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Abstract

A theory for analyzing the radiative and reactive energies for pulse radiators in free space is presented. With the proposed
definition of reactive energies and radiative energies, power balance at arbitrarily chosen observation surfaces are established,
which intuitively shows that the Poynting vector contains not only the power flux density associated with the radiative energies,
but also the influence of the fluctuation of the reactive energies dragging by the sources. A new vector is defined for the radiative
power flux density. The radiative energies passing through observation surfaces enclosing the radiator are accurately calculated.
Numerical results verifies that the proposed radiative flux density is more proper for expressing the radiative power flux density

than the Poynting vector.
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Abstract—A theory for analyzing the radiative and reactive energies for pulse radiators in free space is presented.
With the proposed definition of reactive energies and radiative energies, power balance at arbitrarily chosen
observation surfaces are established, which intuitively shows that the Poynting vector contains not only the power
flux density associated with the radiative energies, but also the influence of the fluctuation of the reactive energies
dragging by the sources. A new vector is defined for the radiative power flux density. The radiative energies passing
through observation surfaces enclosing the radiator are accurately calculated. Numerical results verifies that the
proposed radiative flux density is more proper for expressing the radiative power flux density than the Poynting
vector.
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1. INTRODUCTION

The electromagnetic radiation problems have been intensively investigated for more than a hundred years. It is a little
bit strange that there is still no widely accepted formulation for evaluating the stored reactive energies and Q factors of
radiators[1]-[14]. The main difficulty may come from the fact that there is no clear definition in macroscopic
electromagnetic theory for the reactive electromagnetic energy. It is commonly known in classical charged particle theory
that the fields associated with charged particles can be divided into self fields and radiative fields[15][16]. The self fields
include the Coulomb fields and the velocity fields, carrying self energies, also referred to as Schott energy in some
literatures [17]-[18][19]. The radiative fields are generated by acceleration of charged particles, emitting radiative energies
to the surrounding space. The self fields/energies are considered to be attached to the charged particles, or simply speaking,
they show up with the charged particles and disappear with the charged particles. On the contrary, after being radiated by
the charged particles, the radiative fields/energies will depart from the sources and propagate to the remote infinity. They
exist even after their generating sources disappeared and can couple with other sources they encountered in their journey.
Although it is natural to consider that the reactive energies in macroscopic electromagnetics is similar to the self energies
or the Schott energy, no successful attempt has been found or well accepted to handle the reactive energies in this manner.
No expression for reactive energies is established in macroscopic electromagnetics that can be derived rigorously from the
self fields of charged particles.

Poynting vector is widely considered as the electromagnetic power flux density[20]. Poynting Theorem describes the
relationship between the Poynting vector, the varying rate of the electromagnetic energy densities, and the work rate done
by the exciting source. It provides an intuitive description of the propagation of electromagnetic energy. However,
interpreting the Poynting vector as the electromagnetic power flux density has always been controversial [21]-[40], and
some researchers have pointed out that Poynting Theorem may have not been used in the correct way in some
situations[41][42]. However, most of these opinions have been ignored because of the great success of the wide application
of Poynting Theorem and Poynting vector.

It is known that the Poynting Theorem is not convenient to use for evaluating the reactive energies stored by radiators
in an open space [5][13], which has been investigated for decades. For harmonic fields, the total electromagnetic energy

obtained by integrating the conventional energy densities of (0.5D-E)and (0.5B-H) over the whole space is infinite

because the conventionally defined electric and magnetic energy densities generally account for the total fields consisting
of the radiative fields and the reactive fields. The radiative energy occupies the whole space and is infinitely large [14].
Some researchers suggested that those fields associated with the propagating waves should not contribute to the stored
reactive energies, and the results can become finite by subtracting from the energy density an additional term associated
with the radiation power. However, it is not easy to give a general definition for the term because the propagation patterns
are quite different for different radiators [1][5].

Practically, if we check the classical charged particle theory, the Larmor’s formula for the radiative power of an
accelerated charged particle can be derived from the corresponding Poynting vector with contribution from the radiative
fields only[15]-[17][42].

Based on these observations, the macroscopic electro- magnetic radiation issue is revisited and a new energy/power
balance equation at a certain instant time is proposed, which gives an intuitive and reasonable suggestion that Poynting
vector is not the radiative power flux density.

It is not the aim of this paper to provide a rigorous proof to support that the reactive energies in the macroscopic
electromagnetics are exactly the self energies or the Schott energy in the classical charged particles. Instead, a definition
for reactive electromagnetic energies is proposed based on the hypothesis that the reactive energies in the macroscopic
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electromagnetics bear the same characteristics as the self energies: (1) they are attached to the sources, appear/disappear
with the sources simultaneously; (2) the definition is in consistent with the static energies associated with Coulomb fields;
(3) the reactive energies do not propagate like radiative energies, but their fluctuation may propagate at the light velocity
in free space just like the radiative fields. A theory is proposed based on these considerations, in which the radiative energies
and the reactive energies can be separated. As a consequence, the Poynting vector is divided into two vectors. One vector
accounts for the radiative power flux density and the other vector accounts for the fluctuation of the reactive energies. It
has to mention that the theory is nonrelativistic and based on macroscopic Maxwell theory. The proposed theory enjoys
success in interpreting the radiation process of a Hertzian dipole, providing results exactly in agreement with those obtained
using the well-established Chu’s circuit model for the dipole. The theory is also supported by numerical examples.

II. FORMULATIONS FOR REACTIVE AND RADIATIVE ENERGIES

In the proposed theory, the reactive electric and magnetic energy of a radiator are defined with

where the scalar potential ¢ and vector potential A evaluated at the observation point r and the instant of time ¢ are
defined in their usual way,
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In the above equations, p(r’,¢')and J (r’,t’) are the charge density and current density at source point r’' €V, and

retarded time ¢'=¢—R/c, in which c is the light velocity and R = |r ~ r’| is the distance. g, and ¢, are respectively

the permittivity and permeability in free space. The potentials have to satisfy the Lorentz Gauge, and their reference zero
points are at the infinity.
The reactive electromagnetic energy is the sum of the reactive electric energy and the reactive magnetic energy,

W, (t)=J‘K (%p¢+%A~JJdr' 5)

It can be readily checked that the reactive energies defined in (3), (4) and (5) are attached to their sources, i.c., they
show up together with their sources and disappear with their sources. For static electromagnetic fields, they are exactly the
stored electro- magnetic energies associated with the source. Notice that no other definition for energies in the macroscopic
electro- magnetic theory bears this property.

For time varying fields, the reactive electric energy and the reactive magnetic energy may become negative because of
the retardation. For example, the direction of the vector potential may be negative to that of the current, which is sometimes
encountered in loop current sources. However, the total reactive energies for bounded sources have to be positive if we
choose the infinity as the zero reference points for the potentials. Therefore, in this theory the reactive electromagnetic
energy is defined combining the two reactive energies together and treated as a whole.

