infinite, the energy density associated with the radiation fields has to be subtracted from the integrand.

® Fante [2] extended the results of Collin, and McLean re-examined the case of small antennas and calculated

the Q factors of TM,, and TE,, mode [3].

For small antennas, spherical mode expansion solution for reactive energy is a good approximation, and can provide
satisfactory upper bound for Q factors. It has been extended to analyzing antennas with larger sizes [7], where the
radiation fields by a current distribution are expanded with spherical modes. However, it is not efficient because a lot
of modes may need to be taken into account for antennas with large size and complicated structures. Furthermore, the
fields inside the sphere enclosing the antenna cannot be addressed accurately.

(2) Numerical methods investigated by many researchers [8]-[14].

The key problem is the total electromagnetic energy of an antenna is unbounded when it works in harmonic state
because the total radiative energy of the antenna is unbounded, as the antenna is assumed to keep radiating in the
whole timespan of —o0 < t < +00. However, there is no well-accepted method to separate the reactive energy and the
radiative energy. An empirical strategy is to subtract an additional term of energy density associated with the radiation
fields from the integrand. Unfortunately, the result is usually not the exact solution to the reactive electromagnetic
energy, and the additional energy density is ultimately an ambiguous concept without a rigorous definition. Two
representative formulations are the follows,

® Yaghjian and Best have adopted this method to calculate the Q factor of antennas [8]. They used the reactive

theorem by Rhodes in [15], which can be simplified in free space as

AR rli_{g{fv Re(B-H*+D*-E)dV —r?Im [, (ExH'[, —E' xHj ) #dQ} (1)

where I, is the excitation current at the feeding port of the antenna. The primes stand for derivatives w.r.t w,
and X, is the input reactance at the feeding port when it is tuned with a series positive inductance or capacitance.
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Vis the spherical domain with radius r. The term fV Re(B - H* + D* - E) dV is related to the conventionally defined
electromagnetic energy. In Yaghjian-Best formulation, (1) is transformed into

1 L * * 2 ! *
|Io|2X5 = Lim {fVRe(B “H*+D*-E)dV — 2&yr [, F?d0 + %Im JonFio F dn} (2)

where g, and n, are respectively the permittivity and intrinsic impedance in free space, and F is the far electric
field. The first two terms in RHS of (2) are considered as the reactive electromagnetic energy in Yaghjian-Best
formulation, which is coordinate dependent,

W = lim J,Re(B-H* +D"-E)dV —2¢&r [, _F?d (3)

We have calculated the Q-factor of a grid antenna with W, . When we choose the origin on the yellow circle,
the Q-factor changes because W, changes with the origin, as shown in Fig.1.
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Fig. 1. Grid antenna. (a) Structure. (b) Q factor calculated with Wy .

® Vandenbosch [16] proposed a set of formulae for calculating the reactive energies, which are expressed in
closed form of integrations with respect to the current densities in the antenna structure. In free space, the core
equation Vandenbosch formulation, can be simplified as

— 2 B AV = Plag + Llirg f,Re(D*-E+B-H")dV + zwmdya](zt)
where the additional term is
Wraag = lim Im 2 §.(E' X H* —E X H'™) -AdS  (5)
Tr—00

In Vandenbosch formulation, (—O.SWTad,G) is used as the additional term to replace the term associated with
the radiation power. With this modification, the reactive energy can be directly computed with a set of closed-
form expressions that are coordinate-independent. Gustafsson and Jonsson evaluated Wy analytically to get
[17],

W = Wyan + WF2 (6)

where W,,,,, = (m'gc + Wi+ W is the total reactive energy in Vandenbosch formulation, and W, is a

coordinate-dependent term.

Yaghjian-Best formulation and Vandenbosch formulation have attracted many attentions from researchers [18]-[23].
They have been successfully applied to analysis and optimization of small antennas [24]-[29]. The Vandenbosch
formulation has been extended to time domain [30][31]. However, it is reported that the Vandenbosch formulation can
produce negative values of stored energy for electrically large structures [28], which has not been satisfactorily
explained. Furthermore, the formulation in time domain may give results that are a little bit different from those obtained
with the formulation in frequency domain [31].

