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Abstract: In radar polarimetry, incoherent target decomposition

techniques help extract scattering information from polarimetric

SAR data. This is achieved either by fitting appropriate scattering models or by optimizing the received wave intensity

through the diagonalization of the coherency (or covariance)

matrix. As such, the received wave information depends on

the received antenna configuration. Additionally, a polarimetric

descriptor that is independent of the received antenna configuration might provide additional information which is missed by

the individual elements of the coherency matrix. This implies that existing target characterization techniques might neglect

this information. In this regard, we suitably utilize the 2D and 3D Barakat degree of polarization which is independent of

the received antenna configuration to obtain distinct polarimetric information for target characterization. In this study, we

introduce new roll-invariant scattering-type parameters for both full-polarimetric (FP) and compact-polarimetric (CP) SAR

data. These new parameters jointly use the information of the 2D and 3D Barakat degree of polarization and the elements of the

coherency (or covariance) matrix. We use these new scattering type parameters, which provide equivalent information as the

Cloude alpha for FP SAR data and the ellipticity parameter chi for CP SAR data, to characterize various targets adequately.

Additionally, we appropriately utilize these new scattering-type parameters to obtain unique non-model based three-component

scattering power decomposition techniques. We obtain the even-bounce, and the odd-bounce scattering powers by modulating

the total polarized power by a proper geometrical factor derived using the new scattering-type parameters for FP and CP SAR

data. The diffused scattering power is obtained as the depolarized fraction of the total power. Moreover, due to the nature

of its formulation, the decomposition scattering powers are nonnegative and roll-invariant while the total power is conserved.

The proposed method is both qualitatively and quantitatively assessed utilizing the L-band ALOS-2 and C-band Radarsat-2

FP and the associated simulated CP SAR data.
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Abstract—In radar polarimetry, incoherent target decomposi-
tion techniques help extract scattering information from polari-
metric SAR data. This is achieved either by fitting appropriate
scattering models or by optimizing the received wave intensity
through the diagonalization of the coherency (or covariance)
matrix. As such, the received wave information depends on
the received antenna configuration. Additionally, a polarimetric
descriptor that is independent of the received antenna configu-
ration might provide additional information which is missed by
the individual elements of the coherency matrix. This implies
that existing target characterization techniques might neglect
this information. In this regard, we suitably utilize the 2D and
3D Barakat degree of polarization which is independent of the
received antenna configuration to obtain distinct polarimetric
information for target characterization. In this study, we in-
troduce new roll-invariant scattering-type parameters for both
full-polarimetric (FP) and compact-polarimetric (CP) SAR data.
These new parameters jointly use the information of the 2D
and 3D Barakat degree of polarization and the elements of the
coherency (or covariance) matrix. We use these new scattering-
type parameters, which provide equivalent information as the
Cloude α for FP SAR data and the ellipticity parameter χ
for CP SAR data, to characterize various targets adequately.
Additionally, we appropriately utilize these new scattering-type
parameters to obtain unique non-model based three-component
scattering power decomposition techniques. We obtain the even-
bounce, and the odd-bounce scattering powers by modulating
the total polarized power by a proper geometrical factor derived
using the new scattering-type parameters for FP and CP SAR
data. The diffused scattering power is obtained as the depolarized
fraction of the total power. Moreover, due to the nature of
its formulation, the decomposition scattering powers are non-
negative and roll-invariant while the total power is conserved.
The proposed method is both qualitatively and quantitatively
assessed utilizing the L-band ALOS-2 and C-band Radarsat-2
FP and the associated simulated CP SAR data.

Index Terms—Full polarimetry, Compact polarimetry, Target
decomposition, scattering-type parameter, Target characteriza-
tion

I. INTRODUCTION

POLARIMETRIC decompositions aim, among other appli-
cations, to characterize scattering mechanisms from a tar-
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get. Broadly categorizing, target decomposition techniques are
divided into two distinct categories: coherent and incoherent.
Coherent decomposition techniques utilize information from
the 2 × 2 complex scattering matrix S, whereas incoherent
decompositions extract information in terms of the second-
order statistics from the 3× 3 coherency T or the covariance
C matrices.

Several methods have been developed to decompose the
average covariance or coherency matrices. In this regard, ei-
ther the eigenvalue/eigenvector based decomposition methods
provide a unique solution to the scattering mechanisms [1],
[2], or the roll-invariant scattering descriptors derived using
the geodesic distance between Kennaugh matrices [3]. The
interpretation of the scattering information is achieved by
obtaining a set of unique roll-invariant parameters. On the
other hand, model-based decomposition methods utilize the
physical and geometrical properties of targets to extract scat-
tering information from second-order statistics.

The pioneering work of Freeman and Durden [4] on the
three-component scattering power decomposition (F3D) paved
the way for model-based decomposition techniques. The scat-
tering powers obtained from their method were based on the
assumption of target reflection symmetry, i.e., 〈SHHS

∗
HV〉 =

〈SVVS
∗
VH〉 = 0. The Freeman and Durden decomposition

model is simple and easy to implement and has been utilized
for several applications as, for instance, unsupervised classifi-
cation [5], [6].

However, the reflection symmetry assumption is seldom
verified for most of the targets in a typical natural scenario.
Therefore, the condition of uncorrelated co-polarized and
cross-polarized components does not hold, i.e., 〈SHHS

∗
HV〉 6= 0,

and 〈SVVS
∗
HV〉 6= 0. In such a condition, the cross-polarized

component, 〈|SHV|2〉, might be predominant.
In this regard, Yamaguchi et al. proposed a four-component

model-based decomposition [7], which incorporates a helix as
a fourth component.

In both the Freeman-Durden [4] and Yamaguchi [7] de-
compositions, the primary scatterer from vegetation canopy is
modeled as a thin cylinder. However, such a description is
often too simplistic for the complex structural configuration
of most vegetation canopies.

Hence, Arii et al. [8] proposed an nth power of cosine
squared function to describe such complex canopy structures.
Nonetheless, this study considered the canopy scattering as the
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dominant mechanism. Similarly, Neumann et al. [9] proposed
the retrieval of forest parameters using polarimetric interfer-
ometric SAR data. This study combined the physical model-
based decomposition with a random volume over the ground
inversion approach.

van Zyl et al. [10] proposed constraints to grant non-
negative eigenvalues. Similarly, Cui et al. [11] performed the
complete decomposition of the coherency matrix into one vol-
ume component and two single scattering components using
a non-negative power constraint. Hence, this decomposition
technique was able to overcome the negative power problem.

The aforementioned model-based decompositions did not
take into account the target orientation aspect with the radar
line of sight. Within a radar resolution cell, targets can be
randomly oriented about the radar line of sight and, thus, can
have diverse polarimetric responses. Several studies attempted
to compensate this target orientation effect [12]–[15]. The
central idea behind orientation compensation techniques is to
reduce the contribution of the cross-polarized component. In
other words, these techniques minimize the overestimation of
the volume scattering power while increasing the even-bounce
scattering power. Later, Bhattacharya et al. [16] utilized the
degree of polarization of the scattered wave as an adaptive
parameter to improve the scattering power components of the
Yamaguchi four-component decomposition. Chen et al. [17]
proposed a generalized double and odd-bounce scattering
models by separating them with their independent orientation
angles.