The Poynting Theorem correctly describes the relationship between the work rate done by the source, the total
electromagnetic energy in region V¥, DV, containing the source, and the total electromagnetic power flux crossing the

boundary S, of the region,
—j E-Jdr '=—j ( D-E+ —B der +g[> S-AdS  (6)

where the Poynting vector S=ExH is conventionally regarded as the power flux density, like in the antenna society.
From Maxwell equation, we can derive equations,
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Substituting (7) into (6) and reorganizing it gives
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The integrand of the first term in the RHS can be interpreted as the total energy stored in ¥, , which consists of the

reactive energy and the radiative energy. Since the first two terms are defined as the reactive energies, it is natural to
interpret the other two terms as the radiative energies temporally existing in the volume. We define explicitly the radiative
energy in V, as

0A
= dr' = "t)dr’ 9
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in which the radiative energy density is defined by,
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Integrating the LHS of (6) gives the total work done by the source

w,. _[ J (r',z)dr'de (11)

The integrand of the second term in the RHS of (8) is a flux density. We introduce a new vector for it,

o1 1
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rad 62‘(2 2¢ \J ( )

(8) can then be rewritten in a compact form,

Wep Wor W,y X
e - +9SSH S, -0dS (13)
In the LHS of (13), the increasing rate of the reactive energy is subtracted from the total work rate by the source. By
equating to it, the right-hand side of (13) can naturally be interpreted as the radiative energies. The first term of the RHS
represents the increasing rate of the radiative energy in the volume, the second term represents the radiative flux. Hence, it is

reasonable to interpret the vector S, , as the radiative power flux density. Integrating it on the observation surface S,

yields the total power crossing the surface at an instant of time ¢,

Prus (1)=§, S, -0dS  (14)

Define a new vector,

react a [1 HxA+— ¢Dj (15)
T
The Poynting vector can then be divided into two parts,
S = Srad + Sreact (16)

S is dependent on the fields and the potentials. It is not a real power transportation by the propagating waves, but rather

react

reflects the influence of the fluctuation of the reactive energies. For time varying sources, their reactive energies may be
dragged back and forth by the motion of sources, causing a pseudo power flux crossing the observation surface S, , as

was observed in [42]. Judging from the expressions for the retarded potentials, it can be conformed that the fluctuation of the
reactive energies also propagates at the light velocity in free space.
It is straightforward to prove that[44]

1im{q>s S, -ﬁdS} :hm{gSS s-ﬁds} (17)
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At remote infinity, the Poynting vector approximately equals the radiative power flux density.

III. RADIATION OF PULSE SOURCES

Assume that there is a symmetrical source in a sphere with radius 7, in time period of 0<¢<7 . All radiative fields

are spherical waves due to the symmetry. For 0 <¢<T , on the one hand, the source will induce self fields and emit radiative
fields. On the other hand, they will interact with the surrounding fields generated by them at retarded time ¢', similar to
charged particles. The interaction with fields may possibly turn the radiator into an absorber at some instant of time. The
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radiative fields exist in the sphere V, , , which expands with the propagation of the radiative waves. At ¢t =7 , the radius of
V. 18 (rs +cT )

For ¢>T , the reactive energy disappears simultaneously with the source. The region contains the radiative fields
becomes a spherical shell with thickness of 7, . Denote the boundary of the region occupied by the radiative fields as S, .
It has an outer and an inner boundary when ¢ > 7 , as shown in Fig.1.

If we put the observation surface S, in the region outside of S _,, then the surface integral in (13) is zero. Integrating

both sides of (13) from -oo to ¢ yields
Vde (t) = VV&’xc (t) - VVreact (t) (18)

Since the pulse source exist only during 0<¢<T, the reactive energy is zero for r<0 and ¢>7 . The total
radiative energy is a constant, equal to the total work done by the source,
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Fig.1 Region occupied by radiative fields. (a) 0<¢<T ,(b) ¢>T.

Now consider a fixed observation surface S, containing the source region V,. The total radiative energy crossing the
observation surface can be calculated by integrating the radiative power crossing it,

Wy = [ By Sua RSl = [ wde' =W, (T)  (20)

where tmin = Rmin /C > tmax = Rmax /C ’ R

source and the observation surface. As indicated in (20), the radiative energy can be directly calculated in two ways. One is
to determine the region V, , occupied by the radiative fields at time ¢, and perform a volume integration with (10). The other

and R__ are respectively the smallest and largest distance between the

min max

is to choose a fixed observation surface, and accumulate the radiative power crossing it. The first method may be not efficient
as it is quite difficult to accurately determine the radiative region of ordinary radiators. For the second method, some analytical
expressions can be used to accurately and efficiently calculate the radiative fields on observation surfaces with regular shapes,
such as spherical or cuboidal surfaces[43].

For point sources like Hertzian dipoles, their stored reactive energies are finite only after excluding a small sphere V,
containing them. In this case, the reactive energies cannot be directly calculated using (5). However, they can be calculated
using the fields and potentials according to the following relationships derived from Maxwell equations [44],

o 1 1 0A),, 1)
J‘K5¢pdl‘ = v (EDE"FED’ Py jdl' +¢SQ(E¢D)ndS (21)
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For electromagnetic pulse sources, the surface integrals are zeros since we can always put the observation surface outside

the region containing the fields. For harmonic waves, it can be proved that the surface integral at S, in (21) approaches

1 '
J.V\EA~Jdr =jV )

o Va

zero, while that in (22) may be a nonzero but finite value[14].
For pulse radiators, the surface integral in (13) could be eliminated by choosing the observation surface outside the

region V, , . Therefore, the radiative power of the source can be evaluated in the source region,
ow, 0(1 1
P (=" =_| |E-J+—| —pp+—A-J ||dr' (23
i (1) == jys[ at(z’”’ : ﬂ (23)
P, (1) describes the radiative power emitted by the source at the real time #. For pulse sources, it has nonzero values only

in the time period (0<¢<T).The variable P, (¢) definedin (14) is the power passing the observation surface S,
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min

It has nonzero values over period (t <t< tmax) , which varies with the choice of the observation surface. Apparently,

they are not expected to be equal. Only their integrals over the corresponding time duration are equal.

IV. RADIATION OF HARMONIC SOURCES
For harmonic fields with time convention of e’*, the radiation is assumed to last from —oo to +o0, so the radiative
energy is infinitely large. The Poynting theorem can be applied to describe the balance between the averaged powers and the
varying rate of energies,
1 S at 1. 1 il 1 . A
_EJ‘V\ E-J'dr' = 2]0)."1/“ [ZB -H—ZE -D }dr +E¢Su ExH -ndS (24)
From which the average radiative power at infinity can be evaluated with source distributions,

1 * A 1 * '
(Pui),, :RG{EQ.DSmExH -ndS}:—Re{EIV\E-J dr} (29)

However, the evaluation of the reactive energies in conventional formulations requires to subtract the radiative energy
from the total energy. Since both the energies are unbounded values, all those formulations based on energy subtraction
are not quite satisfactory so far.

