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Abstract

Fractional calculus can be regarded as an important supplement to integer calculus, and has been gradually applied in physics,

engineering and so on. In this paper, we define the fractional magnetic gradient tensor of a magnetic dipole, and derive its

analytic expressions by using the rule of the composition of fractional-order and integer-order derivatives. Then we verify

the analytic expressions by comparing with the results of the numerical method. When the order α of fractional derivatives

approaches zero, the fractional magnetic gradient tensor of a magnetic dipole becomes the matrix composed of three magnetic

field components. When α approaches one, the fractional magnetic gradient tensor becomes the standard magnetic dipole

tensor. This trend shows that fractional derivatives and integer derivatives are consistent. Magnetic gradient tensors have

larger attenuation with higher derivative orders when increasing the distance between the observation point and the magnetic

source. Therefore, the limited resolution of the magnetic sensors causes a large blind area in a survey, which can be compensated

by measuring the fractional magnetic gradient tensor. In addition, each component of the fractional tensor is independent and

has great potential of solving the multiple solution problems of the localization of a magnetic dipole.
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 
Abstract——Fractional calculus can be regarded as an 

important supplement to integer calculus, and has been gradually 
applied in physics, engineering and so on. In this paper, we define 
the fractional magnetic gradient tensor of a magnetic dipole, and 
derive its analytic expressions by using the rule of the composition 
of fractional-order and integer-order derivatives. Then we verify 
the analytic expressions by comparing with the results of the 
numerical method. When the order α of fractional derivatives 
approaches zero, the fractional magnetic gradient tensor of a 
magnetic dipole becomes the matrix composed of three magnetic 
field components. When α approaches one, the fractional magnetic 
gradient tensor becomes the standard magnetic dipole tensor. This 
trend shows that fractional derivatives and integer derivatives are 
consistent. Magnetic gradient tensors have larger attenuation with 
higher derivative orders when increasing the distance between the 
observation point and the magnetic source. Therefore, the limited 
resolution of the magnetic sensors causes a large blind area in a 
survey, which can be compensated by measuring the fractional 
magnetic gradient tensor. In addition, each component of the 
fractional tensor is independent and has great potential of solving 
the multiple solution problems of the localization of a magnetic 
dipole.  

 
Index Terms—Fractional calculus, Magnetic dipole, Fractional 

magnetic gradient tensor 

I. INTRODUCTION 

ractional calculus has a history of more than 300 years. 
Its derivative orders can be set as a non-integer value, so 

it is often regarded as the transition between integer-order 
derivatives. In recent decades, it has been gradually applied in 
physics, engineering and other fields [1]. Cooper etc. used the 
numerical method to calculate the fractional derivatives of the 
measured gravity and magnetic data to obtain the tradeoff 
between resolution and noise [2]. Engheta proved analytically 
that fractional-order multipoles of electric-charge densities and 
their scalar potential distributions between point monopoles and 
point dipoles [3].  

Magnetic dipole is also a widely used basic model. There are 
analytic formulae for integer order gradient tensors of the 
magnetic dipole [4], while no analytic fractional expressions. 
Therefore, we aim to generalize the integer order magnetic 
gradient tensor of the magnetic dipole to that of fractional. We 
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define the fractional magnetic gradient tensor and then derive 
its analytic expressions, which is helpful to explore new 
measurement and inversion methods. For example, the 
magnetic gradient tensor is inversely proportional to r4 (r is the 
distance between the observation point and the magnetic 
source), while the magnetic field is inversely proportional to r3 
[4]. The attenuation of the magnetic gradient tensor is 
obviously faster than that of the magnetic field, which causes 
the available tensor measurement area is much smaller than that 
of the magnetic field with the limited resolution of magnetic 
sensors. With the help of the fractional magnetic gradient tensor, 
we not only can extend the integer tensor measurement area, but 
also obtain the abundant fractional gradient information. 
Another example is the localization of a magnetic dipole [5], 
since only five of the nine components of the magnetic gradient 
tensor are independent, there are multiple solutions in the 
inversion problems, which can be solved by the additional 
information provided by the fractional magnetic gradient tensor. 