An alternative approach to determine the orientation of a
target while improving the scattering powers is Statistical
Information Theory. In this regard, Bhattacharya et al. [18]
optimized the Hellinger distance between orthogonal and
rotated urban targets to the radar line of sight to determine
the orientation angle and, finally, modifying the Yamaguchi
four-component decomposition powers. Later, Eltoft et al. [19]
extended the model-based decomposition techniques by intro-
ducing higher-order distribution functions and radar texture
models. An et al. [20] reconsidered the problem of nega-
tive scattering powers and the overestimation of the volume
scattering component in the Freeman-Durden decomposition.
They proposed a methodology to completely decompose an
arbitrary coherency matrix into several polarimetric symmetry
components.

Stability of decomposition powers poses a significant chal-
lenge in several model-based decompositions. Jiao et al. [21]
proposed a stable three-component decomposition by solving a
constraint optimization problem. Shuang et al. [22] combined
a new condition with the Freeman-Durden decomposition
to distinguish human-made structure and nature media after
orientation angle compensation.

Chen et al. [23] provide a review of decomposition tech-
niques using polarimetric SAR data.

Full polarimetric (FP) SAR data provides optimum perfor-
mance in target characterization due to its complete radar tar-
get information content. However, compact polarimetric SAR
data offers more information than a single or dual-polarized
SAR data, while covering larger swath widths compared to FP
SAR systems.

In Compact Polarimetric (CP) radars, the relative phase
between the two received polarizations is retained, unlike
the conventional dual-polarized SAR systems. In the π/4
mode [24], the transmitted polarization is a superposition of
the linear horizontal (H) and vertical polarization (V) oriented
at 45◦ to the horizontal. The dual-circular compact polarimetry
(DCP) model proposed in [25] used right circular polarization
on transmit and right and left circular polarization on re-
ceive. Furthermore, Raney [26] proposed a new hybrid-polarity
architecture, consisting of circular transmit and orthogonal
linear polarizations receive. This new hybrid-pol architecture
preserves all the information of the DCP mode since the Stokes
parameter of electromagnetic (EM) wave does not depend on
the received polarization basis [27].

Raney et al. proposed the m-δ [26] and m-χ [28] decompo-
sition methods for the hybrid-compact polarimetric SAR data,
where m indicates the degree of polarization of the scattered
EM wave. The performance of the m-δ decomposition largely
depends on the purity in the transmission polarization of the
EM wave. Hence, the phase difference parameter, δ, provides
better results only when the transmitted wave is perfectly
circular. On the contrary, the ellipticity, χ, is robust towards
the transmitting wave polarization. While characterizing the
scattering phenomenon from the lunar surface, Raney et
al. [28] pointed out the ability of the m-χ decomposition
to resolve certain even-odd bounce scattering ambiguity over
lunar crater walls. Later, the authors hypothesized that a three-
component (m-χ-ψ) decomposition would be more appropri-
ate to discriminate different scattering mechanisms with a
priori information of the transmitting ellipticity (χ) of the
EM wave. This striking idea was exploited by Bhattacharya
et al. [29] while proposing the S-Ω decomposition, where
Ω depends on m, the transmitting wave ellipticity (χt) and
orientation (ψt) and the received wave ellipticity (χr) and
orientation (ψr).

Incoherent target decomposition techniques might not utilize
complete polarimetric information present in SAR data. In
particular, such techniques for full polarimetric SAR data opti-
mize the received wave intensity through the diagonalization of
the coherency (or covariance) matrix [2], [30], [31]. Hence, the
information provided by a parameter which is received antenna
basis invariant might be useful. In this respect, the degree of
polarization obtained from the n dimensional (nD) coherency
matrix proposed by Barakat [32], [33] can be suitably utilized
to gain enhanced polarimetric information. The Barakat degree
of polarization is linked to the polarimetric contribution of the
Shannon entropy [34].

In this study, we jointly use the 3D and 2D Barakat
degree of polarization [33], and the elements of the coherency
(or covariance) matrix to obtain roll-invariant scattering-type
parameters for both FP and CP monostatic SAR data. These
parameters are equivalent to the Cloude and Pottier parameter
α [1] for FP SAR data, and the wave ellipticity parameter
χ for CP SAR data. Additionally, we propose novel three-
component scattering power decomposition techniques for
both FP and CP SAR data by utilizing the scattering-type
parameter and the 3D and 2D Barakat degree of polarization.

Unlike traditional model-based decompositions, the pro-
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posed methods do not utilize any particular scattering models
for the estimation of the scattering powers, and the formula-
tions of these two techniques are equivalent for both full and
compact polarimetric SAR data. Moreover, each power com-
ponent is guaranteed to be non-negative, and the total power is
conserved. The proposed “non-model” based three-component
scattering power decomposition techniques are applied to full
and simulated hybrid-compact polarimetric L-band ALOS-2
and C-band RS-2 SAR data over Mumbai and San Francisco,
respectively. The effectiveness of the proposed methods is
used for qualitative analysis of scattering mechanisms and
quantitative analysis of the scattering powers.

This work unfolds as follows. We derive the new target
scattering-type parameters for full and compact polarimetric
SAR data in Section II; those parameters are further utilized
to obtain unique three-component non-model based scattering
power decompositions for two datasets. In Section III, we
compare the results obtained from the proposed techniques
with other existing target characterization parameters and
decomposition techniques. Sections III-A1 and III-B1 compare
the proposed target characterization parameters with the ones
existing in literature for FP and CP data. Accordingly, sec-
tions III-A2 and III-B2 present and compare the proposed 3-
component non-model based decomposed powers with two de-
composition techniques for FP and CP SAR data, respectively.
Finally, Section IV summarizes the proposed methodologies
and concludes by highlighting its advantages and limitations
for different SAR data.

II. METHODOLOGY

We introduce new roll-invariant scattering-type parameters
by utilizing the 3D and 2D Barakat degree of polarization [33]
(m) and the elements of the 3×3 coherency and the 2×2
covariance matrix for both FP and CP SAR data, respectively.
In this regard, we use the expression derived from [33] to
calculate the 3D and 2D Barakat degree of polarization. Sub-
sequently, we use these scattering-type parameters to obtain
non-model based three-component scattering power decompo-
sitions for both FP and CP SAR data. We obtain the even-
bounce and the odd-bounce powers by modulating the total
polarized power by a specific geometrical factor easily derived
using the new scattering-type parameters for both FP and CP
SAR data.

A. Full Polarimetry

In FP SAR, the 2× 2 complex scattering matrix S encom-
passes complete polarimetric information about backscattering
from targets for each pixel. It is expressed in the backscatter
alignment (BSA) convention in the linear horizontal (H) and
linear vertical (V) polarization basis as,

S =

[
SHH SHV
SVH SVV

]
⇒ k = V ([S]) =

1

2
Tr(SΨ) (1)

where V (·) is the vectorization operator on the scattering
matrix, Ψ is the corresponding basis matrix, and Tr is the
sum of the diagonal elements of the matrix. Each element
of the matrix represents the backscattering response of the

target at a specific polarization. The diagonal elements of the
matrix represent the co-polarized scattering information, while
the off-diagonal terms represent the cross-polarized informa-
tion. In the monostatic backscattering case, the reciprocity
theorem constrains the scattering matrix to be symmetric, i.e.,
SHV = SVH.

