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Abstract

Time-periodicity and non-linearity pose a challenge to the precise input impedance modeling of single-phase power converters.
In this study, a precise input impedance model with measurability of the single-phase voltage source rectifier (VSR), which
considers the frequency-coupling effect (FCE), is established. Meanwhile, it is revealed that the rectifier input impedance is
dependent of the grid impedance. In the proposed modeling approach, only Laplace transform and frequencyshifting operation
are required, which avoids the complicated convolution calculation in the frequency domain. In addition, the influence of grid

impedance on the input impedance is studied. Simulations are conducted to verify the effectiveness of the proposed method.
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Abstract—Time-periodicity and non-linearity pose a challenge
to the precise input impedance modeling of single-phase power
converters. In this study, a precise input impedance model with
measurability of the single-phase voltage source rectifier (VSR),
which considers the frequency-coupling effect (FCE), is
established. Meanwhile, it is revealed that the rectifier input
impedance is dependent of the grid impedance. In the proposed
modeling approach, only Laplace transform and frequency-
shifting operation are required, which avoids the complicated
convolution calculation in the frequency domain. In addition, the
influence of grid impedance on the input impedance is studied.
Simulations are conducted to verify the effectiveness of the
proposed method.
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. INTRODUCTION

Single-phase voltage source converters have been widely
employed in power systems, such as Distributed Generation
(DG), High-Voltage DC (HVDC) transmissions, and electric
railway traction [1]. The power systems integrated with a large
share of power electronics converters may be unstable, due to
the dynamic interactions between power converters and the ac
source [2]-[3]. Especially, at the Point of the Common Coupling
(PCC), the harmonics excited by the presence of the grid
impedance often lead to system instability [4].

Since the operation trajectory of single-phase system is not
a fixed point in steady state, the conventional modeling methods
based on the Linear-Time-Invariant (LTI) theory are no longer
suitable [5]-[6]. The time-periodicity is one main cause of
introducing  Frequency-Coupling Effect (FCE) [7]-[8].
Impedance model have the merits of clear physical meaning and
measurability. Therefore, impedance modeling has become the
focus in dealing with the time-periodicity challenges in single-
phase systems.

Generally, due to the nonexistence of orthogonal signal in
single-phase system, the methods designed for three-phase
systems cannot be directly applied to analyze single-phase ones.
In this case, a single-phase dg-decomposition method without
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the Park transformation is proposed [9], whereas the built model
is only accurate in the regions under 15% of the fundamental
frequency. In [10] the dynamic phasor approach is used to obtain
the impedances, but the assumption that all state variables are
dominated by fundamental-frequency components may lose
some important information. Harmonic linearization is effective
in developing a small-signal linear model for the non-linear time
periodic systems [11], in which the overlook of frequency-
coupling dynamics limits the accuracy of this method in the low-
frequency regions. In order to improve the accuracy of the model,
the frequency interactions up to twice the line frequency are
taken into consideration, giving a mirror-frequency model [12].
However, only the fundamental perturbed frequency harmonic
in dc-side is considered. The single-frequency impedance model
of single-phase inverter is established in [13], where only the
PLL will result in FCE and other parts are linear. In contrast, the
topology of single-phase VSR features inherent nonlinearity.
And the extra dc-link controller will also lead to FCE except for
the PLL. These characteristics complicate the impedance
modeling of single-phase VSR.

In this paper, a single-frequency input impedance of single-
phase VSR with measurability is established with consideration
of the FCE. Based on the established impedance model, it is
revealed that the grid impedance has a shaping effect on the
rectifier input impedance, whereas the influence analysis of grid
impedance is missing in most literatures. And the proposed
method only requires Laplace transform and frequency-shifting
operation, which eliminate the complicated convolution
calculation in the frequency domain. Simulation studies are
carried out to verify the validity of the proposed method.

Il. INPUT IMPEDANCE MODELING

A. System Description

The circuit configuration and its equivalent Thevenin model
of the studied single-phase VSR are depicted in Fig. 1. The main
circuit is comprised of a power supply ug, a grid impedance Lg/Rg,
an input inductance L, a H-bridge circuit, an output capacitance
Cqc and a load resistance Rqc. A PLL is used to obtain the angle
of the PCC voltage ui. And the dc-link voltage ug. and input
current ig are regulated by a voltage loop and a current loop.
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Fig. 1. (a) Control block diagram and (b) equivalent Thevenin model of single-
phase voltage source rectifier.

