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Abstract—Demand side flexibility (DSF) is becoming an impor-
tant tool for the power system operation. With air-conditioned
buildings being key candidates for DSF, this paper presents a
control-oriented thermal building modelling approach which is
kept in the linear domain and therefore suited for the employment
in convex optimization problems. Along with the building model,
two DSF indicators are proposed and applied to assess the DSF
potential for an office building in Singapore.

I. INTRODUCTION

The integration of demand side flexibility (DSF) into the
power system is an important step towards dealing with re-
newable generation and increased peak demand due to electric
mobility. For example, DSF can help to match generation and
demand by shifting flexible loads to time periods with high
renewable generation [1]], thereby avoiding the shedding of
renewable generation and decreasing the need for additional
energy storage systems [2]]. Additionally, DSF can ensure
that electric grid constraints, i.e., thermal limits and voltage
limits, are maintained throughout the operation [3] or they can
support the grid stability by offering reserves [4].

Heating, ventilation and air-conditioning (HVAC) systems
are an important candidate for DSF as they account for
a large share of the electricity demand in buildings. DSF
from HVAC systems has seen increased attention with the
advances in model predictive control (MPC) applications for
buildings [3]. With MPC, the control problem of the HVAC
system is expressed as a numerical optimization problem
aimed at minimizing the operation cost, i.e., energy cost, while
satisfying the occupant comfort constraints, i.e., acceptable
limits for thermal comfort and indoor air quality. The building
operator benefits from MPC through cost savings which arise
from the ability to consider dynamic electricity tariffs [6]], i.e.,
the electric demand is shifted to hours with low prices.

Appropriate mathematical building models are the key in-
gredient for MPC and thus for DSF. Specifically, the equa-
tions of the building model are constraints in the numerical
optimization problem of the MPC. To this end, convex build-
ing model formulations are beneficial, because of the high
computational efficiency of convex optimization solvers. This
paper introduces a control-oriented thermal building model
catering specifically to the formulation of MPC problems
by keeping all model equation in the linear, i.e., convex,
domain. This model expresses the relationship between the
electric load of the HVAC systems and the indoor air climate
with consideration for interactions of the building with its
environment, its occupants and appliances. Compared to a
similar modelling approach in [[7], the present model proposes

more detailed surface and HVAC model formulations which
are better suited particularly for tropical climate. Furthermore,
two DSF indicators are proposed and the model is employed
to evaluate the DSF of an office building in Singapore.

NOMENCLATURE

Let R be the domain of real numbers. Non-bold letters x, X
denote scalars R1*1, bold lowercase letters « denote vectors
R™*1 and bold uppercase letters X denote matrices R"*™,
The transpose of a vector or matrix is denoted by ()7. Symbols
for physical properties are aligned with ISO 80000.

II. BUILDING MODEL

The thermal comfort is expressed in terms of the indoor air
temperature. Hence, the thermal building model expresses the
relationship between the indoor air temperature, the electric
load of the HVAC system, the local weather conditions and
the building occupancy. The indoor air temperature, i.e. zone
temperature, within each zone is assumed to be uniformly
distributed. As a starting point, the differential equation of
the zone temperature 7, of zone z is expressed as:

dTZ _ 1 Yenv,int yinf “Yoce Yhvac
ot () e

SES,
(1)

Where C" is the thermal heat capacity of zone z € Z;, which
is obtained according to ISO 13790. The symbol Z;, is the set
of all zones z in building b € B and B is the set of all buildings
b. The heat transfer towards zone z is composed of the the
convective heat transfer Qg"z’”"t from surfaces s € S, towards
zone z, heat transfer towards zone z due to infiltration QZZ”f s
heat transfer towards zone z due to occupancy gains QZCC and
heat transfer towards zone z from the HVAC systems QZ”“C,
where S, is the set of all surfaces adjacent to zone z.

A. Exterior surfaces

Exterior surfaces are modelled as two thermal resistances
with a centered heat capacitance between the exterior and zone
z. Each surface s is adjacent to exactly one zone z.