There are other methods to calculate the reactive energies [32]. A comprehensive comparison of them can be found
in [22]. However, for those methods that require to evaluate the reactive energies, Wy and W,,,,, are the most popular
choices.

(3) Our formulation in frequency domain [33][34].

rad, G)
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Since 2019, we have careful re-examined this issue and found that the difficulty involved in reactive energy can be
traced back to an old classical problem: for a given time-varying current distribution J(r,t)in domain V,, how to
determine the reactive electromagnetic energy stored in the whole free space. We cut into this issue by focusing on
the following two equations,

W, = [, sppdr, = f, ~E-Ddr, ™)
W) =, J-Adr; = [, >B-Hdr, (8)

It is easy to check that the second equation in (7) and (8) do not hold true for electro-dynamic fields. We argued that
the two source-potential terms must be the correct definition for the reactive energies. Although we now believe that
the choice is reasonable and is in consistent with their time domain formulation, we realized later that some of the
discussions and statement are not rigorous or even not correct because of our superficial understanding to the issue
at that time. For example, we did not clearly emphasize that the source-potential term is only for the reactive energy
not the total electromagnetic energy. We tried to fix this in a conference paper [34], however, the formulation, together
with the time domain formulation proposed in this article, are still regarded by some reviewers to be the same as the
Carpenter formulation, or simply a static limit one. We have clarified in this article that they are not.

As is clear, the main difficulty in frequency domain formulation is due to the fact that the radiative energy of a
harmonic source is unbounded. It is then natural to investigate the energy issue associated with a pulse radiator, as
its radiative energy and the reactive energy should be finite, so is its total electromagnetic energy. As has discussed
in the article, mainly two kinds of time domain formulations for this issue can be found in published literatures. Except
that proposed by Vandenbosch [30][31], the other one was proposed by Shlivinski and Heyman [13][14], which is an
approximate method. So we kept on considering on this issue in the past two years because we firmly believe that the
issue is still of great significance to antenna society and should be solved. Moreover, we realized that the most
important and essential case is the radiation problem in vacuum. If the electromagnetic energy issue in vacuum remains
to be ambiguous, it is much more difficult to solve it when media are included. We finally get a satisfactory energy
separation formulation in vacuum by introducing the macroscopic Schott energy, and verified that the formulation is in
consistent to the frequency domain formulation that we have proposed 2 years ago. Meanwhile, the proposed theory
can provide a better understanding of some ambiguous concepts in our previous versions of the formulation.

2. Why to Introduce Macroscopic Schott Energy

Consider in free space a radiator with charge density p(r;,t) and J(ry,t), r; € V;. From Maxwell equations, the
electric energy density and the magnetic energy density can be transformed to

L E ol lp.2A_1ip.
;D E=-pp—-D-——-V-(Dp) 9)
1 1. 10D 4, _1p.

BH=1 A+ 2. a-lv-(xa) (0

where E and H are the electromagnetic fields, D and B are the flux densities. The scalar potential ¢ and the vector
potential A are subject to the Lorentz Gauge and their reference zero points are put at the infinity. For a pulse radiator
in [0, T1, the total electric energy and the total magnetic energy can be written as

1

W) = f,_(GD-E)dr, = [, (5p0)dr,+ [, (—3D-%)dri—§,_S¢D-ndS (1)

Wi =, (GB-H)dr, =, (;]-A)dr,+[,_ (55 A)dr,—§_3(HxA)-7dS (12)

The surface integrals in the right hand side of (9) and (10) are zeros for pulse radiators because their fields never
reach S,,. Denote

W,(©) = [, 3p(r, (s, 0) dry (13)

Wy(0) = [, )@y, 0) - Ay, 0) dry (14)