II. DERIVATION OF FRACTIONAL MAGNETIC GRADIENT 

TENSOR OF MAGNETIC DIPOLE 

The definition of the magnetic gradient tensor G(2) of a 
magnetic dipole is [6] 

𝑮(𝟐) =

⎣
⎢
⎢
⎢
⎢
⎢
⎡
𝜕ଶ𝜑(଴)

𝜕𝑥𝜕𝑥

𝜕ଶ𝜑(଴)

𝜕𝑥𝜕𝑦

𝜕ଶ𝜑(଴)

𝜕𝑥𝜕𝑧

𝜕ଶ𝜑(଴)

𝜕𝑦𝜕𝑥

𝜕ଶ𝜑(଴)

𝜕𝑦𝜕𝑦

𝜕ଶ𝜑(଴)

𝜕𝑦𝜕𝑧

𝜕ଶ𝜑(଴)

𝜕𝑧𝜕𝑥

𝜕ଶ𝜑(଴)

𝜕𝑧𝜕𝑦

𝜕ଶ𝜑(଴)

𝜕𝑧𝜕𝑧 ⎦
⎥
⎥
⎥
⎥
⎥
⎤

= ቈ
𝜕ଶ𝜑(଴)

𝜕𝑥௜𝜕𝑥௝

቉ = ൥
𝜕𝐵௫೔

(ଵ)

𝜕𝑥௝

൩ (1) 

where φ(0) is the potential of the magnetic dipole, and the 
superscript implies the derivative order relative to the potential 
φ. xi or xj represents to the symbol x, y, and z when i, j = 1, 2, 
and 3, and it also indicates the number of row or column of the 

matrix. 𝐺௜௝
(ଶ) is the second partial derivative of the potential, or 

the derivative of the magnetic field component 𝐵௫೔

(ଵ)  with 

respect to xj. In a source free region ∇∙B=0 and ∇×B=0, so there 
are only five independent tensor components. 

Let the Riemann-Liouville fractional derivative of 𝐵௫೔

(ଵ) with 

respect to xj be the fractional gradient of the magnetic dipole, 

which is represented as  𝐵௫೔௫ೕ

(ଵାఈ)
= Dିஶ

ோ௅
௫ೕ
ఈ 𝐵௫೔

(ଵ) , and the matrix 
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form is  

𝑮(ଵାఈ) = ቂ𝐵௫೔௫ೕ

(ଵାఈ)
ቃ (2) 

The scalar potential of the magnetic dipole is [7] 

𝜑(଴) = −
𝜇଴

4𝜋
𝒎 ∙ ∇

1

𝑟
(3) 

Build a Cartesian coordinate system and set the position of 
the magnetic dipole at its origin. The vector m (mx, my, mz) 
represents the magnetic dipole moment. The vector r (x, y, z) is 
from the position of the magnetic dipole to the observation 

point, and its magnitude is 𝑟 = ඥ𝑥ଶ + 𝑦ଶ + 𝑧ଶ. 
Now we take the derivative of φ(0) with respect to z 

Dିஶ
ோ௅

௭
ఈ𝜑(଴) = Dିஶ

ோ௅
௭
ఈ ൬−

𝜇଴

4𝜋
𝒎 ∙ ∇

1

𝑟
൰

= −
𝜇଴

4𝜋
Dିஶ

ோ௅
௭
ఈ ൬𝑚௫

𝜕

𝜕𝑥

1

𝑟
+ 𝑚௬

𝜕

𝜕𝑦

1

𝑟
+ 𝑚௭

𝜕

𝜕𝑧

1

𝑟
൰

(4) 

Dିஶ
ோ௅

௭
ఈ𝜑(଴) represents taking the αth-order fractional 

derivative of φ(0) with respect to z, where α > 0 and α ∈ ℝ, 
according to the Riemann-Liouville definition of fractional 

derivatives. Since the operator 
డ

డ௫
 and 

డ

డ௬
 are derivatives with 

respect to x and y while Dିஶ
ோ௅

௭
ఈ  is that of z, the fractional 

derivatives and the integer derivatives of the first two terms in 
(4) are commutative. According to the composition rules [8] 
between the integer-order and fractional-order derivatives, we 
have 

Dିஶ
ோ௅

௧
ఈ ൭

d௡

d𝑡௡
𝑓(𝑡)൱

=
d௡

d𝑡௡
൫ Dିஶ

ோ௅
௧
ఈ𝑓(𝑡)൯ − lim

௧బ→ିஶ
෍

𝑓(௞)(𝑡଴)(𝑡 − 𝑡଴)௞ିఈି௡

Γ(1 + 𝑘 − 𝛼 − 𝑛)

