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Abstract—This paper proposes a novel ultra-dense non-
orthogonal frequency-division multiplexing (NOFDM) transmis-
sion, where subcarrier spacing is set significantly lower than
that of OFDM. Eigenvalue-decomposition-aided precoding is
conceived for eliminating the detrimental effects of NOFDM-
specific inter-carrier interference and correlated noises. The
classic capacity formula is extended to that supporting our
precoded NOFDM scheme. Optimal power allocation (PA) is
developed for maximizing the derived capacity of the proposed
scheme. In analytical and numerical results, we demonstrate that
the proposed NOFDM scheme with optimal PA outperforms the
conventional NOFDM and the classic OFDM schemes.

I. INTRODUCTION

Non-orthogonal resource allocation in the frequency
domain has been developed in several different con-
texts, such as non-orthogonal frequency-division multiplex-
ing (NOFDM) [1, 2], generalized frequency-division mul-
tiplexing (GFDM) [3], and spectrally efficient frequency-
division multiplexing (SEFDM) [4, 5], in contrast to the
classic orthogonal frequency-division multiplexing (OFDM)
counterpart [6]. In NOFDM, by allowing the introduction
of inter-carrier interference (ICI) between non-orthogonally
overlapped subcarriers, further flexible resource allocation
becomes realistic. In addition to the scenario of microwave
communications, NOFDM was experimentally investigated in
the context of the optical fiber communications [7, 8], the
visible light communications [9], and the E-band wireless
transmission [10]. In [11], the precoded NOFDM scheme
was presented for decoupling ICI effects between substreams,
while any power allocation (PA) onto each substream is
not incorporated. However, information-theoretic analysis of
the explicit merits attained by NOFDM has not been well
investigated. The only exception is that constituted in [12],
where the potential capacity gain of NOFDM was shown
without any precoding and PA.

Time-domain resource allocation has been developed as
faster-than-Nyquist (FTN) signaling, which relies on the trans-
mission of non-orthogonal pulses whose interval is shorter
than that defined by the inter-symbol interference (ISI)-free
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Nyquist criterion. The theoretical information rate of unpre-
coded FTN signaling was analyzed in [13], where the perfor-
mance gain of the FTN signaling scheme over the Nyquist-
based counterpart was attained owing to the exploitation of
the excessive bandwidth under the assumption of the use of a
root raised cosine (RRC) shaping filter. However, the benefits
of FTN signaling over the Nyquist counterpart were not
clarified in the absence of the excess bandwidth. Several low-
complexity detection algorithms were developed for equalizing
the ISI-contaminated FTN symbols at the receiver [14–16].

Most recently, in [17], singular value decomposition (SVD)-
precoded FTN signaling with optimal and truncated PA was
proposed, where the classic Shannon limit is extended to that
supporting non-orthogonal symbol transmissions in the time
domain. However, in general, the unprecoded and precoded
FTN signaling schemes typically assume block transmissions,
and the rate loss induced due to inter-block interference is
unavoidable. However, in most previous studies, the benefits
of FTN signaling were verified by ignoring the inter-block in-
terference (IBI) effects. Furthermore, in [18], the performance
tradeoff between the calculation precision and the achievable
information rate, specifically found in the SVD-precoded FTN
signaling, was investigated.

Against this background, the novel contributions of this
paper are as follows. Motivated by the recent concept of
SVD-precoded FTN signaling [17], we propose a precoded
ultra-dense NOFDM transmission, where the subcarrier spac-
ing is set lower than that of OFDM. Information symbols,
modulated onto non-orthogonal subcarriers, are precoded with
eigenvalue decomposition (EVD) as well as linear PA. The
classic capacity formula is generalized to support the proposed
NOFDM, based on the ICI-free equivalent system model
of NOFDM aided by EVD. The PA coefficient for each
NOFDM subcarrier is optimized for maximizing the derived
capacity, with the aid of the Lagrange multiplier method. Our
analytical and numerical results demonstrate that the proposed
precoded NOFDM scheme with optimal PA outperforms the
conventional NOFDM and the classic OFDM counterparts.

II. SYSTEM MODEL

A. System Model of Precoded NOFDM

In this section, we introduce the system model of the
proposed EVD-precoded NOFDM architecture with PA. At
the NOFDM transmitter, information bits are modulated onto
N complex-valued symbols sl = [sl,0, · · · , sl,N−1]

T ∈ CN ,



where l is the frame index, and N is the number of subcarriers.
The power constraint of E[sHl sl] = N is imposed on sl, where
E[·] represents the expectation operation. Then, the modulated
symbol block sl is linearly precoded by a complex-valued
matrix F ∈ CN×N , in order to obtain the precoded symbol
block of:

xl = [xl,0, xl,1, · · · , xl,N−1]
T ∈ CN (1)

= Fsl. (2)

The precoding matrix F is designed for maintaining the power
constraint of E[xH

l xl] = N . Then, the precoded symbols
xl are multiplied by non-orthogonal subcarriers in the lth
NOFDM frame, which are placed at closer spacing than the
OFDM counterpart. More specifically, given T is the frame
duration, the subcarrier spacing of NOFDM is expressed as
∆f = α/T , where α (0 < α ≤ 1) is a compression factor.