W,; = W, + W, is the Coulomb-velocity energy. It is generally considered that the total electric/magnetic consists of an
electric/magnetic radiative energy and an electric/magnetic reactive energy, namely,

Wt%t(t) = Wreeact(t) + Wrizd (t)' Wt‘rl;lt (t) = Wrrgact (t) + Wrrgd (t) (15)
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If we define W,qce(t) = W, (1), Wigace(t) = W;(t), then we have to admit that

1 0A
raa(t) = W5t (6) — Wieae(t) = fVoo (_ ED ’ E) dr; (16)

10D
2 0t

Wiy (6) = W) = Wik (®) = f,_(357-A)dry  (17)

which means that W2, (t) + W2, (t). This is not correct in free space because we have E(r,t) = nyH(r,t) for far field
in free space, from which we can verify that in free space the electric radiative energy has to be equal to the magnetic
radiative energy. Therefore, either W, (t) or W;(t), or even both of them, cannot be treated as reactive energy.
Integrating (9) over a finite domain V, o V; and rearranging the terms gives

1 1 1 0A 1 ~
L, (5p¢) dry = [, (ED ‘E+3D 'E) dry+§, >¢D-RdS (18)

where S, is the surface enclosing V, with outward normal unit ii. In order to investigate the property of W,(t), we
assume T — 4o so that the fields can spread over the whole space. Let r —» o, then we have I, -V, and S, —»
S»-(Note: in this case, the fields on S, are not zero, so the surface integral is not zero. We consider its asymptotic
behavior when S, - S.,.) Recalling that rli_{g(D ‘f)~0 (riz) and rh_{g(p ~0 G) where t is the unit radial vector, the
surface integral at the RHS of (18) approaches zero when S, — S.,. The energy at the LHS of (18), i.e., W,(t), really
has the meaning of being stored in the space with no energy leaking to the infinity. Therefore, it is at least not improper
to define W, (t) as the electric reactive energy.
Follow the same procedure, integrating (10) over the domain V, o V; and rearranging the terms gives
. (%1 -A)dr, = L (§B ‘H-— la—D-A) dry+§, GH x A)-ndS (19)

2 0t

When T — +oo, we have lim(H X A)-f~ 0 (712) the surface integral in (19) when S, — S, is usually a bounded but
r—00

nonzero value. The LHS of (19), i.e., W;(t), which is obviously not an energy purely stored in the whole space 1,
because a part of the energy will eventually leak into the infinity, which is related to the electromagnetic radiation.
Therefore, it is not proper to define W;(t) as the magnetic reactive energy. This has also been verified in our previous
works [35]-[37]. In the case of the Hertzian dipole, the reactive electric energy defined by W, (¢) is exactly in agreement
with the electric energy stored in the capacitor in its equivalent circuit model proposed by Chu [4]. However, the
magnetic reactive energy calculated with I¥;(t) does not exactly equal to the magnetic energy stored in the equivalent
inductor.

Therefore, we conclude that it is proper to treat W, (t) as the electric reactive energy, and let the electric radiative
energy equal to the magnetic radiative energy,

Wraa(£) = Wyg(t) = %Wrad ) =- wa (%D 'Z_f) dry (20)

Consequently, we have
Wioe(8) = W, (2) + Wipa () (21)
Wi(6) = Wy (6) + Wiy (®) + [, 5+-(D- A)dry (22)

It has been demonstrated that the last term in the RHS of (22) is corresponding to the Schott energy in the charged
particle theory [39][40] by applying the Lienard-Wiechert potentials [41] to a moving charge [42][38]. We denote it as

the macroscopic Schott energy,
a
Ws(®) = J,, 33 (D A)dr, (23)

3. The Time Domain Explicit Expressions for the Energies
With the above logistical reasoning, we proposed the energy separation formulation:

Wioe (1) = Wp](t) + Wrqq(6) + Ws(t) (24)