1) Heat balance: The heat balance for the exterior side of
surface s is expressed as:

ngz,ext + Qirr,e;ct _ Q:ms,sk‘y _ Qims,gnd — and,ewt (2)

Where ng’m is the convective heat transfer from the exte-
rior towards surface s, ij“”t is the incident irradiation onto
surface s, Q¥ and Q¢*9"? are the emitted radiation
from surface s towards the sky and the ground. Note that



radiative heat exchange with the sky ngs’s’“y excludes any
radiative heat exchange with the sun disc, which is modelled
separately as irradiation Q¥">¢**, The symbol Q"%¢** de-
scribes the conductive heat transfer from the exterior towards
the core of the surface.

The balance equation for the interior side of surface s is
expressed as:

and,int — Q;:nv,int o Qirr,int (3)

On the interior side, and’mt is the conductive heat transfer
from the core towards the interior side of the surface, anv’i"t
is the convective heat transfer from the interior side of surface
s towards zone z and QU™ is the incident irradiation
reaching surface s through exterior windows adjacent to the
same zone z.

The heat balance for the core of surface s is expressed as:

dT. . . )
S Cthm — Ocndext _ Aend,int 4
dt S Qs Qs ( )
Where C"™ is the heat capacity of surface s. If the heat
capacity of surface s is neglectable C!"™ = 0, e.g., for

. . . Yend,ext _ yend,int
windows, the term simplifies to Q)¢ = Q¢ .

2) Exterior convection: The exterior convective term
Q5mv-et s expressed as:

anv,emt — Ashcnv,ext (Tamb _ Téezt) (5)

Where A, is the surface area of surface s and h°™V:¢*! is
the exterior convective heat transfer coefficient which is given
according to ISO 6946 as hem-=t — (0.04m2K/W) ™. The
symbol 7%™" is the ambient temperature and T¢** is the
temperature at the exterior side of surface s.

3) Exterior irradiation: The exterior
QUrmeet is expressed as:

Nirr,ext -irr,ext
Qs ’ = Asasqd )

irradiation term

d=d(s) (6)

Where a; is the absorption coefficient of surface s assuming a
uniform absorption across the spectrum of the incident irradi-
ation. The symbol ¢'/"*"* is the total incident irradiation onto
a surface oriented towards direction d = {N,E,S, W, H},
i.e., vertically facing North N, East E, South S, West W or
horizontally facing upwards H, depending on the respective
surface’s orientation d = d(s).

4) Exterior emissions: The exterior sky emission term
Qe5kY describes the radiative heat loss through emission

towards the sky. The term is expressed as:
szs,sky _ Athky (T:xt _ Tsky) (7)

In this linear approximation, the symbol h$*¥ is introduced as
the sky heat transfer coefficient of surface s, whereas Tk is
the sky temperature. The sky heat transfer coefficient 5% in
turn is defined as:

Tsur,e:ct,lin Tsky,lin 3
hekY = dge F3RY ( s 2+ ) (8)

Where o, ¢, and ijy are the Stefan-Boltzmann constant,
the surface emission coefficient of surface s for long-wave

radiations and the view factor of surface s towards the sky.
The temperatures T5um¢2blin and Tsk¥:lin are linearization
constants of T¢%* and T*Y. The term F**Y is defined as
F5*y = 0.5 for d(s) € {N,E,S,W} and F* =1 d(s) =
H, where d(s) is the direction orientation of the surface.

The exterior ground emission term Qimsvgnd describes the
radiative heat loss through emission towards the ground as
well as the built environment. The term is expressed similar
to ngs,sky as:

ngs,gnd — Ashgnd (Tgea:t o Tamb) 9)

Where h9"? is introduced as the ground heat transfer coeffi-
cient of surface s, whereas 7%™" is the ambient temperature.
The ground heat transfer coefficient 29" in turn is defined as:

sur,ext,lin amb,lin 3
T: +T ) (10)

hI"d = 4ge FI™ ( 5

Where F9" is the view factor of surface s towards the ground.
The temperatures 75426l and T@mb:lin are linearization
constants of T¢%* and T%™°. The term F9"? is defined as
F9nd = 0.5 for d(s) € {N,E,S,W} and F9"? = 0 d(s) =
H, where d(s) is the direction orientation of the surface.

