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Abstract

This paper summarizes, extends, and synthetically evaluates a method for metasurface design which uses electromagnetic

inversion. After the inversion algorithm determines a homogenized surface susceptibility model to implement a desired power

pattern, the susceptibility distribution is converted to a three-layer admittance sheet topology. Lastly, full-wave commercial

software is used to simulate and verify the performance of a metasurface designed and implemented using the proposed procedure.
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Abstract—This paper summarizes, extends, and synthetically
evaluates a method for metasurface design which uses electro-
magnetic inversion. After the inversion algorithm determines a
homogenized surface susceptibility model to implement a desired
power pattern, the susceptibility distribution is converted to a
three-layer admittance sheet topology. Lastly, full-wave commer-
cial software is used to simulate and verify the performance
of a metasurface designed and implemented using the proposed
procedure.

I. INTRODUCTION

Metasurfaces can facilitate the systematic control of elec-
tromagnetic fields with numerous applications reported in the
past decade [1]–[5]. Recently, the electromagnetic inversion
framework has been proposed as a design tool to determine a
homogenized metasurface model [6], [7]. The main advantage
of this framework lies in its ability to work with a variety of
desired specifications given on arbitrary specification domains.
For example, the specifications could be desired power patterns
(no phase information), or more practically performance cri-
teria such as half-power-beamwidth and null locations. Note
that these types of specifications do not directly translate into
the required tangential fields on the surface of the metasurface,
thus, justifying the use of the inversion framework.

An overview of the steps involved in the inversion approach
is shown in Figure 1. First, we minimize a cost functional
that quantifies the difference between the desired data and
simulated data due to a set of equivalent electric and magnetic
currents ~J and ~M [7]. The currents found from this stage are
used as the initial guess for the second optimization stage that
takes the incident field into consideration and uses particle
swarm optimization (PSO) to enforce local power conservation
(LPC), a necessary condition for a passive and lossless meta-
surface [8]. The currents found in the second stage are then
used to compute the transmitted fields on the output side of
the metasurface, assuming Love’s equivalence condition was
enforced [7]. The final stage consists of computing the surface
susceptibilities (χee, χem, χmm, χme) from the generalized sheet
transition conditions (GSTCs). As reported in [8], to ensure a
lossless and passive metasurface we impose that χee and χmm
are completely real. Since the field transformation satisfies
LPC, χem and χme will necessarily be lossless. Furthermore,
stipulating that χem and χme are purely imaginary ensures that
the conditions for reciprocity are met as well. In this work, the
surface susceptibility distributions found for a desired power
pattern are verified by their implementation using a three-layer
admittance sheet topology [9] in ANSYS HFSS.

Field specifications S
Initial guess ~J0, ~M0

1) Optimization using CG
~J1, ~M1 = argmin

~J, ~M

C1
(
~J, ~M

)

2) Enforce LPC using PSO
~J, ~M = argmin

~J, ~M

C1
(
~J, ~M

)
+ C2

(
~J, ~M

)

Known incident field

3) Compute transmitted fields
~E+
t = n̂× ~M ~H+

t = −n̂× ~J

4) Compute susceptibilities
χee, χem, χmm, χme

Fig. 1. Overview of the main steps involved in the electromagnetic inversion
metasurface design procedure.

II. CONVERSION TO THREE-LAYER ADMITTANCE MODEL

Assuming a 1D metasurface along x = 0 and 2D TEz fields
for simplicity, the GSTCs can be reduced to

−∆Hz = (jωε0Ey,av)χyy
ee + (jω

√
µ0ε0Hz,av)χyz

em (1a)
−∆Ey = (jωµ0Hz,av)χzz

mm + (jω
√
µ0ε0Ey,av)χzy

me, (1b)

where the ∆ operator and ‘av’ subscript refer to the difference
and average tangential fields across the metasurface, respec-
tively. The expressions in (1) can be rearranged to produce the
equivalent ABCD-parameter representation, which, assuming
a reciprocal metasurface, results in