The modulated NOFDM signals in the time-domain are
represented by

x(t) =
√
αE0

∞∑
l=−∞

N−1∑
n=0

xl,ng(t− lT )ej2πn∆ft, (3)

where g(t) ∈ R is the impulse response of a shaping filter.
In the proposed NOFDM scheme, an RRC shaping filter with
a roll-off factor β ∈ R is employed, where each subcarrier,
rather than the whole bandwidth, is bandlimited. Furthermore,
E0 ∈ R is a transmit energy per subcarrier in the equivalent
OFDM transmitter.

For the sake of simplicity, we consider the scenario of a
single frame transmission, and hence let us denote (sl,n, sl,
xl,n, xl) as (sn, s, xn, x) in the rest of this paper. The
coefficient

√
α (≤ 1) in (3) is added for normalizing the

transmit power of each NOFDM frame per unit bandwidth
E
[
|x(t)|2

]
. Note that the special case of F = I corresponds

to the unprecoded NOFDM scheme, where I ∈ CN×N is the
identity matrix.

When considering a specific available bandwidth, the rela-
tionship between the number of subcarriers of NOFDM and
that of OFDM NOFDM is given by

N =

⌊
NOFDM − 1

α

⌋
+ 1. (4)

If the available bandwidth is sufficiently wide, i.e., NOFDM ≫
1, N is approximated to N ≃ NOFDM/α.

Under the assumption of the additive white Gaussian noise
(AWGN) channel, the received signals are represented by

r(t) = x(t) + n(t) ∈ R, (5)

where n(t) is a complex-valued AWGN with a zero mean and
a noise variance of N0. The received signals are first passed
through a matched filter g∗(−t), and then the filtered outputs
are projected onto the NOFDM subcarriers. More specifically,
the received sample corresponding to the ith subcarrier is given

by

yi =

∫ ∞

−∞
r(t)g∗(−t)e−j2πi∆ftdt ∈ C, (6)

which is also expressed in the block representation by

y = [y0, y1, · · · , yN−1]
T ∈ CN (7)

=
√

αE0Hx+ η, (8)

=
√

αE0HFs+ η, (9)

where the matrix H ∈ CN×N represents the effects of ICI,
whose ath-row and bth-column element is denoted by [12]

ha,b =

∫ ∞

−∞
g(t)g∗(−t)ej2π(b−a)∆ftdt. (10)

Furthermore, η = [η0, η1, · · · , ηN−1]
T are the correlated

noises, each formulated by

ηi =

∫ ∞

−∞
n(t)g∗(−t)e−j2πi∆ftdt. (11)

Here, the correlation matrix of the noises is calculated by
E[ηηH ] = N0H. Note that only in the classic OFDM case
employing a rectangular pulse, the ICI matrix H becomes the
identity matrix I owing to the orthogonality of subcarriers,
and hence the noises η are uncorrelated. However, in general,
NOFDM with α < 1 suffers from the effects of correlated
noises, due to the non-diagonal ICI matrix H.

B. Proposed EVD-Precoded NOFDM With Optimal PA

In this section, we present the system model of the proposed
EVD-precoded NOFDM scheme with optimal PA. Since H
is a Toeplitz and Hermitian matrix, the ICI matrix H is
diagonalized with the aid of EVD as follows:

H = UΛUT , (12)

where U ∈ RN×N is a real-valued unitary matrix, hav-
ing the relationship of UUT = UTU = I, and Λ =
diag{λ0, λ1, · · · , λN−1} ∈ RN×N is a diagonal matrix that
contains N non-zero eigenvalues λi (i = 0, · · · , N − 1),
arranged in ascending order. Therefore, from (9) and (12),
the received sample block is expressed by

y =
√
αE0UΛUTx+ η. (13)

At the transmitter, a PA coefficient
√
qi ∈ R is multiplied by

the ith information symbol si. Then, power-allocated symbols√
qisi (i = 0, · · · , N − 1) are precoded by the unitary matrix

U, which yields

x = UQs, (14)

where

Q = diag{√q0,
√
q1, · · · ,

√
qN−1} ∈ RN×N . (15)