5) Interior convection: The interior convective term
Qo is expressed as:
Yenv,int cnw,int int
Qs = AR (TS — TZ) (11

Where hS™nt T, and T are the interior convective
heat transfer coefficient, the zone air temperature and the
temperature at the interior side of surface s. The interior heat
transfer coefficient h<"*»" is defined according to ISO 6946
as hemint = (0.13m2K/W) ™' for d(s) € {N,E,S, W}
and ¢t = (0.17 m? K/VV)_1 for d(s) = H, where d(s)
is the direction orientation of the surface.

6) Interior irradiation: The interior
Q?””t is expressed as:

Nirryint <irr,int
Q5 = Asasq ",

irradiation term

d=d(s)

Where ¢ is the interior irradiation incident to all surfaces
of zone z. The interior radiation ¢i"™ is in fact the irrita-
tion which has entered zone z by passing through adjacent
windows and is assumed to be uniformly distributed to all

surfaces. This term is expressed as:

12)

-irr,ext

<irrint Z“’sz AwTw qd(w)
qZ = Z A
seS, 7S

Where 7, is the transmission coefficient of window w. The
sets WW, and S, contain all windows w and surfaces s that are
adjacent to zone z.

7) Conduction: Finally, the conductive terms Qg”d’”t and
Qendint are defined:

and,ezt — Aé2h§nd (Tsemt _ Té)
Q'gnd,int _ As2h§nd (Ts _ T;nt)

13)

(14)

Where h¢™? is the conductive heat transfer coefficient of sur-
face s and T’ is the surface core temperature. For surfaces with



a neglectable heat capacity, e.g., windows, the relationship
simplifies to:

ert,int — Ashgnd (Tsezt _ Tslnt) (15)

8) Complete model: Equations ([2) to (I4) and (I5) define
an overdetermined equation system, such that the temperatures
T¢*t and T can be eliminated. However, the final equations
which represent the complete model are omitted for brevity.

B. Interior and adiabatic surfaces

Interior surfaces are modelled as two thermal resistances
with a centered heat capacitance between the zone z; and zone
z2. In principle, interior surfaces are modelled equivalently to
exterior surfaces, where the heat balance for the interior side
(eq. (@) is applied for both sides of the surface. Adiabatic
surfaces are modelled as a single thermal resistances between
a heat capacitance and zone z. Adiabatic surfaces are modelled
equivalently to exterior surfaces which are only the heat
balance for the interior side (eq. (3)) is applied. For the sake
of brevity, the full equations are omitted here.

C. Infiltration
The heat transfer towards zone z due to infiltration Q;"f is
defined as:

Q?Lf _ V;Cth’a”ni”f (Tamb _ Tz) (16)

Where V, is the volume of zone z, C*"%" is the heat capacity
of air and n‘/ is the infiltration rate.
D. Occupancy gains

Assuming perfect knowledge of the building occupancy
schedule, the heat transfer towards zone z due to occupancy
gains Q9°°, i.e., internal gains, is expressed as:

“oce -occ
QI = Azq2

Where A, is the area of zone z and ¢2°¢ is the specific thermal
gain due to occupancy.