The multi-looked Hermitian positive semi-definite 3 × 3
coherency matrix T is obtained from the averaged outer
product of the target vector kP (derived using the Pauli basis
matrix, ΨP ) with its conjugate. Similarly, the 3×3 covariance
matrix C is obtained from the averaged outer product of the
target vector kL (derived using the Lexicographic basis matrix,
ΨL) with its conjugate.

ΨP =

{√
2

[
1 0
0 1

]
,
√

2

[
1 0
0 −1

]
,
√

2

[
0 1
1 0

]}
,

ΨL =

{
2

[
1 0
0 0

]
, 2
√

2

[
0 1
0 0

]
, 2

[
0 0
0 1

]}
.

Similar to the conventional degree of polarization, the 3D
Barakat degree of polarization (0 ≤ m ≤ 1) also characterizes
the state of polarization (or purity) of an EM wave. For a
completely polarized EM wave, m = 1 and for a completely
unpolarized EM wave, m = 0. In between these two extreme
cases, the EM wave is said to be partially polarized, 0 < m <
1.

Barakat [32] provided an expression of m for the n × n
coherency matrix. This expression is used in this study to
obtain the 3D Barakat degree of polarization mFP from the
3× 3 coherency matrix T for FP SAR data as,

mFP =

√
1− 27|T|

(Tr(T))
3 , (2)

where |·| is the determinant of a matrix. It should be noted that
although this quantity is related to the conventional degree of
polarization, it is not the overall degree of polarization for the
full-polarimetric case as it does not include all the invariants.
The coherency (or covariance) matrix can be used to estimate
this quantity considering suitable ergodicity properties.

Let us assume that

tan η1 =
T11

mFP Span
and tan η2 =

T22 + T33
mFP Span

, (3)

where T11, T22, and T33 are the diagonal elements of the
coherency matrix, and denote

Span = T11 + T22 + T33. (4)

Therefore, by using a simple relationship, we obtain:

tan θFP = tan (η1 − η2)

=
mFP Span (T11 − T22 − T33)

T11 (T22 + T33) +m2
FP Span2 .

(5)

Appendices A1 and B prove that θFP ∈ [−45◦, 45◦] is a roll-
invariant parameter. This parameter can be used to characterize
scattering-type information from targets.

It can be observed from equation (5), that when mFP = 0
(i.e. when no polarization structure exists in the scattered EM
wave), then θFP = 0. Whereas, when mFP = 1, then either
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θFP = −45◦ or θFP = 45◦, depending on the scattering from
a dihedral or a trihedral target respectively. Otherwise, for all
other cases, θFP ∈ (−45◦, 45◦).

We split the total power (Span) into two components: even-
bounce (P FP

d ) and odd-bounce (P FP
s ) scattering powers using a

geometrical factor (1± sin 2θFP) using the 3D Barakat degree
of polarization mFP (2) and the scattering-type information
θFP (5). The diffused scattering power (P FP

v ) is obtained as
the depolarized fraction of the total power:

P FP
d =

mFP Span
2

(1− sin 2θFP) , (6)

P FP
v = Span (1−mFP) , and (7)

P FP
s =

mFP Span
2

(1 + sin 2θFP) . (8)

When mFP = 0, then P FP
d = P FP

s = 0, and P FP
v = Span.

This corresponds to the complete depolarized case. For pure
even-bounce scattering, mFP = 1 and θFP = −45◦ with P FP

s =
P FP
v = 0, and P FP

d = Span. For pure odd-bounce scattering,
mFP = 1 and θFP = 45◦ with P FP

d = P FP
v = 0, and P FP

s =
Span. It is noteworthy that the scattering power components
are non-negative, and that the total power (Span) is conserved
for any polarization state.

B. Compact Polarimetry

The hybrid compact polarimetric mode measures a projec-
tion of the 2× 2 complex scattering matrix S as,[

ECH
ECV

]
=

1√
2

[
SHH SHV
SVH SVV

] [
1
±i

]
=

1√
2

[
SHH ± iSHV
SVH ± iSVV

]
,

(9)

where the subscript C can be either the left-hand circular
(LHC) transmit with a + sign or the right-hand circular (RHC)
transmit with a − sign. The 2×2 covariance matrix C2 is then
obtained from the elements of the scattering vector as

C2 =

[
〈|ECH|2〉 〈ECHE

∗
CV〉

〈ECVE
∗
CH〉 〈|ECV|2〉

]
. (10)

For CP-SAR data, the 4× 1 Stokes vector ~S can be written
in terms of the elements of the 2× 2 covariance matrix C2:

~S =


S0

S1

S2

S3

 =


C11 + C22

C11 − C22

C12 + C21

±j (C12 − C21)

 (11)

where ± corresponds to the left and right circular polariza-
tions, respectively.

The first element of the Stokes vector, S0, is a measure of
the total average received power. The third element, S3, is a
measure of the average received power in circular polarization.
The handedness of this circular polarization can be inferred
from the sign (±) of the S3 component.

The proportion of the power that is received by the radar
in opposite-sense circular polarization to that transmitted is
(S0 + S3)/2. For example, OC = (S0 + S3)/2 = |ER|2 for
left-circular (L) polarization on transmit, where |ER|2 is the

intensity of the right-circular component. Such a change of
polarity occurs when an EM wave undergoes an odd number
of reflections.

Similarly, (S0 − S3)/2 is a measure of the power received
by the radar in the same-sense circular polarization as it was
transmitted, which represents an even number of reflections.
For example, SC = (S0 − S3)/2 = |EL|2 for left-circular (L)
polarization on transmit, where |EL|2 is the intensity of the
left-circular component.

Similarly to the FP case, we use the Barakat formulation
to obtain the 2D Barakat degree of polarization mCP from the
2× 2 covariance matrix C2 for CP SAR data as,

mCP =

√
1− 4|C2|

(Tr(C2))
2 . (12)

Similarly to the FP case, let us assume

tan ζ1 =
OC

mCP S0
and tan ζ2 =

SC
mCP S0

, (13)

with,
S0 = SC + OC. (14)

Therefore, by using a simple relationship, we obtain,

tan θCP = tan (ζ1 − ζ2)

=
mCP S0 (OC− SC)

OC× SC +m2
CP S

2
0

(15)

It can be observed from appendix A2 that θCP ∈ [−45◦, 45◦]
characterizes scattering-type information from targets utilizing
the same sense circular (SC) and opposite sense circular (OC)
polarization scattered powers.

From (15), when mCP = 0, i.e., when no polarization
structure exists in the EM wave, then θCP = 0. Whereas, when
mCP = 1, then either θCP = −45◦ or θCP = 45◦, depending on
the sense (i.e., right or left circular) of the received polarization
with respect to the transmit polarization. Otherwise, for all
other cases, θCP ∈ (−45◦, 45◦).