From (13) and (14), the received sample block of the proposed
EVD-precoded NOFDM with PA, transmitted over the AWGN



channel, is represented by

y =
√
αE0UΛQs+ η. (16)

Then, the weighs of UT are multiplied by the received sample
block y as follows:

yd = [yd,0, · · · , yd,N−1]
T ∈ CN (17)

= UTy (18)
=
√
αE0ΛQs+ ηu. (19)

Furthermore, the ith substream of yd is formulated by

yd,i =
√
αE0λi

√
qisi + ηu,i, (20)

where the equivalent average signal-to-noise ratio (SNR) is
calculated by

γi =
E
[∣∣√αE0λi

√
qisi
∣∣2]

E
[
|ηu,i|2

] (21)

=
αE0λiqi

N0
. (22)

C. Derivation of Optimal PA Coefficients

We derive the optimal PA matrix Q of the proposed scheme,
by maximizing the capacity with the aid of the Lagrange
multiplier method. Since the additive noises ηu in (19) are
uncorrelated, mutual information of the proposed scheme is
upper-bounded by [17]

I(s;yd) ≤
N−1∑
i=0

log2

(
1 +

αE0λiqi
N0

)
[bits/frame]. (23)

The transmit energy per frame in the conventional EVD-
precoded NOFDM scheme without PA is given by

EN = E
[∫ ∞

−∞
|x(t)|2dt

]
(24)

= αE0E
[
xHHx

]
(25)

= αE0E
[
sHΛs

]
(26)

= αE0

N−1∑
i=0

λiE
[
|si|2

]
(27)

= αE0N, (28)

where
∑N−1

i=0 λi = trace{H} = N since each diagonal
element of H is unity. Furthermore, the transmit energy per
frame in the proposed scheme is calculated by

ĒN = E
[∫ ∞

−∞
|x(t)|2dt

]
(29)

= αE0E
[
sHQUTHUQs

]
(30)

= αE0E
[
sHQΛQs

]
(31)

= αE0

N−1∑
i=0

λiqiE
[
|si|2

]
(32)

= αE0

N−1∑
i=0

λiqi. (33)

In order to maintain the transmit energies of the two schemes
to be equal, we arrive at the following constraint:

ĒN = EN (34)

⇔
N−1∑
i=0

λiqi = N. (35)

Next, in order to obtain the optimal qi values, mutual
information of (23) is maximized with respect to qi, while
satisfying the energy constraint of (35). Let us consider the
following Lagrange function:

J =

N−1∑
i=0

log2

(
1 +

αE0λiqi
N0

)
− ξ

(
N−1∑
i=0

λiqi −N

)
, (36)

where ξ is the Lagrange multiplier. Here, to maximize J with
respect to qi, we consider

∂J

∂qi
= 0, subject to qi ≥ 0, (37)

yielding

qi =
1

λi
. (38)

Note that (38) satisfies the condition of qi ≥ 0 in (37),
since λi > 0 is guaranteed. Hence, in the proposed scheme,
it is ensured that each substream encounters the identical
equivalent SNR of γ0 = · · · = γN−1 = αE0/N0 in (22).

D. Capacity of the Proposed Scheme

The capacity of the proposed scheme is maximized by
substituting (38) into (23), which is formulated by

I(s;yd) ≤
N−1∑
i=0

log2

(
1 +

αE0

N0

)
(39)

= N log2

(
1 +

αE0

N0

)
[bits/frame]. (40)

Also, the capacity normalized by the frame duration is given
by

CF,opt =
1

T
I(s;yd) (41)

=
N

T
log2

(
1 +

αE0

N0

)
[bps]. (42)

The capacity normalized by the bandwidth W is given by

C̄F,opt =
CF,opt

W
(43)

=
N log2

(
1 + αE0

N0

)
(N − 1)α+ 1 + β + ϵ

[bps/Hz]. (44)

Moreover, under the assumption of Nα ≫ 1, (44) is simplified
to

C̄F,opt =
1

α
log2

(
1 +

αE0

N0

)
[bps/Hz]. (45)

As formulated in (44), the capacity of the proposed scheme
with optimal PA is given in a closed-form, which does not



include the eigenvalues λi, owing to the relationship of (38).
Additionally, in the OFDM case (α = 1), (44) corresponds to
the classic Shannon capacity in the AWGN channel.