We want to verify this separation mainly by (i) checking the non-zero period of each energy to reveal their property
in time domain;(ii) numerical verifying it with Hertzian dipole; (iii) demonstrating the consistency of the time formulation
and frequency domain formulation. So we derive the explicit expressions in this section, and check the Hertzian dipole
in the next section.
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For a pulse radiator in [0, T], the scalar potential ¢ (r, t) and the vector potential A(r, t) evaluated at the observation
point r and the time t are defined in their usual way,

pr t') p(ry)
¢(r,0) = f, S0 dry = L [ B0 5 (¢~ ") dry (25)
jauen Jaro) R
A0 = o f, K04 Z_;IRS%*a(t—TI) dr, (26)

In the above equations, t' =t — R;/c is the retarded time, and c is the light velocity in vacuum and R, = |r — ;] is the
distance between the two positions.

In order to reveal the property of the macroscopic Schott energy, we are to derive its explicit expression from the
vector potential and the electric flux density,

p(rlvt’) 0 ](Tl,t’)

d — -
anR, %) 5t anR, T

D(r,t) = —&,Vp(r,t) — SO%A(T, t) = —f 4
v

= — st f_oooop(rl, tl)VG (t - tl - %) dtl dr1 - ClZst f_oooo](rl, tl)G (t - tl - %) dtl dr1 (27)

where the superscript “”” means derivative with respect to time. The time domain Green’s function can be expressed
with the Dirac delta function,

(28)

Substituting (26) and (27) into (23) yields

10
Ws(t) :Jl-/ EE(D A)dr

—Ho fvw fVS fys{[f:, p(ry, t)VG dt, + c2 f_m](rl' t1)61dt1] ' fjooo](rz' tZ)GZdtZ} dridr,dr (29)

where G, =G (t —t, —R—) and Ry, = [r—ry,|. Note that p(ry,t;), J(ry, t;) and p(ry, t;), J(ry, t,) stand for the

sources at (1, t;) and (ry, t,), respectively. They are the same function related to the same radiator. Now we take the
first term of Ws(t) as an example to show the derivation. Rearranging the integration order gives:

wi(t) = ﬂozatfy fy f I J T t)p(ry, ty) - f G1VGydrdt, dt dr,dr, (30)

Making use of the identity G,VG, = V(G,G,) — VG,G, and J; - VG, = =], - V,G, = G;V; - J; — V; - (J,G,), and noticing that
the surface integrals at S, are zeros, we get

a 0 oo
WE(t) = —pg Efys fvs Joo V1 I t)p(reu ) [, G1Gadrdt, dtydrydry  (31)
It is required to evaluate the following integral associated with two source point r; and r;,

_ Ry Ry c2
I= fVoo G (1’1 - T) G (‘t - T) dr=——/, R1R ——&(ct; — Ry)8(ct, — Ry)dr (32)

where 1., =t —t;,, Ry, = |r - r1,2| . The value of the integral has been given in the equation (32) in [30]. Here we
provide an alternative rigorous proof. In the spherical coordinates, choose r, as the origin and put r, on +z axis, as

shown in Fig.2(a). Therefore, we can writer, =1,,Z, Ry =|r|=r,and R, = |r — | = \/rz — 2771y, cos 0 + 4. Since
the integrand is symmetric, we have

f f R —6(cty — 1)6(ct, — Ry)T? smedrde——f 5(C‘L’2 R;)d cos 6
2

_8_f|(.“tl+r21 a—ls(c‘[,'z Rz)(

mV|cT1-721] Ry

CZ
C11T21) dRz - 8mryq (33)

where dR, = —(ct,1,1/R,)dcosO is used. Apparently, the integration is nonzero only when ct, falls into the range of
the integration, i.e., |cty — 1| < cT, < ¢y + 1,4, and satisfy conditions of 0 < 7,, <t and Ry;+R, = 1,;,. Therefore,
we have
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[T ST —— =T
|
{TZST1+— (34)
Tl‘zst
lc2t—1, — 1) ZTZTI
which leads to
{TZI—T2ST1ST2+T'ZTI, Tzsrle
r21 21 21 21
TZ_TSTISTZ+T' TSTZSt—T (35)