With the theory proposed here, the power balance can be evaluated within any domain enclosed by an observation surface
S, enclosing the source region V, ,

* r_ . 1 * 1 * ' 1 * . 1 * 1 * A
_J‘VcE.J dr _ij.l.y(zﬂo +ZA-J jdr +<~‘Ssa[EEXH —]CO(ZH XA+Z¢D H'ndS (26)

The averaged radiative power crossing the observation surface can be obtained using the radiative power flux vector S,

or the source distributions,
(Pua),, = Re{95Su [%EX H —%ja)(H* X A+¢D")]ﬁd$} = —Re{J‘K %E(r')J* (r')dr'} 27)

Note that the observation surface is not required to approach infinity for evaluating the radiative power with the radiative
power flux density vector. It can be checked that the result is in consistent with that obtained using the Poynting vector, as
has been shown in [14] that

Re {g}s

The average reactive energy can be calculated with the source-potential products,

R T

Alternatively, making use of (21) and (22), the averaged reactive energy can be calculated using the fields and the vector
potentials,

o

ja)(%H*xA+%¢D*j-ﬁdS}:0 (28)
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In this section, the same symbols are used for the corresponding phasors for the sake of convenience.

V. HERTZIAN DIPOLE

A Hertzian dipole locating at the origin is analyzed to show the energy/power balance relationship. The moment of the
dipole is assumed to be ¢/ coswt , the scalar potential and the vector potential of which can be readily derived from a

Hertzian potential ~ IT=(gl/47r)cos(wt —kr) [44][45],

A:—aleoflsin(a)t—kr)(fcos@—ésin@) 31)

Q= 47:90 cos@{%cos(wt—kr)—ésin(a)t—kr)} (32)

from which the fields are found to be

2
E= 4k7rz)lr {f‘2cos€[kzlrz cos(a)t—kr)—%sin(wt—kr)}+ésinHKkz—lﬁ—lJcos(a)t—kr)—%sin(a}t—kr)}} (33)
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The total reactive energies at the instant of time ¢ stored in the whole space outside a small sphere with radius a can

be derived from the fields and potentials using (21) and (22). The integrations in (22) are performed to get

J.Vw—V[, (%BH —%A .z_?jdr’ = a, [é—écosz(a}t —ka)+sin2( ot —ka)} -a, }i_r)gsinZ(a)t—kT) (35)
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where o, = (wa )2 Hok / (247[) . Combing (35) and (36) gives the stored reactive magnetic energy

w,(t)=a, [é—k—lacosZ(a)t —ka)+ sinZ(a)t—ka)} (37

The reactive electric energy can be calculated in a similar way,
1 1 1 1 2
W, (t)=¢c +—+ —— |cos2(wt —ka)———sin2(wt —ka 38
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Note that the surface integral in (21) is zero.
The radiative power evaluated at the surface of the small sphere is

P, (1)= @Su S, -hdS =2wa, (39)

It is a constant value independent of the radius of the sphere. The total power crossing any concentric spherical surface is
the same.
For comparison, the surface integral of the Poynting vector on the spherical surface S, is

P, (1)= 4)& S-hdS = 2wa, {1 +[é—#}sin2(wt —ka)+(1 —ﬁjcosZ(wt —ka)} (40)

which varies with the radius of the surface. As expected, the time average of P, (¢) equals that of P, (¢). The time

averaged energies are listed below,

The Q factor of the dipole is then calculated to be

_20(01), 1 + L (42)
B (Pmd)av Kd ka

which is exactly in agreement with the result shown in [46].

The well-established equivalent circuit model proposed by Chu [47] for Hertzian dipole is shown in Fig.2. Assuming
that the current in the radiation resistor at the interface of r=a is i, = I cos(wt—ka), the energies stored in the

capacitor and the inductor can be derived to be

2

W, :I—°[i+;}+[%—ijcos2(a}t—ka)—;zsin2(a)t—ka)
20| ka (ka) | (ka) ka (ka) 43)
Lo (1)

W, = — |sin’ (o1 —ka)

_% ka

L=ajc

o
C=afc
R=1

o

Fig.2 Equivalent circuit model for Hertzian dipole radiation.

If we choose I =2wa,, it can be checked that W, (¢)=W,(t),and W, (¢t)=W, (t). This exact agreement gives a

m

good support to the proposed theory.



VI. SHORT PULSE RADIATORS

Two simple but typical radiators are analyzed to further support the theory. The first one is a short pulse source
on a square patch. The second example is a solenoidal loop current. Their initial and final reactive energies are
set to be zero.

In the examples, two spherical surfaces are chosen as observation surface, with their centers coinciding with that of the
source. They are labeled as sphere-1 and sphere-2, with radius of 0.2m and 10m, respectively. The radiative energies

|/ (t) passing through sphere-1, 2 are calculated with the second method. W, (t) is the integration of the Poynting

vector power passing through the observation surfaces,
! ’ - !
I o ( T)dr = JO (j}spmil,zs(r ,7)-ndr'dr (44)

A. Short pulse square patch radiator

The surface source resides on a square plate consisting of two connected triangles 7,* sharing a common edge with
length of 0.2m, as shown in Fig 3(a).

Tr*

(a) (b
Fig. 3 Two sources. (a) Square patch source. (b) Solenoidal loop current.

Assume that the surface current density can be expressed with the product of a spatial function and a temporal function,
I, (r,t)=f(r)I(¢), with
r-r,relr’
f(r)= (45)
r —-r,relr

The surface charge density has to observe the charge conservation law, namely, V_-J_+0p, / ot =0 ,hence,

p,(rt)==[ v d (re)dr=V £(r)[ I(c)dz  (46)
Expressing the surface charge density as p, (r,7)=A(r)q(¢),
A(r)=V,1(r)

47

a()=-] 1(z)r
Consider a smooth pulse source that exists in the duration 0<¢<7 .To ensure anull initial and final state reactive energy,
we choose,

2
(t _ (l—cosa)t) /a),OﬁtST (48)
0,else
and @=27x10°,T =1ns . The excitation energy W

exc
w

react

(t) , the radiative energy W, (r) and the reactive energy
(t) associated with the source are shown in Fig. 4(a). The excitation energy is completely transformed to the radiative

energy at =7 since the initial and final reactive energy are zero. The energies passing through sphere-1 are shown in
Fig. 4(b). The smallest and the largest distance between the source and sphere-1 are respectively 0.1m and 0.3m.
Therefore, the radiative fields start to cross sphere-1 at about 0.33ns and end passing at about 2ns. The total radiative energy
passed spherer-1 till 7=2ns accurately equals the total excitation energy. ~Although in this case W, (t) at =2ns is also of

the same level, it does not coincide with W

. (1) at other instant of time. The radiative fields pass sphere-2 in a similar

manner as shown in Fig. 4(c). Due to the triangular mesh errors in the calculation, the time window for the radiative fields
to pass sphere-2 is about 32.5ns<t<34.5ns, slightly different from that of an ideal spherical surface.
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The excitation power, radiative power and the time varying rate of the reactive energy are shown in Fig. 5(a). It can be
seen that in period 0<t¢ <t , the excitation source contributes to the radiative power and the increment of the reactive

energy; when ¢, <t <t,, the reactive energy begins to decrease. The radiative power is caused by the excitation and the
decreasing of the reactive energy; while in period ¢, <¢ <T , the reactive energy gradually decreases to zero. A part of the

reactive energy is transformed to the radiative power, while the left part is absorbed by the sources, causing a negative
excitation power.