a7

E. Heating, ventilation and air-conditioning (HVAC) systems

HVAC systems are distinguished into 1) generic HVAC
system, 2) air handling unit (AHU), 3) terminal units (TUs),
4) heating and chiller plant. The generic HVAC system (sec-
tion provides thermal heating / cooling power to each
zone z, i.e. it directly adds / removes thermal energy to / from
the zone. This generic HVAC system is an auxiliary system
type which helps to model 1) simplified HVAC systems in case
that a detailed model is not required or 2) HVAC system types
for which a detailed model has yet to be implemented. The
air handling unit (AHU) (section [lI-E2)) serves supply air, i.e.,
conditioned outdoor air at a fixed temperature and humidity
level, to each zone z. A terminal unit (TU) (section |II-E3)
serves supply air, i.e., re-conditioned zone air at a fixed
temperature, to each zone z. Note that the TU takes in zone
air, whereas the AHU draws fresh outdoor air. The heating
and cooling demand of the AHU and TUs is provided in form
of supply water, i.e., hot and chilled water, by the heating

and chiller plant. The presented HVAC system models can in
principal be amended for further system types, e.g., hydronic
radiators, once appropriate linear models are formulated.

The total heat transfer towards zone z from the HVAC
systems QQ"’“ and the total electric demand of the HVAC
systems Phvecel is expressed as:

g . ok ot
Qlree = QI + Qv + QL
thac,el _ Z (Pzgen,el + P;hu,el + P:mel)
z€EZ
Where Q9¢", Q2hv, Qtv, Pgerel, pahuel and Plw-el are the
heat transfer towards zone z and electric power demand for
the generic HVAC system, the AHU and the TU respectively.

1) Generic HVAC system: The heat transfer towards zone
z from the generic HVAC system QQ9°" is expressed as:

Qgen — Qgen,heat + Qgen,cool

Where Q9¢" and Q9°°°! are the thermal heating and
cooling power provided to zone z. Note that Q9¢™"¢at > ()
and nggen,cool S 0

The electric demand of the generic HVAC system is ex-
pressed as:

(18)

(19)

Péqen,el — ngen,heathen,heat + ngen,coongen,cool (20)

Where n9¢mheat and n9encool are the efficiency factor for
heating and cooling of the generic HVAC system and PJ¢™¢!
is the electric power consumption of the generic HVAC system
associated with thermal demand supplied at zone z. Note that
n°°°! takes a negative value such that Pg¢™¢! is positive. The
part-load behavior of the heating and chiller plant is neglected.

2) Air handling unit (AHU): The AHU model considers a
cooling coil, a heating coil, supply air fan, exhaust air fan as
well as a heat recovery system. For dehumidification, the air
flow is assumed to be cooled below its dew point temperature
and humidity is removed from the air by condensation at the
cooling coil, then the air is reheated to supply air temperature.
A humidifier is not considered in the model.

The heat transfer towards zone z from the AHU Q‘Z‘h“ is
expressed as:

Yahu __yrahu,heat ~th,air ahu heat,lin
Qz _‘/z C (T - TZ )
+ ‘/Zahu,coolcth,mr (Tahu o Tzcool,lzn)
Yahu,heat __ [ yYrahu,heat ‘rahu,cool air
Qz - <Vz + Vz ) P
. (Ahahu,heat o Ahahu,heat,rec)
Q'tzzhu,cool _ (Vzahu,heat + Vzahu,cool)
. pair (Ahahu,cool o Ahahmcool,rec)

21

Where Q%" is the heat transfer from the AHU towards zone
z, Vzah“’heat and Vz‘lh“*w"l is the air flow rate for heating and
cooling from the AHU towards zone z and C*»" is the heat
capacity of air. The symbols T%"* is the temperature of the
conditioned supply air from the AHU and T/"™"¢?* as well as
Tlincool gre the linearization constants of the air temperature



at zone z for heating and cooling. Further, Q¢*"at and
Qahu-cool gre the AHU heating and cooling demand to supply
air for z at set point conditions and Ah®M-heat apd Apahu.cool
are the specific heating and cooling power applied to the
outdoor air in order to obtain AHU supply air conditions. The
symbols Apahwheatrec and Apahucoolrec are the specific
heating and cooling power that is recovered from the return air.
Note that the definition of Apaiu-coolree and Apahuheat,rec
is omitted in the following for the sake of brevity. Heat gains
due to the supply fan units are neglected in this model. The
specific cooling and heating power are calculated such that the
supply air is conditioned to the desired temperature set point
T and absolute humidity 2*"*. Depending on the ambient
air temperature 7% and ambient absolute humidity %™,
Apahu.cool and Aprhwheat are defined as:

xam,l < mahu
Ahahu,cool = min (O, h (T(Lhu’ wam,l)
Ahahu,heat — max (0, h (Tvahu7 xam,l)
:L,cwml > l,ahu