Analogously to the FP case, the 2D Barakat degree of
polarization mCP, and the scattering-type information θCP, can
be used to split the total average received power (S0) into two
components: even-bounce (PCP

d ), and odd-bounce (PCP
s ) using

a geometrical factor (1 ± sin 2θCP). Similarly, the diffused
scattering power (PCP

v ) is the depolarized fraction of the total
power:

PCP
d =

mCP S0

2
(1− sin 2θCP) , and (16)

PCP
v = S0 (1−mCP) , (17)

PCP
s =

mCP S0

2
(1 + sin 2θCP) (18)

In the case of scattering power decomposition, when mCP =
0, PCP

d = PCP
s = 0, and PCP

v = S0. This corresponds to the
complete depolarized case. For pure even-bounce scattering,
mCP = 1 and θCP = −45◦ with PCP

s = PCP
v = 0, and PCP

d =
S0. For pure odd-bounce scattering, mCP = 1 and θCP = 45◦

with PCP
d = PCP

v = 0, and PCP
s = S0. Moreover, the total

power (S0) is conserved for any polarization state].
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III. RESULTS

In the previous section, we derived two roll-invariant
scattering-type parameters, θFP and θCP by jointly utilizing the
3D and 2D Barakat degree of polarization and the elements of
the coherency and covariance matrices for FP and CP imaging
modes respectively. Nevertheless, their physical interpretation
is comparable to some of the established parameters known
in the literature, viz., Cloude and Pottier’s α [35] for FP SAR
data, and Raney et al.’s χ [28] for CP SAR data. This section
provides a comparison of θFP and θCP with α = 45◦ − α and
χ = −χ respectively. The translations of α and χ to α and
χ, respectively, are presented solely to compare the scattering
nature of the targets in the same range. We have also briefly
analyzed the polarimetric scattering entropy, H for the two
imaging modes over some regions of interest.

We used two full polarimetric (FP) SAR images over
Mumbai, India, and San Francisco (SF), USA, shown in Fig. 1.
The Mumbai scene is an L-band ALOS-2 image with a center
incidence angle of 33◦. The image is multilooked by a factor of
3 in range direction, and 5 in the azimuth direction to generate
15 m2 pixels.

The SF scene is a C-band RS-2 image acquired with near
and far range incidence angles of 28.02◦ and 29.81◦, respec-
tively. The single look complex (SLC) image is multilooked
by a factor of 2 in the range direction, and 4 in the azimuth
direction to generate a 20 m2 ground pixel.

(a) Pauli RGB, Mumbai (b) Pauli RGB, San Francisco

Fig. 1. Pauli RGB images of ALOS-2 L-band (left) acquisition over Mumbai,
India and RS-2 C-band (right) acquisition over San Francisco, USA.

Additionally, we generated simulated hybrid-compact po-
larimetric (CP) data from both the FP SAR data sets with an
ellipticity angle of −45◦ (right circular) and 0◦ orientation
angle.

A. Full polarimetry

Figures 2 and 3 show the images of θFP and α for the ALOS-
2 L-band and RS-2 C-band SAR data, respectively. It can be
seen that θFP provides better contrast over different land cover
classes with two different frequencies than α.

(a) α (b) θFP

Fig. 2. Images of α and θFP for ALOS-2 FP SAR data over Mumbai.

(a) α (b) θFP

Fig. 3. Images of α and θFP for RS-2 FP SAR data over San Francisco.

Figures 5 and 6 show histograms of α, θFP and mFP,
along with their notched boxplots (the notches are approximate
confidence intervals for the median at 95 %), over selected
areas of FP images, identified as “U”, “O”, and “F” / “OU”
in Fig. 1. In the ALOS-2 FP data, “U” denotes the urban
area, “O” denotes the ocean area, and “F” denotes the forest

(a) (b)

Fig. 4. Images of H for (a) ALOS-2 FP and (b) RS-2 FP SAR data over
Mumbai and San Francisco, respectively.
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area; while in the RS-2 FP data, “U” denotes urban area, “O”
denotes ocean area and “OU” denotes the oriented urban area.

1) Comparison of θFP with α: Figures 5 and 6 show that
both α and θFP follow a similar trend over the land-cover
types which indicates comparable behavior for characterizing
scattering-types from different targets.

Over the region “O”, the ocean area of ALOS-2 FP data,
(Fig. 5), the 3D Barakat degree of polarization (mFP) varies
between 0.95 and 1, and both θFP and α are +ve valued.
Besides this, we can observe in Fig. 4 that the values of H over
this region is also low (0.1 to 0.3). In general, when the ocean
surface is smooth, co-polarized backscatter signatures show a
low coefficient of variation, which is associated with a high 3D
Barakat degree of polarization [36]. Alongside this, over the
ocean surface, an odd-bounce scattering mechanism dominates
due to which both θFP and α show high +ve values. However,
the value of α is roughly between 27◦ to 29◦, whereas the
value of θFP is around 35◦ to 37◦. This indicates that θFP is able
to better characterize purer odd-bounce scattering mechanism
than α.

Similarly to mFP over “O”, the value of mFP over “U” is
also high. However, the values of α and θFP lead to infer the
presence of even-bounce scattering from these urban areas.
Besides, the value of θFP is around 8◦ to 12◦ higher than α.
In contrast, the value of mFP over “F” is low, which might
be due to multiple scattering of the EM wave with distributed
targets over moderately dense vegetated areas [37]. The value
of mFP is around 0.3 to 0.6 over the vegetation area, which
suggests a certain amount of polarization structure in the wave.
This can be attributed to small fluctuations of θFP in the range
−8.0◦ to 12.0◦ over this region as seen in Fig. 5.

Fig. 6 shows a comparison between α and θFP for the C-
band RS-2 image over San Francisco and Fig. 4 (b) shows the
spatial distribution of H over the same region. The behavior
of the data suggests a higher discriminating power of θFP over
α. Similarly to the ALOS2 FP data, Fig. 6 shows high values
of mFP over “O” in ocean surface. It is known that odd-bounce
scattering dominates over the ocean surface; this is confirmed
by values of θFP ≈ 42◦, which are higher than α ≈ 38◦.
Hence, θFP indicates a purer scattering-type than α.

The “OU” region is an urban area that is oriented obliquely
about the radar line of sight. This orientation contributes
a strong cross-polarization component [38], [39] which de-
creases the value of mFP and increases the values of H over
this region as shown in Fig. 4. However, the values of θFP
indicate the presence of even-bounce scatterers better than α
by ≈ 6◦. Over the orthogonal urban area, “U”, the range of
θFP is ≈−18◦ to −23◦, while the range of α is ≈−5◦ to
−12◦. Over this area, mFP ranges between 0.78 and 0.82. Also,
substantial contributions of odd-bounce scattering component
in this area influenced the ranges of both θFP and α.

Hence, it is noteworthy that, for both the L- and C-band
SAR images, θFP can extract more information from the
scattered wave component and, thus, it is more useful for
enhanced target characterization than α. This improved ability
is likely to be due to the joint utilization of 3D Barakat degree
of polarization and received wave information in θFP.

(a) α

(b) θFP

(c) mFP

Fig. 5. Comparison of θFP with α and mFP for “U” (red), “F” (green) and
“O” (blue) over FP ALOS-2 L-band data.

2) Decomposed power components: We use the proposed
target scattering-type parameter θFP to develop a new three-
component scattering power decomposition technique, as
given in Eqs. (6), (7), and (8). We compare the even-bounce
(P FP
d ), diffused (P FP

v ), and odd-bounce (P FP
s ) scattering power

components for (i) the proposed technique and the even-
bounce, odd-bounce and volume scattering powers for the
(ii) Freeman-Durden three-component scattering power de-
composition (F3D) and the (ii) Yamaguchi four-component
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(a) α

(b) θFP

(c) mFP

Fig. 6. Comparison of θFP with α and mFP for “U” (red), “OU” (magenta)
and “O” (blue) over FP RS-2 C-band data.

model-based decomposition (Y4R), obtained with the L-band
ALOS-2 Mumbai images for different scattering targets.