As pointed out previously, the sources may couple with the surrounding fields and may have two consequences: change
the reactive energy and/or excite additional radiative fields. In classical charged particle theory, it is known that the
decreasing of the Schott energy, which is responsible for self energy, may cause radiation. An intuitive example is the
system consisting of two massless particles with equal but opposite charges. In the first stage, the two particles are dragged
away acceleratively from each other by an external force. The reactive energy of the system will increase and radiative
fields will appear. In the second stage, remove the external force and let the two particles return to the initial state
completely by the electromagnetic force between them. The reactive energy will decrease to the initial level, and in the
meantime the system also will excite radiative fields due to the acceleration by their mutual force, accompanying with the
decreasing of the self energy.

The Poynting vector consists of the radiative power flux density and the fluctuation power density. Their surface
integrations of the three vectors on sphere-2 are shown in Fig. 5(b), where the fluctuation power is,

PSreact (t) = ¢Sn Sreact (r,at) 'ﬁdl" .

The radiative power P, (¢) varies smoothly and remains positive. The fluctuation power P,

Sreact

(¢) oscillates and can

be negative, which clearly reflects the vibration of the reactive energy. Owing to its influence, the Poynting vector power
P,

" () also shows ripples in its curve.
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Fig.4 The energies of the square patch sources. (a) The total excitation energy, reactive energy and the radiative energy evaluated in the source region
(b) The radiative energy crossing sphere-1. (c) Radiative energy crossing sphere-2.
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Fig.5 The powers of the square patch sources. (a) The excitation power, radiative power and the varying rate of the reactive energy evaluated in the
source region. (b) The radiative power, fluctuation power and the Poynting power crossing sphere-2.

B. Loop radiator with solenoidal current
The solenoidal surface current on a ring is also described by J (r,#)=f(r)I(z),as shown in Fig.3(b). Here,

f(r)=1.0¢ (49)

The inner and outer radius of the ring is 0.08m and 0.1m, respectively. The temporal function is a modulated Gaussian
pulse,

1(t):{e72 sinwt, O0<t<T

(50)
0, else



with @ =27x10", y=25(t-0.5T)/T ,T =1ns.

The excitation energy, radiative energy and the energy evaluated with Poynting vector are shown in Fig. 6(a). The
reactive energy includes the contribution from the current alone. It oscillates with the source and admits negative values
periodically. In the proposed theory, it is acceptable because the reactive energy is dependent on the potentials, which are
values relative to their reference zero points. Note that the Schott energy in the charged particle theory may also possibly
be negative [19][48].

In this example, dp, /0r=-V_-J =0. The charge density corresponds to the loop current is a static one and has no
influence on the radiation fields. On the other hand, we have J =p v . The charge density cannot be uniquely
Pz, . Je=1/c soas that

the velocity of the charges is less than the light velocity at every instant of time. The static electric energy associated with
the charge density is calculated to be W, >1.12x107""J , larger than the minimum reactive magnetic energy

(=3.1x107"J ).

The energies passing through sphere-1 are shown in Fig. 6(b). The smallest and the largest distance between the source
and sphere-1 are again respectively 0.1m and 0.3m. The total passed radiative energy at t=2ns is exactly of the same level
as that evaluated at the source region.

The excitation power, radiative power and the time varying rate of the reactive energy are shown in Fig. 7(a). The
reactive energy seems to perform like a bump, assisting the pulsed excitation to generate a smooth radiation.

The powers crossing sphere-2 are shown in Fig.7(b). The radiative power F, , (t) varies smoothly and remains positive.

>

determined since the velocity is unknown. However, the static charge p, must satisfy

s

The Poynting power contains ripples coming from the fluctuation power P, (7).

1.5

q
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1+t
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0
1
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Fig.6 The energies of the loop current. (a) The total excitation energy, reactive energy and the radiative energy evaluated in the source region. (b) The
radiative energy crossing sphere-1.
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Fig.7 The powers of the loop current. (a) The excitation power, radiative power and the varying rate of the reactive energy evaluated in the source
region. (b) The radiative power, fluctuation power and the Poynting power crossing sphere-2.

VII. CONCLUSIONS

By reorganizing the power balance equation involved in electromagnetic radiation problems, a new vector for radiative
power flux density is introduced. The proposed theory clearly reveals that the Poynting vector includes not only the radiative
power flux density but also the influence of the fluctuation of the reactive energy. The theory is directly based on the
macroscopic Maxwell equation and is non relativistic at its present formulation. Effort is making to get its correct relativistic
counterpart.

It is true that the ideas discussed in this paper is slightly different from the traditional ones. The first is concerning with
the Poynting vector. The proposed theory does not question the correctness of the Poynting Theorem, but argues that the
interpretation of the Poynting vector and the way to apply the Poynting Theorem may be not satisfactory. The proposed
theory can at least provide a better insight to the radiation problem. The second issue is about the reactive energy. The
proposed definition can indeed provide a better interpretation to the radiation problem. At some instant of time, the
excitation power evaluated in the source region may become negative and the radiator turns to an absorber. This is
acceptable as we can address the radiator as a one-port device, and the reflected power may be larger than the input power
at some times.

Although the issues discussed here is in free space, there seems to have no obvious barrier to prevent extending it to
media environment in our future work.
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A Theory for
Analysis of Pulse Electromagnetic Radiation

Gaobiao Xiao, Senior Member, IEEE

Abstract—A theory for analyzing the radiative and reactive
energies for pulse radiators in free space is presented. With the
proposed definition of reactive energies and radiative energies,
power balance at arbitrarily chosen observation surfaces are
established, which intuitively shows that the Poynting vector
contains not only the power flux density associated with the
radiative energies, but also the influence of the fluctuation of the
reactive energies dragging by the sources. A new vector is defined
for the radiative power flux density. The radiative energies passing
through observation surfaces enclosing the radiator are accurately
calculated. Numerical results verifies that the proposed radiative
flux density is more proper for expressing the radiative power flux
density than the Poynting vector.