௡ିଵ

௞ୀ଴

 (5) 

where n ∈ ℕ, α ∈ ℝ; Γ(∙) refers to gamma function. Equation 
(5) shows that there is a summation remainder after exchanging 
the fractional-order derivatives and the integer-order 

derivatives. Due to lim
௥→ିஶ

ଵ

௥
= 0, the remainder of the third term 

is equal to 0. In fact, not only can we exchange the fractional-
order and the integer-order derivatives with respect to z without 
considering the remainder, but also with respect to the other two 

variables x and y. We introduce a new symbol 𝜑௫ೕ

(ఈ)  to 

represent Dିஶ
ோ௅

௫ೕ

ఈ 𝜑(଴), and then (4) can be generalized as 

𝜑௫ೕ

(ఈ)
= Dିஶ

ோ௅
௫ೕ

ఈ 𝜑(଴) = −
𝜇଴

4𝜋
𝒎 ∙ ∇ ൬ Dିஶ

ோ௅
௫ೕ

ఈ
1

𝑟
൰ (6) 

We cite one of Engheta’s conclusions [3], 

Dିஶ
ோ௅

௫ೕ

ఈ
1

𝑟
=

Γ(1 + 𝛼)

𝑟ଵାఈ
Pఈ ቀ−

𝑥௝

𝑟
ቁ (7) 

where Pα(∙), (α∈ℂ) refers to the generalized Legendre function, 
which can also be expressed by Gauss hypergeometric function 
[9] as 

Pఈ(𝑡) = Fଶ ଵ ൬−𝛼, 𝛼 + 1; 1;
1 − 𝑡

2
൰ , (𝛼, 𝑡 ∈ ℂ) (8) 

Substitute (7) into (6), then we obtain the expression of the 
fractional derivatives of the magnetic dipole potential with 
respect xj 

𝜑௫ೕ

(ఈ)
=

−𝜇଴Γ(1 + 𝛼)

4𝜋
𝒎 ∙ ∇ ቌ

Pఈ ቀ−
௫ೕ

௥
ቁ

𝑟ଵାఈ
ቍ (9) 

The relationship between the magnetic scalar potential and 
the magnetic field is [7] 

−𝛻𝜑(଴) = 𝑩(ଵ) (10) 
Take the αth-order derivative of both sides of (10), α ∈ [0,1] 

− Dିஶ
ோ௅

௫ೕ

ఈ ∇𝜑(଴) = Dିஶ
ோ௅

௫ೕ

ఈ 𝑩(ଵ) (11) 

Exchange the fractional derivative and the gradient operator 
on the left side of (11) 

−∇ ቀ Dିஶ
ோ௅

௫ೕ
ఈ 𝜑(଴)ቁ = Dିஶ

ோ௅
௫ೕ
ఈ 𝑩(ଵ)

−∇𝜑௫ೕ

(ఈ)
= 𝑩௫ೕ

(ଵାఈ)
 (12) 

Expand the operator ∇ and rewrite B with its components 

− ෍ ൬
𝜕

𝜕𝑥௜

𝒆𝒊൰ 𝜑௫ೕ

(ఈ)

௜

= ෍ 𝐵௫೔௫ೕ

(ଵାఈ)
𝒆𝒊

௜

(13) 

where ei  (i =1, 2, 3) are basis vectors align the three axes.  

After substituting the expression of 𝜑௫ೕ

(ఈ) into (13), we have 

𝐵௫೔௫ೕ

(ଵାఈ)
=

𝜇଴Γ(𝛼 + 1)

4𝜋

∂

𝜕𝑥௜
ቌ𝒎 ∙ ∇

Pఈ ቀ−
௫ೕ

௥
ቁ

𝑟ଵାఈ
ቍ (14) 

Expand (14) and then we obtain the analytic expression of 
each component of the fractional gradient tensor of the 
magnetic dipole 

𝐵௫೔௫ೕ

(ଵାఈ)
= ൜

𝑘ଵ[𝑎Pଵାఈ(𝑡) + 𝑏Pଶାఈ(𝑡)] 𝑖 = 𝑗

𝑘ଶ[𝑐Pఈ(𝑡) + 𝑑Pଵାఈ(𝑡) + 𝑒Pଶାఈ(𝑡)]   𝑖 ≠ 𝑗
(15) 

where 

𝑡 =
−𝑥௝

𝑟

𝑘ଵ =
𝜇଴(1 + 𝛼)(2 + 𝛼)Γ(1 + 𝛼)

4𝜋൫𝑥௝
ଶ − 𝑟ଶ൯𝑟ଷାఈ

𝑘ଶ =
𝜇଴(1 + 𝛼)Γ(1 + 𝛼)