21 21 r21
LTZ—TSTlﬁzt—TZ—T, t—TSTZSt

This is the integration range of (t,,7,) for nonzero I. It is the shadowed rectangular area shown in Fig. 2(b). which is
similar to that in [30] (Fig.2 in [30]). (35) is the same as eq. (33) in [30]. If the sources are zero for t < 0, the integration
area shown in Fig. 2(b) is rigorous. Note that the integration region in [30] can get correct result if we substitute the
condition that the sources are zero when t < 0 in the derivation.

T1 ‘? /‘Eflz T, +121/c

(@) (b)

Fig. 2. Evaluating the integral I. (a) The coordinate system. (b) Integration region.

Performing the double integration ([ [ dt,dt,) on the region shown in Fig. 2(b), and dividing the inner integration
into three sub-regions gives

Wp(t) ﬂocza {+ t_c[ (T t _}_ﬁ)_ (T t _E)] (ry, ty)dt dr.dr
s 1611'6t 1"21 ra1 P\t c P2t c p(ry,t)dty 20Ty

+ o [p (rz, 2t—t, — %) -p (rz, t; — r—zl)] p(ry, tydty

ey [:lp(rl,tl)p(rz,Zt—tl )| dt, drpdry  (36)

Replacing t; by t and evaluating the second term in a similar way we can get (37),
v v [P Db (ra 2t =7 ="2) 4 ¢ (ry 2t = T = 2) J(ry, )| dudrydry (37)

where r,; = |r, — r;|. The nonzero range can be determined by noting that the sources exist within [0, T] and at least
one of the source terms is zero for t > T + 0.5t,4,, Where t,,,,, = 121max/c iS the largest travelling time between two
source points. This means that after the sources have disappeared, although a(D - A)/dt is not zero everywhere in
the space, its volume integral over the whole space, i.e., Ws(t), soon becomes zero.

Using the same technique, the principal radiative energy can be evaluated with the integration over the source region,

[P(TL p (7'2' - 7‘2_1) -p (7"1' T— rle) (ry, T)]
c? [](TL )] (rz"f - _) -J (7'1'1' - _) J@rs, T)]

Ws(t) =

81‘[80 sT21

Z;()_gngfvf fZ

s'Vsray

dtdr,dr, (38)
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It can be checked that for a pulse source over [0,T], Wr’;g(t) Wr’;f;(T) for t > T. However, the total radiative energy

continues to vary in a small time period [T, T + 0.5t,,,,] due to the effect of Ws(t).
Similarly, the explicit expressions for the Coulomb-velocity energy are

Wo®) = 5[, f, —-p(ri,Dp(ry t— 1 /C)dridr,  (39)
W) =22, [, L0 J@rat —151/C) dridr,  (40)

4. Hertzian Dipole
The moment of the dipole is assumed to be glcoswt, the scalar potential and the vector potential of which can be
readily derived from the Hertzian potential I1 = (ql/4mr) cos(wt — kr) [36][43],

A= _Msin(wt —kr) (fcos0—0sin@) (41)

_ uoql 1 .
=—, Cos 7] [ cos(wt — kr) — Esm(wt — kr)] (42)

k212

from which the fields are found to be

2
E = 4’;:]' {rz cos 60— [— cos(wt — kr) — sin(wt — kr)] +0sin6 [(m — 1) cos(wt — kr) — %sin(wt — kr)]}
(43)
H=—- Msm (7] [ sin(wt — kr) + cos(wt — kr)] P (44)

As is known, the Hertzian dipole is a point source and its total reactive energy is infinite. A common strategy is to
evaluate the energies with integrands containing fields and potentials in the whole space excluding a small sphere with
radius a. The results are listed below,