Index Terms—Reactive energy, electric energy density, magnetic
energy density, radiative energy, Poynting vector

I. INTRODUCTION

HE ELECTROMAGNETIC radiation problems have been

intensively investigated for more than a hundred years. It is
a little bit strange that there is still no widely accepted
formulation for evaluating the stored reactive energies and Q
factors of radiators[1]-[14]. The main difficulty may come from
the fact that there is no clear definition in macroscopic
electromagnetic theory for the reactive electromagnetic energy.
It is commonly known in classical charged particle theory that
the fields associated with charged particles can be divided into
self fields and radiative fields[15][16]. The self fields include
the Coulomb fields and the velocity fields, carrying self
energies, also referred to as Schott energy in some literatures
[17]-[18][19]. The radiative fields are generated by acceleration
of charged particles, emitting radiative energies to the
surrounding space. The self fields/energies are considered to be
attached to the charged particles, or simply speaking, they show
up with the charged particles and disappear with the charged
particles. On the contrary, after being radiated by the charged
particles, the radiative fields/energies will depart from the
sources and propagate to the remote infinity. They exist even
after their generating sources disappeared and can couple with
other sources they encountered in their journey. Although it is
natural to consider that the reactive energies in macroscopic
electromagnetics is similar to the self energies or the Schott
energy, no successful attempt has been found or well accepted
to handle the reactive energies in this manner. No expression
for reactive energies is established in macroscopic

G. B. Xiao is with the Key Laboratory of Ministry of Education of Design
and Electromagnetic Compatibility of High-Speed Electronic Systems, the

electromagnetics that can be derived rigorously from the self
fields of charged particles.

Poynting vector is widely considered as the electromagnetic
power flux density[20]. Poynting Theorem describes the
relationship between the Poynting vector, the varying rate of the
electromagnetic energy densities, and the work rate done by the
exciting source. It provides an intuitive description of the
propagation of electromagnetic energy. However, interpreting
the Poynting vector as the electromagnetic power flux density
has always been controversial [21]-[40], and some researchers
have pointed out that Poynting Theorem may have not been
used in the correct way in some situations[41][42]. However,
most of these opinions have been ignored because of the great
success of the wide application of Poynting Theorem and
Poynting vector.

It is known that the Poynting Theorem is not convenient to
use for evaluating the reactive energies stored by radiators in an
open space [5][13], which has been investigated for decades.
For harmonic fields, the total electromagnetic energy obtained

by integrating the conventional energy densities of (0.5D~E)

and (0.5B-H) over the whole space is infinite because the

conventionally defined electric and magnetic energy densities
generally account for the total fields consisting of the radiative
fields and the reactive fields. The radiative energy occupies the
whole space and is infinitely large [14]. Some researchers
suggested that those fields associated with the propagating
waves should not contribute to the stored reactive energies, and
the results can become finite by subtracting from the energy
density an additional term associated with the radiation power.
However, it is not easy to give a general definition for the term
because the propagation patterns are quite different for different
radiators [1][5].

Practically, if we check the classical charged particle theory,
the Larmor’s formula for the radiative power of an accelerated
charged particle can be derived from the corresponding
Poynting vector with contribution from the radiative fields
only[15]-[17][42].

Based on these observations, the macroscopic electro-
magnetic radiation issue is revisited and a new energy/power
balance equation at a certain instant time is proposed, which
gives an intuitive and reasonable suggestion that Poynting
vector is not the radiative power flux density.

It is not the aim of this paper to provide a rigorous proof to
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support that the reactive energies in the macroscopic
electromagnetics are exactly the self energies or the Schott
energy in the classical charged particles. Instead, a definition
for reactive electromagnetic energies is proposed based on the
hypothesis that the reactive energies in the macroscopic
electromagnetics bear the same characteristics as the self
energies: (1) they are attached to the sources, appear/disappear
with the sources simultaneously; (2) the definition is in
consistent with the static energies associated with Coulomb
fields; (3) the reactive energies do not propagate like radiative
energies, but their fluctuation may propagate at the light
velocity in free space just like the radiative fields. A theory is
proposed based on these considerations, in which the radiative
energies and the reactive energies can be separated. As a
consequence, the Poynting vector is divided into two vectors.
One vector accounts for the radiative power flux density and the
other vector accounts for the fluctuation of the reactive energies.
It has to mention that the theory is nonrelativistic and based on
macroscopic Maxwell theory. The proposed theory enjoys
success in interpreting the radiation process of a Hertzian dipole,
providing results exactly in agreement with those obtained
using the well-established Chu’s circuit model for the dipole.
The theory is also supported by numerical examples.

II. FORMULATIONS FOR REACTIVE AND RADIATIVE ENERGIES

In the proposed theory, the reactive electric and magnetic
energy of a radiator are defined with

:J.V‘%p(r'”t)¢(r'”t)dr':J‘I{Y Wp (r’at)dr' (1)
0| I e

where the scalar potential ¢ and vector potential A evaluated

at the observation point r and the instant of time ¢ are defined
in their usual way,

A(r,t)=p, . %r’ 4)

In the above equations, p(r',¢")and J(r’,¢")are the charge
density and current density at source point r’ € V, and retarded
time t'=t—R/c , in which ¢ is the light velocity and
R= |r—r'| is the distance. 4, and g, are respectively the

permittivity and permeability in free space. The potentials have
to satisfy the Lorentz Gauge, and their reference zero points are
at the infinity.

The reactive electromagnetic energy is the sum of the
reactive electric energy and the reactive magnetic energy,

Wrem(t)=L‘(%p¢+%A~der' (5)

It can be readily checked that the reactive energies defined in
(3), (4) and (5) are attached to their sources, i.e., they show up
together with their sources and disappear with their sources. For
static electromagnetic fields, they are exactly the stored electro-

magnetic energies associated with the source. Notice that no
other definition for energies in the macroscopic electro-
magnetic theory bears this property.

For time varying fields, the reactive electric energy and the
reactive magnetic energy may become negative because of the
retardation. For example, the direction of the vector potential
may be negative to that of the current, which is sometimes
encountered in loop current sources. However, the total reactive
energies for bounded sources have to be positive if we choose
the infinity as the zero reference points for the potentials.
Therefore, in this theory the reactive electromagnetic energy is
defined combining the two reactive energies together and
treated as a whole.