In this system, the sampling delay is modeled as

O &
G, (s)= ﬁ )

where wj and wy are the cutoff frequency of anti-aliasing filter
for current and voltage measurement, respectively. In addition,
a low-pass filter (LPF), two notch filters (NOTCH) and three
proportional-integral (P1) controllers are given as

LPF (s)= ®)
NOTCH,, ()= > % (m=1 2) (4)

s +os+ @

pum(s)=kpm+% (m=1, 2, 3) )
where z is the time constant, ¢ is bandwidth coefficient, wy is
the center frequency, and kym and kim are the corresponding
controller parameters. The computational delay and the delay
introduced by Zero-Order Hold (ZOH) of the PWM are taken
into consideration as

L 1-e™"

s ©)

s

G, (s)=e
where Ts is the control period.

B. Modeling of the PLL
Assuming the input voltage and current in steady state are
u; (t) =V, cos(amt) (7
i (1) =1, cos(amt+q, ) (8)

where V; is the amplitude of the PCC voltage, w; is the angular
frequency of the input voltage corresponding to fundamental
frequency fi, and I, and @i correspond to the magnitude and
initial phase of the fundamental current, respectively.

The PLL is used to track the phase of the PCC voltage u; as
shown in Fig. 1(a). The time-domain expression of the nonlinear
part in PLL can be obtained as

Upy (1) =—sin[O(t) Ju (t)- 9)
By perturbing the variables in the time-domain, the linearized
form of (9) is derived as

T (t) = —cos[ 0" (t) Jug (1) (t)—sin[ 6" (t) ]u, (t)  (10)
where the superscript ‘~” denotes the small-signal quantity, and

Gsv(s) sampling at the fundamental frequency is neglected that
Gav(jow1)=1 such that uis"(t)=Vicos(wit) and 6" (t)=c1t.

Applying Laplace transform to (10) gives
O (3) = —28(5)—2[0(s- j2) +8(s+ j2) |
+%[Gis (s—jm)=0,(s+ja)]
Based on the PLL diagram, the following relationships hold

(11)

U, (s)=G,, (s);(s) (12)
é(s) =Hp, (S)Up” (S) (13)

where
He (s) = NOTCH, (s)- Pll(s)é (14)

Substituting (12) and (13) into (11), it is deduced in (15) shown
at the bottom of the page, where GppL(S) is

__He(s) .
Gruu (3) = 2+V,H, (s) (16)
It is worth noting that the perturbed phase é(s) at a given

frequency w is related to not only the PCC voltage at the two
coupled frequencies w=w; but also the perturbed phase at
frequencies wx2w1.

C. Modeling of Voltage Loop
According to the power balancing principle, the relationship
between the input and the output can be described as

o i ()G dx (1) X, (1)

Wi, (O =L, ()55 g @7)
where xu(t)=ug(t). Applying linearization to (17) gives (18),
shown at the bottom of next page. Substituting (7) and (8) into
(18) and performing Laplace transform, (19) is obtained, which
is shown at the bottom of next page. And G.(s) is given by

Rdc .
G.(s)= C.R.s+2 (20)

It can be seen that x,(s) is dependent on u; and ig at two coupled

frequencies w=mw1. According to the voltage control scheme in
Fig. 1(a), the small-signal term of 1," is derived as

I (s)=H,(s)%(s) (21)

where
H, (s)=—Pl,(s)LPF (s)NOTCH,(s)G,(s) - (22)

6(s)=Gn, (s){fv—zl[é(sf j2m)+0(s+ j2e,) |+ i[ Gy (s— j@) 0 (s j,) -G, (s + joy )G, (s + J'wl)]} (15)



D. Modeling of Current Loop
The input current reference is

ig o (1) =1, (t)cos[O(1)]- (23)

Then, the small-signal form of (23) is given as
iy ot (1) =—1ysin[ 6" (t) |O(t)+cos[ 0" (1) |IT (1) (24)
Similarly, the s-domain expression of (24) can be deduced as
iy (5)= 22 [0(s— ju)-0(s+ )]
+%[I~f(s— jo)+ 17 (s+ ja)]
It can be seen from (21) and (25) that two perturbed

components of output voltage at frequencies w=w; contribute
to the harmonic current at frequency w.