The dominant odd-bounce scattering power is apparent from
the three decompositions over the ocean surface (“O”) while
the entropy is also low (H ≈ 0.1 to 0.3) as compared to
other scattering targets as seen in Fig. 4. Here, the sample
mean values of P FP

s are −11.35 dB and −11.36 dB for F3D
and Y4R, respectively, whereas the mean value is −11.11 dB
for the proposed decomposition. This shows an increase of

the odd-bounce scattering power by 2 % to 3 % which is
mainly due to the ability of the proposed technique to extract
appropriate power component from pure targets.

In general, an ocean surface is moderately smooth. Hence,
the fraction of the diffused scattering component should be
minimal in the total scattering power. In this regard, the sample
mean value of P FP

v obtained from the proposed method is
−32.36 dB, whereas the sample mean value for the volume
scattering power for both F3D and Y4R is ≈ −20.73 dB.
Therefore, the proposed technique provides a significant and
desired decrease (≈ 11.63 dB) in the value of the diffused
scattering component.

On the one hand, over the urban area (“U”), the sample
mean value of P FP

d obtained from the proposed decomposition
technique is 0.27 dB and 0.52 dB higher than the P FP

d obtained
from Y4R and F3D, respectively. On the other hand, the value
of the diffused scattering component, P FP

v over the forest area
(“F”), is 0.4 dB and 0.6 dB lower than the volume scattering
powers for Y4R and F3D, respectively. Moreover, Fig. 7 shows
an increase in the even-bounce scattering power over the forest
area (“F”). Ref. [20] reports a similar result from a forest area.
Thus, the inclusion of the 3D Barakat degree of polarization
is useful to obtain the desired results from diverse targets.

Fig. 7 shows the results of applying the three decomposition
techniques to the ALOS-2 image over Mumbai. Figures 7a, 7b,
and 7c show, respectively, the images produced by F3D, Y4R,
and the proposed decomposition technique. Figure 7 shows
the percentage of the power components over urban, ocean,
and forest areas, respectively, in order to provide a qualitative
analysis of these results.

Over the urban area the proposed technique shows an even-
bounce scattering power of 83.5 % while the even-bounce
scattering power is 78.6 % for F3D and 79.1 % for Y4R.
In contrast, the diffused power component is 1.1 % for the
proposed technique, while the volume scattering powers are
7.6 % and 2.9 % for F3D and Y4R, respectively. These results
are illustrated in Fig. 7d, Fig. 7e and Fig. 7f.

The proposed technique increases the odd-bounce scattering
power over the ocean by 13.4 % with respect to F3D, and by
7.9 % with respect to Y4R. Figures 7g, 7h, and 7i illustrate
these results.

On the other hand, over the forest area, “F”, the proposed
technique decreases the diffused scattering power by 7.3 %
with respect to the volume scattering power for F3D, and by
3 % with respect to Y4R, which are evident from Figs. 7l, 7j
and 7k, respectively.

In general, these differences between the diffused and the
volume scattering powers might be due to the utilization of
different volume scattering models in model-based decompo-
sition techniques. Besides, an increase in even-bounce power is
also evident in the plot. This might be because of the ability
of the L-band wave to penetrate the vegetation canopy and
interact with the ground and trunks. It may be noted that
Ref. [20] also addressed a similar increase in even-bounce
power.

Fig. 8 shows the comparison of the even-bounce (P FP
d ),

diffused (P FP
v ), and odd-bounce (P FP

s ) scattering power com-
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(a) F3D (b) Y4R (c) Proposed

(d) F3D: U (e) Y4R: U (f) Proposed: U

(g) F3D: O (h) Y4R: O (i) Proposed: O

(j) F3D: F (k) Y4R: F (l) Proposed: F

Fig. 7. Comparison of the proposed full-pol decomposition powers with Freeman (F3D) and Yamaguchi 4-component decomposition with rotation (Y4R)
powers over different areas for full polarimetric L-band ALOS-2 SAR data over Mumbai, India.

ponents for the proposed technique and the powers from F3D
and Y4R for the C-band RS-2 San-Francisco image.

Over the ocean surface (“O”), the value of H is low and
the dominant odd-bounce scattering power is apparent from

the three decompositions. Here, the proposed technique shows
increased odd-bounce power by ≈ 0.16 dB and ≈ 0.18 dB as
compared to the Y4R and F3D decompositions, respectively.
The increase in the even-bounce scattering power over the
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rotated urban area (“OU”) is noteworthy. The even-bounce
scattering power for the proposed technique is ≈ 1.65 dB
higher than F3D, and ≈ 1.15 dB higher than Y4R. Even
though mFP varies between 0.3 and 0.6 over the rotated urban
area, the value of θFP can suitably characterize it as even-
bounce scattering. Fig. 3 corroborates these observations.

Over the urban area (“U”), the sample mean of the even-
bounce scattering power, P FP

d , has increased by 0.3 dB and
0.15 dB, as compared to F3D and Y4R, respectively. Besides,
the diffused scattering powers have decreased over this area. A
similar result can also be seen in the ALOS-2 Mumbai image.

Fig. 8 shows the decomposed scattering power images,
along with the percentage of the scattering power components
over the San Francisco C-band Radarsat-2 image.

The volume scattering component dominates over the ro-
tated urban area (“OU”) according to F3D and Y4R: its
power is 61.2 % for F3D and 51.6 % for Y4R. In contrast,
the proposed technique correctly shows dominant even-bounce
scattering power of 55.5 % and a diffused scattering power of
34.2 %. However, differences in even-bounce power between
“U” and “OU” is due to variations in scattering random-
ness which can be observed in Fig. 4. Hence, the proposed
technique enhances the even-bounce scattering power by ap-
proximately 13 % and 18 % compared to F3D and Y4R,
respectively.

Over the ocean area, an increase of odd-bounce scattering
power by ≈ 4 % is apparent from the plots. As discussed
earlier, the diffused scattering power over the urban area has
decreased by ≈ 7.3 % from F3D and ≈ 0.7 % from Y4R.
The odd-bounce scattering power has decreased by ≈2 % to
5 % from F3D and Y4R, respectively. Besides this, the helix
power component (P FP

h ) obtained from the Y4R decomposition
is negligible for most of the targets as compared to the other
three scattering power components. Therefore, the proposed
technique ascertains its ability to extract pertinent information
about coherent targets and better characterizes roll-invariant
targets from fully polarimetric SAR data.

B. Compact polarimetry

We simulated hybrid-compact polarimetric SAR data from
the ALOS-2 L-band FP SAR data over Mumbai and from the
RS-2 C-band FP SAR data over San Francisco. We obtained
the 2 × 2 covariance matrices C2 from the 3 × 3 covariance
matrices of FP data as a function of the transmitting ellipticity
χ and orientation angle ψ. In this study, we simulated C2 with
the assumption of right circular polarization on transmit, i.e.,
χ = −45◦ and ψ = 0◦ [40]. This particular configuration
simulates compact-pol data for a perfect circular polarization
on transmit.