A = G−1

[
k20
4
χyy

ee χ
zz
mm −

(
1− jk0

2
χyz

em

)2
]

(2a)

B = G−1 [−jωµ0χ
zz
mm] (2b)

C = G−1 [−jωε0χyy
ee ] (2c)

D = G−1

[
k20
4
χyy

ee χ
zz
mm −

(
1 +

jk0
2
χyz

em

)2
]
, (2d)

where k0 is the wavenumber of free space and G is

G = −
(
k0
2
χyz

em

)2

− k20
4
χyy

ee χ
zz
mm − 1. (3)

Equating (2) with the ABCD-parameters of the cascaded ad-
mittance sheets [9] and analytically solving for the admittances
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of the three layers denoted by Y1, Y2, and Y3 results in

Y1 =
D − jZ0 sin (βl) cos (βl)Y2 − cos2 (βl) + sin2 (βl)

2jZ0 sin (βl) cos (βl)− Z2
0 sin2 (βl)Y2

(4a)

Y2 =
B − 2jZ0 sin (βl) cos (βl)

−Z2
0 sin2 (βl)

(4b)

Y3 =
A− jZ0 sin (βl) cos (βl)Y2 − cos2 (βl) + sin2 (βl)

2jZ0 sin (βl) cos (βl)− Z2
0 sin2 (βl)Y2

,

(4c)

where β, l, and Z0 are the propagation constant, thickness,
and characteristic impedance of the substrate, respectively. It
should be noted while this is not a manufacturable implemen-
tation, the admittance sheets could be physically implemented
using metallic ‘dogbone’ traces or other structures [10], [11].

III. FULL-WAVE SIMULATED EXAMPLE

The example presented here uses ANSYS HFSS to simulate
a metasurface designed using the presented procedure and
implementation. The metasurface is designed to transform an
incident TEz plane wave into the far-field (FF) power pattern
(amplitude-only) shown in red in Figure 2 at a frequency of
10.5 GHz. The substrate used in simulation for the unit cells
is Rogers RO3003 with εr = 3.0 and tan δ = 0.001, with each
layer having a thickness of 60 mil. The metasurface, shown in
Figure 3, is 5λ in length along the x = 0 line, and is composed
of 30 unit cells each of width λ/6. Absorbing elements have
been placed on either side of the metasurface and metallic
baffles are placed between the unit cells as in [11]. First,
the susceptibilities are found following the steps in Figure 1.
Secondly, the three admittance values for each unit cell are
found by evaluating (4) and implemented in HFSS using
impedance boundary conditions. Figure 3 shows the result
of illuminating the metasurface with a uniform plane wave.
The corresponding FF pattern generated from the simulation
is shown in Figure 2, along with the FF pattern generated by
the equivalent currents after the PSO stage. The FF pattern
from the equivalent currents demonstrates the concessions
that must be made when enforcing local power conservation.
Nonetheless, the FF from HFSS exhibits excellent agreement
with the specified pattern within the main beam and minimal
reflections are present.

IV. CONCLUSION

We presented an overview of a macroscopic design method
that uses electromagnetic inversion to find a passive, loss-
less, and reciprocal metasurface model that satisfies some
user-defined field specifications. Furthermore, the expressions
necessary to implement each unit cell using a three-layer
admittance sheet topology were presented and utilized. A full-
wave simulated example was presented to verify the design
method and implementation, exhibiting good agreement with
the target field specifications. Future work will include phys-
ically implementing the three-layer admittance sheets using
a three-layer dogbone structure [10], [11] and comparing
experimental results with those obtained from simulation.
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Fig. 2. Comparison of the far-field power pattern produced by the equivalent
currents from the PSO stage (dashed black curve), the power pattern generated
from the HFSS simulation of the resulting metasurface design (solid blue line),
and the specified (target) power pattern (red line with circular markers).
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Fig. 3. HFSS simulation of the designed metasurface using the three-layer
admittance sheet topology illuminated by a normally incident plane wave.
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