Ahahu,cool _
Ahahu,heat _

—h (T(Lm,,l’ xam,l))
—h (Tam,l, xam,l))

h(z®h, o =1)
h (Tahu7 xahu)

—h (Tam,l, CCam,l)
—h (J;ah", = 1)
(22)

Where 79! and 2%™! are the linearization constants of the
ambient air temperature and the ambient absolute humidity.
The symbol x%"* is the absolute humidity at supply air set-
point conditions and is defined as z%"* = x (T“h“,goah“),
where 2 (T, ¢) is the absolute humidity for a value pair of the
dry-bulb temperature 7" and relative humidity ¢. The functions
h() and z() give the specific enthalpy of wet air.

Finally, the the electric load due to the air supply to zone
z through the AHU Pahuel js expressed as:

ahu,el __ ahu,heat ahuw,cool
P —— Q! — Q¢

nheat ncool

(23)
+ VzahuApahu,fannel,ahu,fan

Where 1%t and 7°°°! are the heating and cooling efficiency,
i.e. the COP, of the heating and chiller plant. Note that 1°°°
takes a negative value such that Pa?u-coolel jg positive. The
symbols Ap®htfan and pel.ahu.fan are the total pressure rise
across all fans and the average electric efficiency coefficient
of the fans.

3) Terminal unit (TU): The heat transfer towards zone z
from the TU z Q'* is expressed as:

Qtu _ Qtu,heat Q'tu,cool
Qtu Jheat Vtu heatcth air (Ttu heat Tzheat,lin) (24)
tu,cool tu,cool Fth,air tu,cool cool,lin
(Luscool — Ytuscool Githuair (ptuscool _ eoolilin

Where Q"¢ and Q'*°°°! are the heat transfer for heating
and cooling from the TU towards zone z, V%@ and V}®-cool
are the air flow rate for heating and cooling from the TU
towards zone z and O is the heat capacity of air. The
symbols Ttheat and Ttwcool are the temperature of the
conditioned supply for heating and cooling air from the TU

and Theatlin ag well as T¢°bl™ are the the linearization
constants of the air temperature at zone z for heating and
cooling.

Finally, the the electric load due to the air supply to zone
2 through the TU P!*¢ is expressed as:

77heatQ'tzu,heaif + ,r]coothZu,cool + VZtuAptu,fnel,tu,f
(25)
Where n°% and n°°° are the heating and cooling efficiency,
i.e. the COP, of the heating and chiller plant. Note that 1°°°
takes a negative value such that P!wcoobel is positive. The
symbols Ap!™f and nlt*f are the pressure rise across the
fan and the average electric efficiency coefficient of the fan.

tu,el __
P =

F. State space form

The building model is transformed into state space form,
because this allows for a more compact representation which
is independent from changes in model configuration or param-
eters. The state space model is simply a vectorized represen-
tation of the differential equations for the zone temperature in
eq. (I) and the surfaces in eq. (@), where the model variables
are arranged into the following vectors:

=Tz, [T]les)

. T . T
o en,heat en,cool ahu,heat
u = [QZ } {Qg } {VZ ] ,
ZGZ ZGZ z2€Z
T
. T . T
ahu cool tu,heat tu,cool
zEZ 2€EZ 2€EZ

amb sk irr occ T
v:[T T [qd }dE{NESWH} (G2 ]zEZ:|

T
y = |:[T ]zez , |:Vahu] ,thac,el:|

z2€EZ

(26)
The vectors x, u, v, y are the state, control, disturbance
and output vectors. The time-discrete form of the thermal
building model is obtained by application of zero-order hold
discretization, which is omitted here for the sake of brevity.