The Poynting Theorem correctly describes the relationship
between the work rate done by the source, the total
electromagnetic energy in region V, DV, containing the

source, and the total electromagnetic power flux crossing the
boundary S, of the region,

—j E-Jdr' _—j ( D-E+ %B de”gS S-ndS (6)

where the Poynting vector S=ExH is conventionally
regarded as the power flux density, like in the antenna society.
From Maxwell equation, we can derive equations,
1 1 1 CA
—D-E:— ——V D ——D —
2 9 (¢ ) 2 ot
lgr-lagila®, 1y (AxH)
2 2 2 ot 2
Substituting (7) into (6) and reorganizing it gives
[ E-Jar’
Vs
BN G U DNT:. S PO § PR
ot*Va\ 2 2 2 ot 2 ot

10 .
+<j5su [EXH+55(AXH—¢D)]MZS

The integrand of the first term in the RHS can be interpreted
as the total energy stored in V,, which consists of the reactive
energy and the radiative energy. Since the first two terms are
defined as the reactive energies, it is natural to interpret the
other two terms as the radiative energies temporally existing in
the volume. We define explicitly the radiative energy in V, as

oD
Wi :In, [EA E_ED j _J Weaa )
in which the radiative energy density is defined by,
(ri)=La. 2 _1poA (10)
25 a2 o
Integrating the LHS of (6) gives the total work done by the

source
j j (v',7)dr'dr (11)

The integrand of the second term in the RHS of (8) is a flux
density. We introduce a new vector for it,

Wrad

o1 1
S =ExH-—| —HxA+—¢D 12
rad 8t[2 2¢ j ( )
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(8) can then be rewritten in a compact form,

ow.. ow.,.. oW,
e T react _ 7 Trad S ndS 13
at at (ﬁ rad ( )

In the LHS of (13), the increasmg rate of the reactive energy is
subtracted from the total work rate by the source. By equating to
it, the right-hand side of (13) can naturally be interpreted as the
radiative energies. The first term of the RHS represents the
increasing rate of the radiative energy in the volume, the second
term represents the radiative flux. Hence, it is reasonable to
interpret the vector S, , as the radiative power flux density.

ra

Integrating it on the observation surface S, yields the total

power crossing the surface at an instant of time ¢,

Pras (1) =4, S,y S (14)
Define a new vector,
e =£(1HXA+1¢DJ (15)
et o\ 2 2
The Poynting vector can then be divided into two parts,
S=S8,.,+S, (16)
S,.... 1s dependent on the fields and the potentials. It is not a real

power transportation by the propagating waves, but rather
reflects the influence of the fluctuation of the reactive energies.
For time varying sources, their reactive energies may be dragged
back and forth by the motion of sources, causing a pseudo power
flux crossing the observation surface S, , as was observed in

[42]. Judging from the expressions for the retarded potentials, it
can be conformed that the fluctuation of the reactive energies also
propagates at the light velocity in free space.

It is straightforward to prove that[44]

hm S.we =0,1imS, , =limS

r—0

amn

react

At remote inﬁmty, the Poynting vector approximately
equals the radiative power flux density.

III. RADIATION OF PULSE SOURCES

Assume that there is a symmetrical source in a sphere with
radius 7, in time period of 0<¢<T . All radiative fields are
spherical waves due to the symmetry. For 0 <¢<T , on the one
hand, the source will induce self fields and emit radiative fields.
On the other hand, they will interact with the surrounding fields
generated by them at retarded time ¢’ , similar to charged
particles. The interaction with fields may possibly turn the
radiator into an absorber at some instant of time. The radiative
fields exist in the sphere V,, , which expands with the

propagation of the radiative waves. At t =T , theradiusof V,,

is (r,+cT).

For ¢>T , the reactive energy disappears simultaneously
with the source. The region contains the radiative fields becomes
a spherical shell with thickness of r, . Denote the boundary of the
region occupied by the radiative fields as S, , . It has an outer and
an inner boundary when ¢ > T , as shown in Fig.1.

If we put the observation surface S, in the region outside of
S . » then the surface integral in (13) is zero. Integrating both

sides of (13) from -co to ¢ yields

Wra () = Were () =W (1) (18)

Since the pulse source exist only during 0<¢<T , the
reactive energy is zero for # <0 and ¢ > 7T . The total radiative
energy is a constant, equal to the total work done by the source,

Wmd(t):—IOTJVHE-Jdr'drsz(T), fort>T  (19)

- R =R+,
~

Srad Rmax = r& +CT / o \ \ min
P PRl [I i \ \
TV AR N
\ \ Vv ! \\ \ / II
- N
h _I{z:ad' -

(@) (W]
Fig.1 Region occupied by radiative fields. (a) 0<¢<T ,(b) t>T .

Now consider a fixed observation surface S, containing the

source region ¥, . The total radiative energy crossing the

observation surface can be calculated by integrating the radiative
power crossing it,

Wy =["§, S, -idSdt = j W, dr' =W, (T)  (20)

Where tmin = Rmin / ¢, tmax = Rmax / ¢, Rmin and Rmax are
respectively the smallest and largest distance between the source
and the observation surface. As indicated in (20), the radiative
energy can be directly calculated in two ways. One is to

determine the region ¥, , occupied by the radiative fields at time

t, and perform a volume integration with (10). The other is to
choose a fixed observation surface, and accumulate the radiative
power crossing it. The first method may be not efficient as it is
quite difficult to accurately determine the radiative region of
ordinary radiators. For the second method, some analytical
expressions can be used to accurately and efficiently calculate the
radiative fields on observation surfaces with regular shapes, such
as spherical or cuboidal surfaces[43].

For point sources like Hertzian dipoles, their stored reactive
energies are finite only after excluding a small sphere V,
containing them. In this case, the reactive energies cannot be
directly calculated using (5). However, they can be calculated
using the fields and potentials according to the following
relationships derived from Maxwell equations [44],

1 oA\
szqﬁp =[, V[ DE+2D-6tjdr

2
21
L 4D | fids
+¢Sm 5¢ Bt
le.Jdr'=j [113 H-LlaA. a—Djd
2 AP 27 o
(22)

+§, [ HXAJ -dS
For electromagnetic pulse sources, the surface integrals are
zeros since we can always put the observation surface outside

the region containing the fields. For harmonic waves, it can be
proved that the surface integral at S, in (21) approaches zero,

while that in (22) may be a nonzero but finite value[14].
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For pulse radiators, the surface integral in (13) could be
eliminated by choosing the observation surface outside the
region V., . Therefore, the radiative power of the source can be

evaluated in the source region,
ow, o(1 1
P (=L =—| |E-J+=—|=pp+—A-J ||dr' (23
lad( ) at J‘V‘|: 8t(2p¢ 2 jj| ( )

P, () describes the radiative power emitted by the source at

rad
the real time ¢. For pulse sources, it has nonzero values only in
the time period (0<7<T). The variable P, (¢) defined in

Srad
It has

<t<t,, ) ,which varies with

(14) is the power passing the observation surface S, .

nonzero values over period (#,;,
the choice of the observation surface. Apparently, they are not
expected to be equal. Only their integrals over the

corresponding time duration are equal.

IV. RADIATION OF HARMONIC SOURCES
For harmonic fields with time convention of ¢/, the radiation
is assumed to last from —oo to +oo, so the radiative energy is
infinitely large. The Poynting theorem can be applied to describe
the balance between the averaged powers and the varying rate of
energies,

—lj E-J*dr':zja)j lpgn-teg.o |ar
2 ap 4

(24)
+§ ExH'-ids
2 7s,

From which the average radiative power at infinity can be
evaluated with source distributions,

1 . 1 .
(P.),, =Re{E¢S¥ExH ~ndS}:—Re{EJ‘VsE-J dr} (25)

However, the evaluation of the reactive energies in
conventional formulations requires to subtract the radiative
energy from the total energy. Since both the energies are
unbounded values, all those formulations based on energy
subtraction are not quite satisfactory so far.