Moreover, we formulate the capacity in the limit of α → 0,
by applying l’Hôpital’s rule to (45), we arrive at

lim
α→0

C̄F,opt = lim
α→0

∂
∂α log2

(
1 + αE0

N0

)
∂
∂αα

(46)

=
1

ln 2
· E0

N0
[bps/Hz]. (47)

III. ANALYTICAL PERFORMANCE RESULTS

Figs. 1(a) and 1(b) show the capacities of the conventional
EVD-precoded NOFDM scheme without PA and the proposed
EVD-precoded NOFDM scheme with optimal PA, respec-
tively, each employing the RRC shaping filter with the roll-
off factor of β = 0.22. The compression factor was given by
α = 1.0, 0.5, 0.2, 0.1, 0.05, and 0.01. The frame duration and
the energy factor were set to T = 1 and E0 = 1, respectively.
The benchmark curve associated with the classic OFDM based
on a rectangular pulse was also plotted. Observe in Fig. 1(a)
that the conventional EVD-precoded NOFDM scheme with
α < 1 exhibited a higher capacity than the OFDM counterpart.
More specifically, upon decreasing the compression factor α,
its performance gain over OFDM increased. In Fig. 1(b), it
was found that the proposed EVD-precoded NOFDM scheme
with optimal PA achieved a significantly high capacity, which
outperforms the conventional EVD-precoded NOFDM with-
out PA and the OFDM. Furthermore, upon decreasing the
compression factor, the capacity of the proposed scheme
asymptotically approached the limit of α → 0 in (47).

IV. BER RESULTS

In this section, we provide our BER performance results
based on the Monte Carlo simulations. We considered the
three-stage serially concatenated turbo-coded architecture. At
the transmitter, information bits are encoded by a half-rate
recursive systematic coding (RSC) encoder, and the RSC-
encoded bits are interleaved by an outer interleaver Π1. Then,
the interleaved bits are encoded by the unity-rate coding
(URC) encoder. Furthermore, the URC-encoded bits are inter-
leaved again by an inner interleaver Π2, in order to have the
channel-encoded bits. At the receiver, extrinsic information in
the form of log-likelihood ratios (LLRs) is exchanged between
the three soft decoders, i.e., the LLR calculator, URC decoder,
and the RSC decoder. The number of inner iterations and that
of outer iterations are denoted Iin and Iout, respectively.

In our simulations, the number of subcarriers in NOFDM
was maintained to be N = 1000, and the interleaver length
was given by 20000. Therefore, a total of 20000 channel-
encoded bits were transmitted by 20 NOFDM frames in each
Monte Carlo simulation. As mentioned, in this paper, the
effects of inter-frame interference were ignored, such that
ϵ = 0. The number of inner iterations and that of outer
iterations were set to Iin = 2 and Iout = 40, respectively.

Moreover, the normalized transmission rate R is calculated
by

R =
1

2
·

∑N−1
i=0 Ri

(N − 1)α+ (1 + β + ϵ)
[bps/Hz], (48)

where Ri denotes the bit rate of the ith subcarrier.
Fig. 2 compares the bit-error ratios (BERs) of the proposed

EVD-precoded NOFDM scheme with optimal PA and the
conventional EVD-precoded NOFDM scheme without PA,
each employing BPSK, where the roll-off factor of an RRC
filter was given by β = 0.22. The compression factor was
set to α = 0.5, 0.25, 0.125, and 0.1, which corresponded to
the normalized transmission rate of R = 1.00, 1.99, 3.97, and
4.94 [bps/Hz], respectively. For comparison, we also plotted
the BER curves of the classic OFDM benchmark scheme, em-
ploying QPSK, 16-QAM, 256-QAM, and 1024-QAM, which
exhibited the rates similar to those of the proposed and
conventional NOFDM schemes. Also, the capacities associated
with the three schemes were shown in each transmission
rate, which corresponded to those in Figs. 1(a) and 1(b).
Since the eigenvalues were sufficiently high in the simulated
range of 0.1 ≤ α ≤ 0.5, truncation does not have to be
activated in the proposed scheme. Observe in Fig. 2 that the
proposed scheme outperformed the conventional NOFDM and
the OFDM schemes for R ≥ 2 [bps/Hz], as expected from the
capacity results (Figs. 1(a) and 1(b)). The performance gain
increased upon increasing the transmission rate of R. By con-
trast, the conventional EVD-precoded NOFDM scheme failed
to outperform the OFDM benchmark for each R scenario.
This is caused by the detrimental effects of low channel gains
associated with low eigenvalues.

V. CONCLUSIONS

This paper proposed the novel EVD-precoded NOFDM with
optimal PA. Based on the eigenvalue-decomposed independent
parallel substreams, the capacities of the conventional and
proposed EVD-precoded NOFDM schemes were derived as
the extension of the classical OFDM capacity. The derived
capacity was used for optimizing the PA coefficients of the
proposed scheme. Our theoretical capacity analysis, as well as
BER simulations, showed that the proposed scheme achieves
higher performance than the conventional NOFDM scheme
and the classic OFDM.
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