(25)

Frequency-shifting (15) to w=; yields (26) shown at the
bottom of the page. Since the components of the perturbed
phase are coupled with each other in different domains, a
truncation is made that the harmonic components of perturbed
phase with triple line frequency deviation are assumed to be
zero. Therefore, after some mathematical manipulations,
O(s—je) and O(s+jem) are extracted in (27) shown at the

bottom of the page. And A(s) in (27) is given as
2
A(s)=1- - Gry (5= 1) Gouy (s7+ ) (28)

Then, the difference of perturbed phase at frequencies w=w; is
provided as

O(s—jo)-0(s+ jo,) = T, _,(s)0 (s— j2m,)

where fg,.-2(S), fou,0(S) and fy,2(S) are given in (30) shown at the
bottom of the page.

In a similar way, frequency-shifting (21) to w=mw; and doing
an addition yield (31) shown at the bottom of the page, where
fiu-2(5), fiuo(s) and fiu2(s) are given as

flu,—Z(S):GL(S_ ja’l)Hv(s_ jaﬁ)llej% (326)
G, (s+ jo)H,(s+ jey )ei™
f -
Iu,O(S) |1 +GL(sfja)l)Hv(sfja)1)e’j“"l (32b)
fu2(8)=G (s+ ja )H,(s+ jeo ) L™ (32.c)

And fii-2(s), fiio(s) and fii2(s) are given in (33) shown at the
bottom of the page.

E. Closed-Loop Impedance Derivation
Based on the control scheme in Fig. 1(a), the converter
voltage can be written as
ooy (8) =—G4 (5) Pls(s)rg,ref (s)+G,(s)G,, ()4 (s)
+Gy (S)PI3(S)G5i (S)fg (S)
And the current dynamics in the average model is
Lsiy () =0, (S) = Ueany (S) (35)
Substituting (34) into (35) gives
[Ls+G, (s)Pl,(s)Gy (s)]i ()
=[1-G, (5)Gy, (5) ] () + Gy (8) Pl (8)iy s (5)
Substituting (25) into (36), the input impedance which only
considers the fundamental perturbed components is obtained in
(37) shown at the bottom of the page. In order to include the
interactions between different domains, frequency-shifting (36)

(34)

(36)

o ()0 (5)+ 0 (s)0 (s+ j20) (29
Cu R, X”RS:)=i; (13, (1) + U (V)7 (t)— Li; (t)dlzit(t)—Ldl‘;t(t)E(t) (18)
o [Vi=(s—joy ) L1,e™™ — joL1e' |i; (s— joy ) +[V, —(s+ jeor ) LLe " + jea Ll ™ i (s+ jeo,)
Xy (S)_GL (5){+|:|1ej%1ai (S— ja)l)+|1eimll]i (S+ le):' (19)

O(s—j@) =Gy (s— ja”l){_\%[é(s_ Bw)+0(s+ jwl):|+ j[Gsv (s—J2m)0 (s~ j2e0) -G, ()4, (S):l} (26.a)
O(s+jw)=Gy (s+ jazl){—v—zl[é(s— jo,)+0(s+ j3a)1)}+ i[Gu (5)0T; (s) -Gy, (s+ j2,)0, (s + j2a)1)]} (26.b)

s G (5 im) 2G,, (s— j2m,)0; (s— j20;)~[ 2+V,Gpy, (5+ j@y) |Gy, ()G (3)
o5 im)= 2A(s) {+vle,,LL(s+ )G, (s+ 20,)0, (s + j2a,) (27.2)

~ i) = iGeLL (S+ Ja)l) “ViGeu, (S* ja)l)Gsv (5* jzwl)ai (S* jzwl)

7)) {{zwlem(sjwl)]ew(s)axs)zcaw(suzwl)a.(sﬂz@) e
fou2 (3) = jGpL (S - ja)l)Gsv (S - j2w1)|:2+lePLL (S + ja)l):l/I:ZA(s)] (303)
fouo (S) =-]G,, (S)I:GPLL (S* ja)l)+GPLL (S+ jw1)+V1GPLL (S* jwl)GPLL (S+ J@)]/A(S) (30b)
fouz (S) = jGpL (S+ jwl)Gsv (S + jzwl)[z"'VlGPLL (S —jo )]/I:ZA(S):I (30C)
rl*(s_ Ja)l)+ rl* (S+ Ja)l) =fu (S)Ui (S_ j2(01)+ fiuo (S)Ui (S)+ LI (S)ai (S+ 125‘)1) 31
(ST, (5 §2m) + fuo (S)i, (8)+ fup (S)i, (S+ 1202 ) (31)
fi(s)=G_(s—jo)H,(s— jazl)[vlf(sf j2e, )Ll — jwlLllej“"l] (33.2)
fio(3) =G (s+ jm)H, (s+ jo)[V, —sLl,e™ — joL1e" |+G, (s—jo )H, (s— j,)[V, —sLIe ™ + joyLle " | (33.b)
fio(s) =G, (s+ i@ )H, (s+ jo)[V, —(s+ j20; ) LLe ™ + joLI,e ™ | (33.0)
Z.(s) = 2Ls+2G, (s)Pl,(s)G, (s)—Gq (s)PI;(s) fii0(s) 37)