With the theory proposed here, the power balance can be
evaluated within any domain enclosed by an observation surface
S, enclosing the source region V, ,

c 1, .1 o)

_J'K E-J'dr' = 2]60-[14 (Z¢p +ZA.J jdr
(26)
+<j§ LepsH - jol Larx A+1¢D* -1dS

5| 2 Ie\ 4 4
The averaged radiative power crossing the observation surface
can be obtained using the radiative power flux vector S, , orthe

source distributions,

(Pui),, = Re{gSS BEXH —%ja)(H* x A+ ¢D" )]ﬁdS}

:—Re{ jVéE(r').J*(r')dr'}

Note that the observation surface is not required to approach
infinity for evaluating the radiative power with the radiative
power flux density vector. It can be checked that the result is in

27

consistent with that obtained using the Poynting vector, as has
been shown in [14] that

1 1
Re | —H xA+—¢D" |-ndS ;=0
The average reactive energy can be calculated with the source-
potential products,

o1 )
(W,,m,)av :Re{IVY(Zp(/ﬁ +ZA.J jdr}

Alternatively, making use of (21) and (22), the averaged
reactive energy can be calculated using the fields and the vector
potentials,

(W’m )av = Re{J‘Vm (%ED +%B ‘H" +%ja)A.D*j} 30)

In this section, the same symbols are used for the
corresponding phasors for the sake of convenience.

(28)

29

V. HERTZIAN DIPOLE
A Hertzian dipole locating at the origin is analyzed to show
the energy/power balance relationship. The moment of the
dipole is assumed to be g/cosrt, the scalar potential and the
vector potential of which can be readily derived from a Hertzian
potential I1=(gl//47r)cos(wt —kr) [44][45],

A:—wﬂ—oqlsin(a)t—kr)(f‘cosﬁ—ésinﬁ) 31

4rr

¢;:4ql cose[%cos(wt—kr)—ksin(wt—kr)} (32)
r

g, r

from which the fields are found to be

2
_ k= ql «
4reyr
f'ZCose{#cos(wt—kr)—%sin(a)t—kr)} (33)
+6sin9{(#—ljcos(a)t—kr)—%sin(a)t—kr)}
H:—%sinQ[Lsin(wt—kr)+cos(a)t—kr)}(f) (34)
4rr kr

The total reactive energies at the instant of time ¢ stored in
the whole space outside a small sphere with radius a can be
derived from the fields and potentials using (21) and (22). The
integrations in (22) are performed to get

J' (lB-H—lA-a—Djdr':
Ve Va\ 2 2 ot

a, [L—Lcosz(a)t—ka)+sin2(wt—ka)} 35)

ka ka

—a, limsin 2(wt — kr)

r—ow

(ﬁsx (%HxAj-ﬁdS:ao lijlgsin2(wl—kr) (36)

where @, = (a)ql)2 ,uok/(247r). Combing (35) and (36) gives

the stored reactive magnetic energy
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m

w,(1)=a, [é—écosZ(wt—ka)+sin2(a)t —ka)

The reactive electric energy can be calculated in a similar
way,

1 1 1 1
S 3+——|—( 5 3——]0052(a)t—ka)
(t):ao ka ka ka ka (38)

—%sin2(a)t—ka)
k*a

Note that the surface integral in (21) is zero.
The radiative power evaluated at the surface of the small
sphere is
P

> ()= (ﬁsu S,,, -AdS = 2ma, (39)

It is a constant value independent of the radius of the sphere.
The total power crossing any concentric spherical surface is the
same.

For comparison, the surface integral of the Poynting vector
on the spherical surface S, is

P (1) =<]SS“ S -fdS
2 1 .
1+[E—WJSIH2(G)Z—]€(J) (40)
2
+ I—W cosZ(a)t—ka)
which varies with the radius of the surface. As expected, the
time average of P, (¢) equals that of P, (¢) . The time

=2wa,

averaged energies are listed below,

%), =[]

(41)
() :ao( ! +ij
e Ka’®  ka
The Q factor of the dipole is then calculated to be
20(W,),, 1 1
-2 L, L (42)

= +
(Pu), Kd  ka
which is exactly in agreement with the result shown in [46].
The well-established equivalent circuit model proposed by

Chu [47] for Hertzian dipole is shown in Fig.2. Assuming that
the current in the radiation resistor at the interface of r =a is

i = I, cos(wt—ka), the energies stored in the capacitor and

the inductor can be derived to be

L+ ! T+ %—L cos2(wt —ka)
Wo— I, | ka (ka) |\ (ka) ka
=20
20
—;zsin2(wt—ka) (43)
(ka
(1),
w, :i[gjsmz(w—ka)

L=a/c

Fig.2 Equivalent circuit model for Hertzian dipole radiation.

If we choose I; =2wa, , it can be checked that
W.(1)=W,(t), and W, (t)=W, ().

e m

This exact agreement

gives a good support to the proposed theory.

VI. SHORT PULSE RADIATORS

Two simple but typical radiators are analyzed to further
support the theory. The first one is a short pulse source on a
square patch. The second example is a solenoidal loop current.
Their initial and final reactive energies are set to be zero.

In the examples, two spherical surfaces are chosen as
observation surface, with their centers coinciding with that of
the source. They are labeled as sphere-1 and sphere-2, with
radius of 0.2m and 10m, respectively. The radiative energies

.. (t) passing through sphere-1, 2 are calculated with the
second method. W, (¢) is the integration of the Poynting

vector power passing through the observation surfaces,

va (t) - J‘Ot PSPV (T) dr = J‘Ot @sphem—l‘z S(r,’ T) ’ l"\ldl"dl' (44)

A. Short pulse square patch radiator

The surface source resides on a square plate consisting of two
connected triangles 7* sharing a common edge with length of
0.2m, as shown in Fig 3(a).

(2) (b)
Fig. 3 Two sources. (a) Square patch source. (b) Solenoidal loop current.

Assume that the surface current density can be expressed
with the product of a spatial function and a temporal function,

I (r,t)=1(r)I(t), with

r-ri,relr’
f(r)z{
r —-r,relr”

(45)

The surface charge density has to observe the charge
conservation law, namely, V_-J_+0dp, /0t =0 , hence,

p,(r,t)= —J:t V., -3 (ro)dr=V, f(r)J:' I(z)dr (46)
Expressing the surface charge density as p, (r,t)=A(r)q(z),
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A(r)=V,-f(r)

t
g(1)=-[ 1(z)z
Consider a smooth pulse source that exists in the duration

0<t<T .Toensure anull initial and final state reactive energy,
we choose,

(47)

1-coswt) 0,05t<T

a(0) =1 y/ (48)
0,else

and w=27x10",T = Ins . The excitation energy W, (1), the

radiative energy W, (¢) and the reactive energy W, (7)

associated with the source are shown in Fig. 4(a). The excitation
energy is completely transformed to the radiative energy at
t =T since the initial and final reactive energy are zero. The
energies passing through sphere-1 are shown in Fig. 4(b). The
smallest and the largest distance between the source and sphere-
1 are respectively 0.1m and 0.3m. Therefore, the radiative fields
start to cross sphere-1 at about 0.33ns and end passing at about
2ns. The total radiative energy passed spherer-1 till ~=2ns
accurately equals the total excitation energy. Although in this

case W, (t) at =2ns is also of the same level, it does not

coincide with W, () at other instant of time. The radiative

fields pass sphere-2 in a similar manner as shown in Fig. 4(c).
Due to the triangular mesh errors in the calculation, the time
window for the radiative fields to pass sphere-2 is about
32.5ns<t<34.5ns, slightly different from that of an ideal
spherical surface.