We compare the target scattering-type parameter, θCP with
the ellipticity parameter χ over the same areas used for the
analysis of the FP images. Similarly to θFP, the values of
θCP and χ vary from −45◦ to 45◦ and, thus, are comparable.
θCP = −45◦ for pure even-bounce scattering and θCP = 45◦

for pure odd-bounce scattering, whereas θCP = 0◦ for diffused
scattering.

Figs. 9 and 11 show χ and θCP over Mumbai and San Fran-
cisco, respectively. Both parameters span from odd-bounce
scattering to even-bounce scattering characteristics.

1) Comparison of θCP with χ: Fig. 12 shows histograms
and notched boxplots of θCP and χ over the ALOS-2 L-band
image. The difference between θCP and χ are most noticeable
in two regions: (1) region “O”, in blue, which is over the ocean
surface, and (2) region “F”, in green, which is over a forested
area. In region “O”, the value of χ varies from ≈30◦ to 32◦

whereas, θCP varies from ≈37◦ to 39◦. Moreover, the value of
mCP is high in the region “O”, which confirms that the EM
wave is majorly polarized in this region.

Over the region “F”, the value of mCP varies from ≈0.07
to 0.15, indicating low polarization due to random scattering.
Here, θCP fluctuates around 0.5◦, while χ varies from ≈−18◦

to 12◦. Therefore, similarly to θFP, θCP suitably characterizes
distributed targets than χ due to its better consistency.

Fig. 13 shows similar results for the C-band RS-2 compact
polarimetric SAR data: ocean surface (“O”) in blue, orthogonal
urban (“U”) in red, and rotated urban (“RU”) in magenta. Over
the region “O”, the value of θCP is ≈3◦ to 5◦ higher than
χ. Therefore, the performance of θCP is better than χ for the
ocean area. Furthermore, θCP fluctuates around −21◦ over “U”,
and −13◦ over “OU”, whereas, the variation of χ is similar
over the region “U”.

2) Decomposed power components: Fig. 14 shows the
results of the scattering powers for the L-band ALOS-2 SAR
data using the S-Ω, m-χ, and the proposed technique. Overall,
we can notice that the results of the proposed technique are
better than S-Ω and m-χ decomposition techniques. The PCP

s

power is marginally higher than S-Ω and m-χ over the ocean
region “O”. However, we can notice a decrease of ≈ 9.5 dB
in the PCP

d power by the proposed technique compared to S-Ω
over this region. In contrast, the difference in the even-bounce
power between m-χ, and the proposed technique is of 6.13 dB.

The value of PCP
d for both S-Ω and m-χ is ≈ 7.03 dB

over the urban area “U”, whereas, PCP
d is ≈ 7.47 dB for

the proposed technique. Therefore, the proposed technique
discriminates better odd-bounce and even-bounce scattering
than S-Ω and m-χ.
PCP
v ≈ −6.54 dB for S-Ω and ≈ −6.35 dB for both m-χ

and the proposed technique over the forest area. Moreover,
we can notice that the diffused power for both m-χ, and the
proposed technique are identical for target areas in the scene.
This is because both m-χ and the proposed technique use
the depolarization fraction (1 − mCP) of the total power to
compute the diffused scattering power component. However,
the presence of small, even-bounce and odd-bounce scattering
powers in the forest area might be due to specific structural
effects and the ability of the L-band SAR wave to penetrate
the forest canopy.

We notice from the scattering power components that the
dominant scattering mechanism for each area is comparable
with S-Ω, m-χ, and the proposed technique. Essentially, this
similarity among different techniques indicates their equivalent
ability to identify dominant scatterers in the scene. However,
the proposed technique provides marginally better results than
the other two over urban and ocean areas for CP SAR data.
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(a) F3D (b) Y4R (c) Proposed

(d) F3D: OU (e) Y4R: OU (f) Proposed: OU

(g) F3D: U (h) Y4R: U (i) Proposed: U

(j) F3D: O (k) Y4R: O (l) Proposed: O

Fig. 8. Comparison of the proposed full-pol decomposition powers with Freeman (F3D) and Yamaguchi 4-component decomposition with rotation (Y4R)
powers over different areas for full polarimetric C-band Radarsat-2 SAR data over San Francisco, USA.

In the following, we make quantitative assessments of three-
component decomposition powers from S-Ω, m-χ, and the
proposed technique using the C-band RS-2 compact polari-

metric data. We used small patches over urban (“U”), ocean
(“O”), and rotated urban (“OU”) areas for comparison.

The odd-bounce scattering power over the ocean area is bet-
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(a) χ (b) θCP

Fig. 9. Images of χ and θCP for ALOS-2 simulated CP SAR data.

(a) χ (b) θCP

Fig. 10. Images of χ and θCP for RS-2 simulated CP SAR data.

ter with the proposed technique than S-Ω and m-χ. Besides,
the even-bounce power is significantly lower by ≈ 15 dB
and ≈ 9 dB for the proposed technique than S-Ω and m-χ,
respectively. This aspect suggests that the proposed technique
adequately quantifies the dominant scattering mechanism over
the ocean surface.

(a) (b)

Fig. 11. Images of H for (a) ALOS-2 CP and (b) RS-2 CP SAR data over
Mumbai and San Francisco, respectively

(a) χ

(b) θCP

(c) mCP

Fig. 12. Comparison of θCP with χ and mCP for urban (red), forest (green)
and ocean (blue) over CP ALOS-2 L-band data.

The proposed technique increases the even-bounce scat-
tering power over the rotated urban area. The even-bounce
scattering power obtained from the proposed technique is
0.31 dB higher than S-Ω and m-χ. However, both m-χ and
the proposed technique detect small PCP

v power of −6.15 dB
over this area. The presence of this diffused scattering power
is likely due to the cross-polarization component of the EM
wave generated by oriented urban areas about the radar line
of sight [41], [42]. Hence, the value of H over this region is
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(a) χ

(b) θCP

(c) mCP

Fig. 13. Comparison of θCP with χ and mCP for urban (red), rotated urban
(magenta) and ocean (blue) over CP RS-2 C-band data.

higher than the urban area by 20 % to 30 % as seen in Fig. 11.
Over the urban area, the even-bounce scattering power, PCP

d

from the proposed technique is higher than S-Ω and m-χ,
while PCP

d for both m-χ and S-Ω are similar. Compared to S-
Ω, we notice a 0.36 dB increase in the PCP

d power component
for the proposed technique. On the other hand, the PCP

s power
is considerably lower (≈ 2 dB) for the proposed technique than
S-Ω and than m-χ. This indicates the ability of the proposed
technique to quantify better the amount of pure scattering

characteristics.
Fig. 15 shows the decomposed power images, along with

the percentages of PCP
d , PCP

v , and PCP
s over the rotated urban,

ocean, and forest areas. All the dominant power components
are similar across all the targets. Over the rotated urban area,
the proposed technique retrieves around 3 % more the even-
bounce scattering power compared to the other methods.

In summary, it should also be noted that S-Ω, m-χ, and the
proposed technique jointly use both the 2D Barakat degree
of polarization and the received wave information in terms of
the elements of the covariance matrix. This joint utilization of
the wave information helps better target characterization while
improving the scattering powers.