1 1 04 1 1 1
WE, uct () = fVoo_Va (ED “E + ED . E) dry = «a [W +—+ (— ) cos2 (wt — ka) — - sin2 (ot — ka)] (45)

ka k3a3
Wieace(t) = f ( B-H+- D —) dr, = k—smz(wt — ka) (46)
where a, = (wql)?uyk/(24m). The principal radiative power evaluated at a spherical observation surface is

prl (t) = ¢ SSrad nds = Zwao (47)

rad

It is a constant value independent of the radius of the sphere, clearly indicating that the total principal radiative power
associated with Wr’;g(t) passing through any concentric spherical surface is identical.

The Poynting power flux on the spherical surface S, is calculated to be

P,,(t) = gﬁsas -7idS = 2way[1 + cos 2 (wt — ka)] + 2wa, [(i

P k3a3) sin2 (wt — ka) — —— cos 2 (wt — ka)]

(48)

which decreases with the radius of the surface due to the effect of the reactive energy. As expected, the time average
of B, (t) equals to that of PPI(t).

Since the Hertzian dipole is a point source, its fields propagate radially and cross all concentric spherical observation
surfaces with light velocity. Therefore, the radiative energy per unit time near the spherical surface S, can be

considered as the real radiative power crossing S,
P t)dt = [ [ (-D-52) drds = cdt [, (-D-57)ds (49)
from which the real radiative power is found exactly to be

Prel(t) = 2way[1 + cos 2 (wt — ka)] (50)
the amplitude of which is not dependent on the radius of the observation surface. It is readily to recognize from (48)
that it is the first term in the Poynting power flux P,,(t). The other terms of p,,(t) in (48) compose the pseudo power

flow, which decreases with the distance to the dipole.

pseudo _

P (t) = Zwao [( a

rad

)sm 2 (wt — ka) — 2.z €08 2 (wt — ka)] (51

k33
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The time averaged energies are listed below for readers’ reference,
1
(Wm)av =Q (E)

We)aw = g (k3_1a3 + k_la) 2

The Q factor of the dipole is then calculated to be

_ 20(We)av _ 1 + i (53)

- (Prad)av " k3a3 ka

Q

which is exactly in agreement with the result shown in [3].

The well-established equivalent circuit model proposed by Chu [4] for Hertzian dipole is shown in Fig.3(b). Assume
that the current in the radiation resistor at the interface of r = a is iy = I, cos(wt — ka). The energies stored in the
capacitor and the inductor can be derived to be

B 1 1 1 2 .

Wc(t) = E[E + W‘F (m - E) cos 2 ((Dt - ka) —Wsmz ((Dt — ka)] (54)
i1,

W, (t) = ﬁ (E sin?(wt — ka))

z L=a/c

—
0 r C=a/c
R=1

qlcoswt

(a) (b)
Fig. 3. Hertzian dipole. (a) Coordinate system. (b) Equivalent circuit model.

If we choose 12 = 4way, it can be readily verified that W, (t) = W,(t) and W, (t) = W,,(¢) .

The integration regions for W,.,,(t), Wrﬁfj(t) and W (t) are all modified in a similar way. They are found to be

W,qa(t) = — wa_VaD . Z—de = Zkaoﬁ)rg(r —a)+ag [sinZ (wt — ka) — il;rggsinz (wt — kr)] (55)
i 1/0D 0A .
WP (o) = fvw—vaE(E ‘A—D 'E) dV = 2aoklim(r —a)  (56)

a (1 , .,
W(t) = fVoo—VaE (ED . A) dv = —a, [st (wt — ka) — 51_}12 sin2 (wt — kr)] (57)

With the wave travels to infinity, the principal radiative energy VI/r’Zfii(t) monotonically increases with the radius,
revealing that the radiative rate is always positive. The macroscopic Schott energy Ws(t) oscillates in the propagation
with a zero average value. Its amplitude remains constant in this case.