4𝜋൫𝑥௝
ଶ − 𝑟ଶ൯

ଶ
𝑟ଷାఈ

𝑎 = 𝑟 𝒎 ∙ 𝒓 − 𝑚௜𝑥௜𝑟

𝑏 = 𝑥௜𝒎 ∙ 𝒓 − 𝑚௜𝑟ଶ

𝑐 = 𝑚௜𝑟ଶ൫𝑟ଶ − 𝑥௝
ଶ൯ − 𝑥௜𝑟ଶ൫𝒎 ∙ 𝒓 − 𝑚௝𝑥௝൯(3 + 𝛼)

𝑑 = 𝑚௝𝑥௜𝑟ൣ𝑟ଶ(2 + 𝛼) + 𝑥௝
ଶ(3 + 𝛼)൧

−𝑥௝𝑟ൣ𝑚௜൫𝑥௝
ଶ − 𝑟ଶ൯ + 𝑥௜𝒎 ∙ 𝒓 (5 + 2𝛼)൧

𝑒 = 𝑥௜𝑥௝൫𝑚௝𝑟ଶ − 𝒎 ∙ 𝒓𝑥௝൯(2 + 𝛼)

 

III.  COMPARISON BETWEEN ANALYTICAL AND NUMERICAL 

METHOD 

The fractional derivatives can be regarded as the transition 
between the derivatives of the neighboring integral order. When 
the derivative order changes from fraction to integer, the 
fractional derivatives should smoothly transform to the integral 
derivatives. From (2) and (14), we know that when α = 0, the 
matrix becomes 
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𝑮(ଵ) =
𝜇଴

4𝜋

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡𝜕 ቀ𝒎 ∙ ∇

ଵ

௥
ቁ

𝜕𝑥ଵ

𝜕 ቀ𝒎 ∙ ∇
ଵ

௥
ቁ

𝜕𝑥ଵ

𝜕 ቀ𝒎 ∙ ∇
ଵ

௥
ቁ

𝜕𝑥ଵ

𝜕 ቀ𝒎 ∙ ∇
ଵ

௥
ቁ

𝜕𝑥ଶ

𝜕 ቀ𝒎 ∙ ∇
ଵ

௥
ቁ

𝜕𝑥ଶ

𝜕 ቀ𝒎 ∙ ∇
ଵ

௥
ቁ

𝜕𝑥ଶ

𝜕 ቀ𝒎 ∙ ∇
ଵ

௥
ቁ

𝜕𝑥ଷ

𝜕 ቀ𝒎 ∙ ∇
ଵ

௥
ቁ

𝜕𝑥ଷ

𝜕 ቀ𝒎 ∙ ∇
ଵ

௥
ቁ

𝜕𝑥ଷ ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

(16) 

In (16), each row is the same, and each column denotes the 
three components of the magnetic field of the magnetic dipole. 
When α = 1, the matrix becomes 

𝑮(ଶ) =
−𝜇଴

4𝜋

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡∂ ቀ𝒎 ∙ ∇

௫భ

௥యቁ

𝜕𝑥ଵ

∂ ቀ𝒎 ∙ ∇
௫మ

௥యቁ

𝜕𝑥ଵ

∂ ቀ𝒎 ∙ ∇
௫య

௥యቁ

𝜕𝑥ଵ

∂ ቀ𝒎 ∙ ∇
௫భ

௥యቁ

𝜕𝑥ଶ

∂ ቀ𝒎 ∙ ∇
௫మ

௥యቁ

𝜕𝑥ଶ

∂ ቀ𝒎 ∙ ∇
௫య

௥యቁ

𝜕𝑥ଶ

∂ ቀ𝒎 ∙ ∇
௫భ

௥యቁ

𝜕𝑥ଷ

∂ ቀ𝒎 ∙ ∇
௫మ

௥యቁ

𝜕𝑥ଷ

∂ ቀ𝒎 ∙ ∇
௫య

௥యቁ

𝜕𝑥ଷ ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

(17) 

Equation (17) is the same as the expression of the magnetic 
gradient tensor of the magnetic dipole. When α∈(0,1), the 
expressions can be verified by comparing with the numerical 
method. Because the Riemann-Liouville and the Grunwald-
Letnikov derivatives are the same when applying them to 

calculating 
ଵ

௥
 [8], we use Xue’s glfdiff2() numerical function 

which implements the high-precision numerical algorithm of 
Grunwald-Letnikov fractional derivative [10]. We compare the 
results of glfdiff2() with those of the analytic expression (15).  
The simulations are as follows: 