2—-2G, (8)G,, (s)+ i1,G4 (s)Pl;(s) fpuo(s)+Gqy (s)PI;(S) flup(s)
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Fig. 2. Multi-frequency model diagram of the single-phase voltage source
rectifier considering the grid impedance.

to w*2w1, and then the perturbed current at frequencies w321
are solved as
i; (S_ szl) = fxl(s)'ji (S_ J2a)1)
+ 1,2 (8)0 (3)+ Fs ()T, (3)
i(s+j2m)=1,(s)0 (s+j2m)
+1,,(5)0,(8)+ 0 ()T, (5)
where the harmonic components with quadruple line frequency
deviation are assumed to be zero. And fu1(S), fxa(S), fa(S), fy1(S),
fy2(s) and fy3(s) are given as (40) and (41) shown at the bottom
of the page.

Substituting (38) and (39) into (36), the harmonic current at
frequency w is provided as
i,(s)=F,(s)0 (s— j2m )+ F(s)q; (s)
+F,(s)0, (s+ j2m,)
where F.(s), Fo(s)and F»(s) are given as (43) shown at the
bottom of the page.

(38)

(39)

(42)

ui(s)

Fig. 3. Single-phase voltage source rectifier model diagram with embedded
frequency-coupling effects.

If the effect of grid impedance is neglected, the input
impedance is

Z, (s)=1YF,(s)- (44)
However, due to the presence of grid impedance, the harmonic
currents would generate the voltage at the same frequency and
thus constitute additional feedback loops, which are
constructed as Fig. 2. It is observed that the order of harmonic
would extend to infinite due to the interactions between the
FCE and the grid impedance.

Due to the low-pass characteristics of the system, only the
components at frequencies w and w®2w, are considered here,
as denoted by the dashed block in Fig. 2. The harmonic voltage
at frequencies w2, are derived as

0 (s— j2aw ) =G, (s)u; (s) (45)
G, (s+ j2am)=G, ()G, (s) (46)
where
F(s—j2m,)
G"(S):iYg(s—jZa)l)wL Foa(Jls— i2a,) (47)
F,(s+j2m) )
GF’(S)z_Yg(s+j2a)1)+|:0(s+j2a)1) (48)

And Ygy(s) represents the grid admittance, i.e., Yg(S)=1/Zy(S).
Thus, the single-frequency model at the analyzed frequency w
can be depicted as Fig. 3.

fa(s)= {2726d (s—J2m,)G,, (s~ j2m,)+ G, (s~ j2e, )Pl (s — jzwl)[jhfeu.o(S* j2a )+ fiu0(s— jzwl)]}/I:ZAx (S):I (403.)
fro (S) =G, (S* J2a)1) Plz(sf j2a’1)[j|1f9u,2 (3* j2w1)ﬁL fru (S* j2w1)]/|:2Ax (S)] (40b)

frs (S) =Gy (S* jzwl) Pl, (S - 125"1) fiiz (57 j2a)1)/|:2Ax (S)] (40C)

A (s)=L(s-j20)+G, (s—jZa)l)PI3(s—j2col)[Gsi (s- j2a)1)—% fio(s— j2a)1)} (40.d)

f,,(5)=2-2G, (s+ j20,)G,, (s+ i2,)+ G, (s+ j2a, ) Ply (s + 200 1, Ty 0 (5 + J20, )+ fu (s+ 200) ] /[ 24, (5) ] (41.a)
f,,() =Gy (s+ j2m,)Ply(s+ j20,)[ il Tp , (s+ §20)+ T, , (s+ j2e)]/[ 24, (5)] (41.b)

f3(s) =Gy (s+ j20y)Ply(s+ j2m) f, , (s+ j2ey)/[ 24, (s) ] (41.0)