We want to remind readers that no other numerical methods can provide such an accurate verification of the energy

relationship in Hertzian dipole.

5. Explanation for Negative Energies

In the article, the surface current on a ring described by J.(r,t) = I(t)$ [A/m] is a solenoidal current with zero charge
density, I(t) = eV sinwt is a modulated Gaussian pulse. The reactive energy includes the contribution from the
current alone, i.e., W,. It oscillates with the source and admits negative values periodically, as shown in Fig. 4. Negative
W, is acceptable because the reactive energy is dependent on the potentials, which are values relative to their
reference zero points. When the current varies and changes its direction periodically, the retarded vector potential in
the source region lags behind and may point in direction opposite to that of the current, causing negative values of .
A source itself can radiate energy. It can also interact with fields radiated by other sources and absorb part of the
energies carried by the fields. Consider a part of the loop current. On the one hand, it will radiate energy to the space,
which will propagate to the other part of the loop current and interact with them; on the other hand, it will interact with
fields radiated by the other part of the loop current some time earlier and absorb part of the energy of the fields. In the
article, it is considered that the source absorbs more energy than that it radiates when its W, is negative.
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t[ns]
Fig.4. The energy of the loop current evaluated in the source region.

Although we prefer the explanation that the negative energy is caused by energy absorption, we also give here
another possible explanation. Consider a loop current with radius b and current I(t)@, as shown in Fig. 5(a)., the
magnetic flux generated by the loop current is

P ~ b2 PPN
D(t) = [(B(r,t)-AdS = § A(rt) - bp,de; =26 6 1 (t —"2) (§y - pr)dpdep; (58)

r21 c

where 1,; = 2bsin(0.5(¢; — ¢,)) is the distance between two points on the loop. In circuit theory, the associated
inductance associated with the loop current is defined as L = ®/I, and the energy stored in the inductor is expressed

by
W, =L (59)

At low frequencies, the magnetic flux is always positive, as most of the magnetic fields inside the loop can catch up
with the change of the current and pass through the curvature S in the same direction, as shown in Fig. 5(a). However,
at high frequencies, because of the retardation of the fields, some of the magnetic field inside the loop may cross the
curvature S in opposite direction, as shown in Fig.5(b). The total magnetic flux through the curvature S may become
negative if we calculate it with (58), therefore, we will have a negative inductance. According to (59), the magnetic
energy becomes negative.

a T1so a BO

p(t) = eV sinwt

(a) (b) (©)

Fig. 5. Loop current and disk charge sources. (a) Magnetic flux of a loop current corresponding to positive inductance at low frequencies. (b)
Corresponding to a negative inductance at high frequencies. (c) Charge density on a disk plate.

For readers’ reference, we have also confirmed that a harmonic charge density, e.g., p(t) = e " sinwt in Fig. 5(c),
uniformly distributed on a disk plate sometimes may have negative Coulomb energy W, (t).

6. Numerical Technique in MOT

For a PEC antenna (we consider PEC plate with zero thickness), we calculate the energies in two steps. Firstly, we
calculate the surface currents by solving the surface electric field integral equation (EFIE) with marching-on in time
scheme (MOT) [44][45]. Secondly, based on equivalence principle, we assume that the surface currents are in free
space, and calculate the associated energies with the expressions we have proposed.
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Ho, €o

(a) (b)
Fig. 6. Antenna radiation problem. (a) PEC loop antenna with Delta-gap voltage feeding, triangularly-meshed. (b) Equivalent problem with its
surface currents in free space.