The excitation power, radiative power and the time varying
rate of the reactive energy are shown in Fig. 5(a). It can be seen
that in period 0 <7 <¢, , the excitation source contributes to the

radiative power and the increment of the reactive energy; when
t, <t <t,,the reactive energy begins to decrease. The radiative

power is caused by the excitation and the decreasing of the
reactive energy; while in period ¢, <¢ < T , the reactive energy

gradually decreases to zero. A part of the reactive energy is
transformed to the radiative power, while the left part is
absorbed by the sources, causing a negative excitation power.
As pointed out previously, the sources may couple with the
surrounding fields and may have two consequences: change the
reactive energy and/or excite additional radiative fields. In
classical charged particle theory, it is known that the decreasing
of the Schott energy, which is responsible for self energy, may
cause radiation. An intuitive example is the system consisting
of two massless particles with equal but opposite charges. In the
first stage, the two particles are dragged away acceleratively
from each other by an external force. The reactive energy of the
system will increase and radiative fields will appear. In the
second stage, remove the external force and let the two particles
return to the initial state completely by the electromagnetic
force between them. The reactive energy will decrease to the
initial level, and in the meantime the system also will excite
radiative fields due to the acceleration by their mutual force,
accompanying with the decreasing of the self energy.

The Poynting vector consists of the radiative power flux
density and the fluctuation power density. Their surface
integrations of the three vectors on sphere-2 are shown in Fig.
5(b), where the fluctuation power is,

P (1)= 8, (¥'.1) dr”

The radiative power P,

(t) varies smoothly and remains
positive. The fluctuation power By, (¢)oscillates and can be

negative, which clearly reflects the vibration of the reactive
energy. Owing to its influence, the Poynting vector power

P, (t) also shows ripples in its curve.
40 4
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Fig.4 The energies of the square patch sources. (a) The total excitation energy,
reactive energy and the radiative energy evaluated in the source region. (b) The
radiative energy crossing sphere-1. (c) Radiative energy crossing sphere-2.

0.006 T T T

PSreact

Spv

W]

33.5 34
(b)
Fig.5 The powers of the square patch sources. (a) The excitation power,
radiative power and the varying rate of the reactive energy evaluated in the

source region. (b) The radiative power, fluctuation power and the Poynting
power crossing sphere-2.

32.5 33 34.5

B. Loop radiator with solenoidal current
The solenoidal surface current on a ring is also described by
J, (r,t) = f(r)](t) , as shown in Fig.3(b). Here,
f(r)=1.09 (49)
The inner and outer radius of the ring is 0.08m and 0.1m,
respectively. The temporal function is a modulated Gaussian

pulse,

0, else

,;/Z .
sin wt, (50)

with @=27x10", y=2v5(t-0.5T)/T ,T =1ns .

The excitation energy, radiative energy and the energy
evaluated with Poynting vector are shown in Fig. 6(a). The

reactive energy includes the contribution from the current alone.

It oscillates with the source and admits negative values
periodically. In the proposed theory, it is acceptable because the
reactive energy is dependent on the potentials, which are values
relative to their reference zero points. Note that the Schott
energy in the charged particle theory may also possibly be
negative [19][48].

In this example, dp, /0t =V -J =0. The charge density

corresponds to the loop current is a static one and has no
influence on the radiation fields. On the other hand, we have
J, = p,v. The charge density cannot be uniquely determined

since the velocity is unknown. However, the static charge p,
JS

charges is less than the light velocity at every instant of time.
The static electric energy associated with the charge density is

calculated to be W, >1.12x107""J, larger than the minimum

must satisfy | ps| =3t N /c =1/c so as that the velocity of the

reactive magnetic energy (—3.1x107"'J ).

The energies passing through sphere-1 are shown in Fig. 6(b).
The smallest and the largest distance between the source and
sphere-1 are again respectively 0.1m and 0.3m. The total passed
radiative energy at =2ns is exactly of the same level as that
evaluated at the source region.

The excitation power, radiative power and the time varying
rate of the reactive energy are shown in Fig. 7(a). The reactive
energy seems to perform like a bump, assisting the pulsed
excitation to generate a smooth radiation.

The powers crossing sphere-2 are shown in Fig.7(b). The

radiative power P, () varies smoothly and remains positive.
The Poynting power contains ripples coming from the
fluctuation power Py, ().

1.5

0 0.2 0.4 0.6 0.8 1
t[ns]

(a)

o [nJ]

(b)
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Fig.6 The energies of the loop current. (a) The total excitation energy, reactive
energy and the radiative energy evaluated in the source region. (b) The radiative
energy crossing sphere-1.

VII. CONCLUSIONS

By reorganizing the power balance equation involved in
electromagnetic radiation problems, a new vector for radiative
power flux density is introduced. The proposed theory clearly
reveals that the Poynting vector includes not only the radiative
power flux density but also the influence of the fluctuation of the
reactive energy. The theory is directly based on the macroscopic
Maxwell equation and is non relativistic at its present
formulation. Effort is making to get its correct relativistic
counterpart.

It is true that the ideas discussed in this paper is slightly
different from the traditional ones. The first is concerning with
the Poynting vector. The proposed theory does not question the
correctness of the Poynting Theorem, but argues that the
interpretation of the Poynting vector and the way to apply the
Poynting Theorem may be not satisfactory. The proposed
theory can at least provide a better insight to the radiation
problem. The second issue is about the reactive energy. The
proposed definition can indeed provide a better interpretation to
the radiation problem. At some instant of time, the excitation
power evaluated in the source region may become negative and
the radiator turns to an absorber. This is acceptable as we can
address the radiator as a one-port device, and the reflected
power may be larger than the input power at some times.

Although the issues discussed here is in free space, there
seems to have no obvious barrier to prevent extending it to
media environment in our future work.

10 T T

t[ns]
(@

2.5

-0.5 ! ! !
32.5 33 33.5 34
t[ns]

(®)

Fig.7 The powers of the loop current. (a) The excitation power, radiative power
and the varying rate of the reactive energy evaluated in the source region. (b)
The radiative power, fluctuation power and the Poynting power crossing
sphere-2.
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