IV. CONCLUSIONS

We proposed two unique roll-invariant scattering-type pa-
rameters: θFP, for full polarimetric, and θCP, for compact
polarimetric, to characterize different targets from Synthetic
Aperture Radar (SAR) data. These two parameters are derived
by jointly using both 3D and 2D Barakat degree of polarization
and received wave information from SAR data.

We have shown that due to the joint utilization of the 3D
and 2D Barakat degree of polarization and received wave
information, θFP and θCP can extract more purity in the
EM wave as compared to α and χ. Experimental results
support that θFP and θCP better characterize rotated urban and
vegetation areas than α and χ. Moreover, the variability of
these proposed parameters over vegetation areas is much lower
than α and χ. This aspect indicates a promising consistency
of these parameters over distributed targets, similarly to even
and odd-bounce targets.

The parameters are then utilized to derive non-model based
three-component scattering power decomposition techniques
for both FP and CP SAR data. It is noteworthy that the
formulations of these two techniques are equivalent for both
the SAR imaging modes. Traditional model-based decomposi-
tion techniques are limited to the optimization of the received
covariance matrix while ignoring the utilization of the amount
of polarization in the scattered wave. In this perspective, the
use of the 3D and 2D Barakat degree of polarization has
suitably enhanced the ability to discriminate distinct targets
within a resolution cell. This feature is also evident from the
plots of α/θFP for FP data and χ/θCP for CP data. Besides,
it can be seen from the study that, the parameters, θFP and
θCP together with the three scattering power components can
adequately characterize complete scattering mechanisms from
a target.

Results show that our proposed technique performs bet-
ter than the Freeman-Durden three-component decomposition
(F3D), Yamaguchi 4-component decomposition with rotation
(Y4R) for FP data, and also better than S-Ω, m-χ for CP data.
Moreover, the proposed decomposition techniques are intuitive
and model-free. Hence, the overestimation of any power
component is absent, and the polarized power component has
improved with the utilization of the Barakat degree of polar-
ization. Furthermore, the proposed technique produces non-
negative power components, which is a significant drawback
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(a) S-Ω (b) m-χ (c) Proposed

(d) S-Ω: U (e) m-χ: U (f) Proposed: U

(g) S-Ω: O (h) m-χ: O (i) Proposed: O

(j) S-Ω: F (k) m-χ: F (l) Proposed: F

Fig. 14. Comparison of the proposed compact-pol decomposition powers with S-Ω and m-χ decomposition powers over different areas for the simulated
compact polarimetric L-band ALOS-2 SAR data over Mumbai, India.

of several model-based decomposition techniques, as reported
in numerous studies. Moreover, the results also show the
improvement of decomposed scattering powers over diverse

regions.

Specifically, as addressed earlier, coherent power compo-
nents have increased, which indicates the enhanced ability to
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(a) S-Ω (b) m-χ (c) Proposed

(d) S-Ω: OU (e) m-χ: OU (f) Proposed: OU

(g) S-Ω: U (h) m-χ: U (i) Proposed: U

(j) S-Ω: O (k) m-χ: O (l) Proposed: O

Fig. 15. Comparison of the proposed compact-pol decomposition powers with S-Ω and m-χ decomposition powers over different areas for the simulated
compact polarimetric C-band RS-2 SAR data over San Francisco, USA.

extract coherent scatterers from the scene. Notably, the im-
provement of coherent power estimation is evident in rotated

urban areas for FP data due to the roll-invariant nature of the
scattering-type parameter, where both F3D and Y4R increases
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the volume power component.
The proposed technique identifies even-bounce as the dom-

inant scattering power, which is also significantly higher than
the volume component. Another essential feature is that the
decomposition powers are stable, i.e., the powers are insen-
sitive to noise, which is vital for an effective decomposition
algorithm. Thus this proposed decomposition technique has
excellent potential for land use and land cover analysis using
both FP and CP SAR data.

APPENDIX

In this section, we prove the roll-invariant nature of θFP
and θCP, we obtain their ranges analytically, and we justify
these properties from a physical perspective. We also show
the relationships between θFP and α, and between θCP and χ.

A. Range of θFP and θCP

1) For θFP: The expression of θFP is given as:

θFP = tan−1 (A) (19)

where,

A =
mFP Span (T11 − T22 − T33)

T11 (T22 + T33) +m2
FP Span2 (20)

The range of A can be obtained by considering three coherency
matrices defining the boundary curve of the feasible scattering
region [1],

Case 1: T(I) =

1 0 0
0 ρ 0
0 0 ρ

 ; 0 ≤ ρ ≤ 1 (21)

The 3D polarization Barakat degree of polarization, mFP is
expressed in terms of the boundary parameter ρ as,

mFP =

(
1− 27ρ2

(2ρ+ 1)3

) 1
2

(22)

and,

A =
mFP (1− 4ρ2)

2ρ+m2
FP (4ρ2 + 4ρ+ 1)

(23)

Using (22) and (23) in the range of ρ, we get 0 ≤ A ≤ 1.
For the second case,

Case 2: T(II) =

2ρ− 1 0 0
0 1 0
0 0 1

 ; 0.5 ≤ ρ ≤ 1 (24)

with,

mFP =

(
1− 27 (2ρ− 1)

(2ρ+ 1)3

) 1
2

(25)

and,

A =
mFP (2ρ+ 1) (2ρ− 3)

2 (2ρ− 1) +m2
FP (2ρ+ 1)2

(26)

For the third case,

Case 3: T(III) =

0 0 0
0 1 0
0 0 2ρ

 ; 0.5 ≤ ρ ≤ 1 (27)

Therefore, for, Case 3, mFP = 1 and A = −1. Hence,
combining the two cases (i.e., Case 2 and Case 3), we get,
−1 ≤ A ≤ 0. This shows that, −1 ≤ A ≤ 1, and therefore,
−45◦ ≤ θFP ≤ 45◦.

2) For θCP: In analogy to θFP, the expression of θCP is given
as,

θCP = tan−1 (X) , (28)

where,

X =
mCP Span (OC− SC)

OC× SC +m2
CP Span2

(29)

The range of X can be obtained by considering two cases of
the covariance matrices:

Case 1: C2(I) =
1

4

[
2ρ+ 1 i(2ρ− 1)
−i(2ρ− 1) 2ρ+ 1

]
; 0 ≤ ρ ≤ 0.5

(30)
The 2D Barakat degree of polarization, mCP is expressed in

terms of ρ as,

mCP =

(
1− 8ρ

(4ρ2 + 4ρ+ 1)

) 1
2

(31)

and,

X =
mCP (1− 4ρ2)

2ρ+m2
CP (4ρ2 + 4ρ+ 1)

(32)

Using (31) and (32) in the range of ρ, we get 0 ≤ X ≤ 1.
For the second case,

Case 2: C2(II) =
1

4

[
2ρ+ 1 −i(2ρ− 1)
i(2ρ− 1) 2ρ+ 1

]
; 0.5 ≤ ρ ≤ 1

(33)
with,

mCP =

(
1− 8ρ

(4ρ2 + 4ρ+ 1)

) 1
2

(34)

and,

X =
mCP (4ρ2 − 1)

2ρ+m2
CP (4ρ2 + 4ρ+ 1)

(35)

Using (34) and (35) in the range of ρ, we get −1 ≤ X ≤ 0.
Therefore, combining the two ranges of X we get, −1 ≤ X ≤
1, and hence, −45◦ ≤ θCP ≤ 45◦.