The surface current on the PEC radiator is subject to the time domain electric field integral equation (TD-EFIE):
0A(rt)

|*20 4 v (1)

— d
at = Efe @, t)|tan (60)

tan

We can expand the surface current with N RWG bases f,, ()

Js(r,t) = X1 I O f (1) (61)

and the surface charge density with

ps(r,t) =— Zrl\ll:l f_too L,(9)d§V - f,(r) = Zrl\zlzl V- fa(rga.(®) (62)
As shown in Fig. 7., The RWG basis function is defined as [46]

fal) = (OO T im v fu) =26, (69)

—C,(r—ry;),reT;’ ™ 245’

Tn

rn
Fig. 7. RWG basis function

Rewrite the potentials as convolutions in time,

A(r,t)zi‘—zfslsé—rll)*d(t—%)drl, d(r,t) = — fsw*s(t—%)drl (64)

4meg R1

Note that

o) (_ o) 5(t‘R?l>> ax (65

A(r! t) = 2521 I‘Il(t) * Z_;f_gn fn(rl) 6(2;17) drl (66)

Then the electric field can then be expressed by

N
c, 1
0 = ) au() * 5 o [ = r)lu(r, ) = o, )
n=1

Cn 1
2meg c2t

+ Zrnl,:l Qn(t) * [(T' - ro)rn(rv t) - Fn(r: t)] + Zgzl in(t) * % [(rn - ro)rn(r' t) - rn(rv t)] (67)

where the two functions are defined as
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(l"n(r, t) =f (Rl‘)drl
( ‘“)
a0 = [ r =) ==
They can be evaluated analytically with formulae in [44]. The TD-EFIE (60) is transformed to a matrix equation,
Q') *q() +tQ* M) *q(®) + (D) x I(t) = e™(t)  (69)

where q(¢) = [ (), g2(0), -, qy (O, 1) = [L,(D), L,(©), -+, Iy (D], e (£) = [ei™ (1), e5*(1), e ()], the upper script
“t” means transpose. The entries of the coefficient matrices are

(68)

R
5(t-3)
0 =~ gz [ o S [ e furo = ar
R,
t
IA(t) = _Z_;;_mem(r) fn(rl)gdrl dr

For PEC antennas with simple structures, we can sample I,(t) and g, (t) at discrete time pAt or expanding them
with proper temporal basis functions, and solve the TD-EFIE with the marching-on in time method, i.e., calculate them
step by step in time domain, we can obtain [,,(t) and g, (t). If necessary, we may tune the time step or adopt other
techniques to guarantee late time stability.

Using the obtained source data, the radiative energy and the macroscopic Schott energy can be approximately
calculated with

WEL@) ~ I8 TN [Con O + Cr (D] (70)

Ws(t) = XNy SN [DE (O + Do (O Pn] (71)

where

Ifnnz f f Vs fimn(@)Vs: fo(rz)drydry

81!80

; (72)
Iyn = P fys fy fm(r1) - fo(rz) drdry

Chn(®) = /c[lm(rd)qn(r) In(Dqn(t)] dz -
. 7
Crn(® = o= [e  [In(@In(Ta) = I 1a(D)] dT
n(t) f /€ qm(T)In(Zt —-2t+ td) dt
749

1
D)) = —mf:_rw In(2t = 2T+ T)In(7) do

15, is the distance between the center of the triangles in the two bases, and t; = T — 1%,,/c. The symbol “”” means
temporal derivative. For %, = 0, (73) and (74) can be evaluated using the L’Hospital’s rule. For example,
Jim DL =2 [ A2t = 2T+ 7 dT = [qnO1,0]  (75)
Otherwise, the integrations have to be evaluated numerically with the values of I,(t) and g, (t) obtained with the MOT.
Note that:
® Some of the coefficients have already been evaluated in the MOT process and can be reused. Modulated
Gaussian pulse is often used for wideband analysis.
® The integration interval of the innermost integral is dependent on the distance between two points, and may be
much smaller than the time step and should be handled carefully.

As has pointed previously, we only consider the situation in vacuum in this article. The issues like the effect of media
and bulk metals, input property at the feeding port, will be presented in future work.

7. About Mutual Coupling
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We consider that electromagnetic mutual coupling issue is basically the same issue as the electromagnetic radiation,
and the energies involved are the same, as we have discussed in [37]. However, because of space limitation of the
article, we do not include this part of content in the article.
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