A, (s)=L(s+ j2m,)+ Gy (5+ j2a,) Pl (s + chol)[Gsi(s+ 20) -2 1,0 (5+ j2wl)} (41.d)

Fo(8) =Gy (5)Ply(s)[ il (5)+ fuo (8)+ fu o (s) fu(5)]/[ 24 (5)] (43.a)

Fy(s)=2-2G, (5)G,, (3)+Gq (8)Pls ()] iy fouo () + fuuo (8)+ fu o (3) Fro () + fi, (s) F,0 () ]/[ 24 (5) ] (43.b)
F,(s)=G, (s)PI, (s)[jllf,,uvz (s)+ flua(s)+ fis(s) fyl(s)]/[ZAF (s)] (43.c)

Ap (s)=Ls+G, (s)Pl,(s)G (s)—%Gd (s)P1, (s)[f,iv0 (s)+ fio(s) fa(s)+ fin(s) s (s)] (43.d)
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From Fig. 3, the single-frequency rectifier input impedance

considering the FCE at a certain grid impedance is derived as
1

SR TO TN OO AN O NN
The built impedance model Z(s) is the conventional SISO type
impedance, such that the stability analysis of the system can be
determined by Nyquist Criterion rather than GNC, which
reduces the complexity of the analysis. And the built input
impedance can be directly measured. Moreover, it is revealed
that the rectifier input impedance is dependent on the grid
impedance, which is neglected in most literatures. Besides, the
proposed modeling approach, which only requires Laplace
transform and frequency-shifting operation, avoids he
complicated convolution calculation in the frequency domain.

I1l. SIMULATION STUDY

Simulations are performed in MATLAB/Simulink to verify
the validity of the proposed models. The specifications of this
system are summarized in Table I.

TABLE I
THE SIMULINK PARAMETERS OF THE SYSTEM

Symbol Description Value
Ug Grid voltage 100 V(rms)
w1 Input angular frequency 1007 rad/s
L Input filter inductance 2mH
Cuc Output capacitance 500 uF
Rac Load resistance 60 Q

wilwy ADC cutoff frequency 90007 rad/s
Kp1 Proportional coefficient of the PLL 2.7207
Kiy Integral coefficient of the PLL 49.348
- Proportional coefficient of the 0.0005
voltage regulator
) Integral coefficient of the voltage
kiz regulator 0.008
- Proportional coefficient of the 14.215
current regulator
K Integral coefficient of the current 5053237
regulator
Wn Notch filter param. 200m
o Notch filter param. 47374
T Low-pass filter param. 0.00398
U Output voltage reference 200V
Ts Control period 50 us

In order to validate the small-signal model of PLL, the s-

domain expression of linearized synchronous signal is given as
i foua (8) G (s + j2@,) + fh0(5)0i(S) | |
[cos(6)](s)= ZL b (5)(5— j2em) (50)

The modeled and simulated frequency response from perturbed
voltage at different frequencies to synchronous signal at
frequency w are plotted in Fig. 4. The results show that the
simulated response is matched well with the modeled response,
which verifies the validity of the small-signal model of PLL.

The impedance measurement scheme is depicted as Fig. 5.
A perturbation voltage up is injected, which excites the
perturbations of corresponding frequency on the PCC voltage
and input current. Then the FFT is applied to the PCC voltage
and input current for impedance calculation. In this scheme, the
influence of grid impedance is taken into consideration. The
frequency response characteristics of the built impedance
models and its corresponding simulation results under different
grid impedances are plotted as shown in Fig. 6. As observed, the
impedance simulation results are in good accordance with Z(s),
which validates the proposed impedance modeling approach is
accurate. The impedance Z(s) which only considers the
fundamental perturbed components has a large deviation in the
regions around the fundamental frequency. The Zqy(S) achieves
higher accuracy compared with Z¢(s), but the accuracy will
degrade as the grid impedance increases due to the neglect of
grid impedance. It is suggested that the interactions between grid
impedance and FCE should be considered in the input
impedance modeling of single-phase VSR.
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IV. CONCLUSION

In this paper, the single-frequency input impedance
modeling of the single-phase voltage source rectifiers is

presented, which considers the frequency-coupling effect. It is
found that the established input impedance varies along with the
grid impedance. In the proposed modeling method, only Laplace
transform and frequency-shifting operation are required,
avoiding the complicated convolution calculation in the
frequency domain. In addition, the modeling method is also
applicable to other power converters
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