B. Roll-invariant nature of θFP

In order to show that θFP is a roll-invariant parameter, let
the coherency matrix T be unitarily rotated by R(Ψ) as,

T(Ψ) = R(Ψ)TR(Ψ)−1, (36)

where

R(Ψ) =

1 0 0
0 cos 2Ψ sin 2Ψ
0 − sin 2Ψ cos 2Ψ

 . (37)

With this,

T11(Ψ) = T11

T22(Ψ) = T22 cos2(2Ψ) + T32 cos(2Ψ) sin(2Ψ)+

T23 cos(2Ψ) sin(2Ψ) + T33 sin2(2Ψ)

T33(Ψ) = T22 sin2(2Ψ)− T32 cos(2Ψ) sin(2Ψ)−
T23 cos(2Ψ) sin(2Ψ) + T33 cos2(2Ψ)

(38)
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Therefore, T11(Ψ)−T22(Ψ)−T33(Ψ) = T11−T22−T33 and
T22(Ψ) + T33(Ψ) = T22 + T33 i.e., both T11 − T22 − T33 and
T22 + T33 are independent of the unitary rotation by an angle
Ψ. The total power (i.e., Span), and the 3D Barakat degree of
polarization mFP are independent of Ψ. Hence, we conclude
that the proposed scattering-type parameter for FP SAR,

θFP = tan−1
(
mFP Span (T11 − T22 − T33)

T11 (T22 + T33) +m2
FP Span2

)
(39)

is independent of Ψ, i.e., it is a roll-invariant parameter.

C. Roll-invariant nature of θCP

The 2 × 2 covariance matrix can be expressed in terms of
the elements of the Stokes vector ~S = [S0, S1, S2, S3] as

C2 =
1

2

[
S0 + S1 S2 + iS3

S2 − iS3 S0 − S1

]
. (40)

Let the C2 matrix be unitarily rotated by R(Ψ) as C2(Ψ) =
R(Ψ)C2R(Ψ)−1, where the rotation matrix is,

R(Ψ) =

[
cos(Ψ) − sin(Ψ)
sin(Ψ) cos(Ψ)

]
. (41)

The elements of the C2(Ψ) matrix are:

c11(Ψ) = cos2 Ψ(S0 + S1)− cos Ψ sin Ψ(S2 − iS3)

− cos Ψ sin Ψ(S2 + iS3) + sin2 Ψ(S0 − S1),

c12(Ψ) = cos Ψ sin Ψ(S0 + S1)− sin2 Ψ(S2 − iS3)

+ cos2 Ψ(S2 + iS3)− cos Ψ sin Ψ(S0 − S1),

c21(Ψ) = cos Ψ sin Ψ(S0 + S1) + cos2 Ψ(S2 − iS3)

− sin2 Ψ(S2 + iS3)− cos Ψ sin Ψ(S0 − S1),

c22(Ψ) = sin2 Ψ(S0 + S1)− cos Ψ sin Ψ(S2 − iS3)

− cos Ψ sin Ψ(S2 + iS3) + cos2 Ψ(S0 − S1).

The total power S0 = c11(Ψ) + c22(Ψ) and the fourth
element of the Stokes vector S3 = −i (c12(Ψ)− c21(Ψ))
are independent of the rotation angle Ψ. Since S0 and S3

are independent of Ψ, then SC = (S0 − S3) /2 and OC =
(S0 + S3) /2 are also independent of Ψ, i.e. both parameters
are roll-invariant.

Alongside, note that |C2| and Tr(C2) are roll-invariant,
where |·| is the determinant and Tr(·) is the trace of the
matrix. Therefore, the 2D Barakat degree of polarization,

mCP =
√

1− 4|C2|
(Tr(C2))

2 is also roll-invariant. Hence, we

conclude that the proposed scattering-type parameter for CP
SAR,

θCP = tan−1
(
mCP S0 (OC− SC)

OC× SC +m2
CP S

2
0

)
(42)

is independent of Ψ, i.e., it is a roll-invariant parameter.

D. Relationships of θFP with α, and of θCP with χ

1) θFP with α: Note that

T11
Span

=

3∑
i=1

pi cos2 αi, (43)

where (αi)i=1,2,3 are the individual scattering-type parameters
obtained from the α-β parametrization of the Cloude-Pottier
target scattering vector.

Let,

tan η1 =
T11

mFP Span
=

∑3
i=1 pi cos2 αi√
1−

∏3
i=1 3pi

, (44)

and

tan η2 =
T22 + T33
mFP Span

=
1−

∑3
i=1 pi cos2 αi√

1−
∏3
i=1 3pi

. (45)

Then,

tan(η1 − η2) =

∑3
i=1 pi cos

2 αi√
1−

∏3
i=1 3pi

− 1−
∑3

i=1 pi cos
2 αi√

1−
∏3

i=1 3pi

1 +
∑3

i=1 pi cos
2 αi√

1−
∏3

i=1 3pi

1−
∑3

i=1 pi cos
2 αi√

1−
∏3

i=1 3pi

=

2
∑3

i=1 pi cos
2 αi−1√

1−
∏3

i=1 3pi

1 +
(
∑3

i=1 pi cos
2 αi)(1−

∑3
i=1 pi cos

2 αi)

1−
∏3

i=1 3pi

.

(46)
Hence, the expression of θFP is given in terms of (pi)i=1,2,3

and (αi)i=1,2,3 as,

tan θFP =
Num
Den

, in which

Num =

(
2

3∑
i=1

pi cos2 αi − 1

)√√√√1−
3∏
i=1

3pi, and

Den = 1−
3∏
i=1

3pi +

( 3∑
i=1

pi cos2 αi

)(
1−

3∑
i=1

pi cos2 αi

)
.

(47)

Therefore, it can be noticed that θFP is a function of
3∑
i=1

pi cos2 αi, and the 3D Barakat degree of polarization,√
1−

∏3
i=1 3pi. Similarly, in [43], N11 =

∑3
i=1 pi cos2 αi is

defined as the surface scattering fraction and is interpreted as
the fraction of odd-bounce scattering from total backscattered
power. Furthermore, it can also be related to the fraction of
right-left circularly polarized response from total backscattered
power measured in a circular basis.

2) θCP with χ: The ellipticity χ is defined in terms of the
elements of Stokes vector, ~S = [S0, S1, S2, S3] as

sin 2χ = − S3

mCP S0
, (48)

where mCP is the 2D Barakat degree of polarization, and

OC =
S0 + S3

2
and SC =

S0 − S3

2
. (49)
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Therefore, θCP is given in terms of χ and mCP as:

tan θCP =
mCP Span (OC− SC)

OC× SC +m2
CP Span2

=
mCPS0S3

S2
0−S2

3

4 +m2
CPS

2
0

=
4mCPS0S3

S2
0 − S2

3 + 4m2
CPS

2
0

=
4mCP (S3/S0)

1− (S3/S0)2 + 4m2
CP

=
4mCP (−mCP sin 2χ)

1−m2
CP sin2 2χ+ 4m2

CP

= − 4m2
CP sin 2χ

1−m2
CP sin2 2χ+ 4m2

CP

.
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