The final discrete-time state space model is expressed as:
LTiy1 = Aﬂ?t -+ Buut + Bv’l)t

B @
yt:C$t+D Ut+D V¢

Where the matrices A, C are the state and output matrix, and
B", D", BY, D" are the input and feed-through matrices, on
the control and disturbance vectors respectively.

III. DEMAND SIDE FLEXIBILITY (DSF) INDICATORS

For evaluating the DSF of a particular building with the
presented building model, two DSF indicators are proposed
below. As a starting point, the optimal operation which will
serve as the baseline for the DSF indicators is expressed as:

> Pl At (282)
teT

s.t. vie T (28b)
T < T,y <TI™ VzeZteT (28¢c)
Vi< Ve Yze ZiteT (28d)



Where 777%™, TI"** and Vmin are the minimum and maxi-
mum air temperature and minimum fresh air supply required
at zone z, where (); denotes the time-dependency of the
constraints, e.g., to consider a night-setback. The symbols ¢,
and At are the electricity price at time step ¢ and At is the time
step length. For the following test case, the electricity price is
set as ¢; = 1. The solution of eq. , ie., PPes¢ = P, vac,el

is taken as the baseline electric load in the following.

>

A. Maximum load reduction

DSF can be characterized by the ability to defer electric
load for a particular time period. To this end, the maximum
load reduction for a fixed time period with respect to the
baseline electric load is proposed as an indicator for DSF.
The maximum load reduction factor ™" is determined with
the following optimization problem:

R D DI A (292)
{teTlt¢[t1,t2]}

st (28D), 23¢), 23d) (290)

Ptlwac,el _ (1 _ TZL,%:;)Ptbase t e [t17t2] (29¢)

Where [t1, t2] is the desired load reduction time period and
is a small weighting factor to ensure that the optimal solution
considers demand minimization for time periods which are
not in [t1,ts]. The optimization problem eq. is iterated
for different time period lengths At = t5 — t; and start times

t1 to obtain an average value for rRX;'*

B. Price sensitivity

Assuming indirect control through energy prices, the build-
ing operator will determine its load schedule by minimizing
the energy costs as in eq. (28). Therefore, the sensitivity of
the electric load for changes in the price is proposed as an
indicator for DSF. The load sensitivity sa.: for a change Ac
in the price c; at time step ¢ is expressed as:

Pth'uac,el _ Ptbase
Ptbase
hvac,el . .
Where P, is the solution of eq. |i for the updated c;.

The procedure is iterated over ¢ and Ac to obtain an average
value for sac.

SAct = (30)

IV. RESULTS AND DISCUSSION

The presented building model is applied for one storey of
approx. 750 m? at the CREATE Tower in Singapore, which
is entirely occupied by office space. The test case building
is equipped only with an AHU system, i.e., generic HVAC
systems or TUs are not considered.

The maximum load reduction for the test case building is
depicted in fig. [I] The largest load reduction is observed for
a time period of 30min, while the possible load reduction
decreases for longer time periods. This result demonstrates
the limited thermal storage capabilities of the building.

The price sensitivity results are shown in fig. 2} The load
variation takes positive values, i.e., the load increases, for price
reductions and negative values, i.e. the load decreases, for price
raises, which is consistent with the expected behavior.
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Fig. 1. Maximum load reduction.
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Fig. 2. Price sensitivity.

V. CONCLUSION

This paper introduced a control-oriented thermal building
modelling approach for assessing the DSF of HVAC systems.
Two DSF indicators where proposed and employed along with
the building model to evaluate the DSF potential of a office
in Singapore. The presented models, DSF indicators and test
case are implemented in [8]] and available open sour(xﬂ
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