Set the position of the magnetic dipole at the origin of a 
coordinate system. The dipole’s moment is (m1, m2, m3) = (0, 0, 
80). The equation of the survey line is 

 ൝
𝑥 = 𝑡
𝑦 = 0
𝑧 = 100

, 𝑡 ∈ (−500, 500) (18) 

 The 𝐵௫௫
(ଵାఈ)  on the survey line are calculated by the 

numerical algorithm and the analytic expression respectively 
with α = 0.2, 0.4, 0.6, and 0.8, and the results are shown in Fig. 
1. The solid lines and diamond lines are the value calculated by 
the numerical and analytical method respectively. The solid and 
diamond lines are consistent, which shows the correctness of 
the proposed analytical expression. 

 

Fig. 1. (a) (b) (c) (d) are the comparisons of the numerical and analytic 
results with α = 0.2, 0.4, 0.6, and 0.8. The horizontal axis represents the 
positions of the observation points on the survey line, and the vertical axis 
represents the value of the fractional derivatives whose unit are T/mα.  

IV. POTENTIAL APPLICATIONS 

A. Expansion of sensing area of magnetic gradient tensor 

Fig. 1 shows that as the derivative order α increases, the value 
of the fractional derivatives on the survey line decrease 
gradually. If α is fixed on zero or one, the current level of 
measurement, the attenuation property of potential fields causes 
a big blind sensing area in practical survey due to the limited 
resolution of magnetic sensors. The following simulations show 
the maximum sensing area of the gradiometer with different 
derivative orders. 

Since the unit of fractional magnetic gradient tensor is T/mα, 
the fractional tensor components are multiplied by mα-1 to 
normalize the unit to T/m. Let the resolution of a magnetic 
gradient sensor Resmin be 1pT/m and the properties of the 
magnetic dipole are same as those in the above-mentioned 
simulations. The survey plane is the x-y plane with z = 100 m, 
and the size of the survey area is 1000 m × 1000 m. Calculate 
the maximum available sensing area of the different fractional 
magnetic gradient tensor of the magnetic dipole with α = 0, 0.2, 

0.4, 0.6, 0.8, and 1 by ห𝐵௫௫೔

(ଵାఈ)
ห = 𝑅𝑒𝑠௠௜௡. The result is shown 

in Fig. 2 and the available sensing areas are encircled by several 
closed colored curves. The area enclosed by the red line, the 
available sensing range of the magnetic field, is the largest, and 
the area enclosed by the black line, the available sensing range 
of the magnetic gradient tensor, is the smallest. There is a big 
blind area between them. The ranges of the sensing areas of the 
fractional magnetic gradient tensor are intermediate and fill the 
gap between them. 

 
Fig. 2. The colored curves indicate the maximum available sensing areas of 

the gradient tensors with various derivative orders.  

B. Ambiguity elimination in magnetic dipole localization 

For the location problem of a magnetic dipole, it is 
insufficient to obtain its accurate position using the magnetic 
gradient tensor only [5]. The key reason is that only five of the 
nine components are independent and six parameters are 
needed to be solved. However, (14) shows that the fractional 
magnetic gradient tensor G(1+α) is asymmetric, which increases 
the numbers of independent equations for solving the 
localization of the magnetic dipole. 
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To demonstrate this feature of the fractional magnetic 
gradient tensor of the magnetic dipole, we calculate the tensors 
on the x-y observation plane with z = 0.5 and α from 0 to 1, and 
stack the tensors along z axis. The results are displayed by an 
open softeware VIS5D [11] and shown in Fig. 3.  

The nine components of the fractional magnetic gradient 
tensor are displayed accroding to the position of the magnetic 
gradient tensor matrix. The bottom of the stereogram means α 
is zero and G(1) is composed of three magnetic field components. 
The top of the stereogram means α is one and G(2) becomes the 
magnetic gradient tensor which are symmetric in the matrix. 
However, if α ∈ (0,1), the parts between the bottom and top 
show that the tensors on the x-y observation plane with the same 
α are asymmetric and gradually become symmetric due to the 
transitional property of fractional derivatives. 

 
Fig. 3. These nine graphs show the nine components of the fractional 

magnetic gradient tensor respectively. The x and y axes in each graph 
correspond to that of the observation plane, and the z axis represents the 
derivative order α. Note: VIS5D cannot customize the labels of the coordinate 
axis, the white coordinate axes and labels are added by a painting tool for clarity. 

V. CONCLUSION 

In this paper, we deduce the analytic expression of the 
fractional magnetic gradient tensor of the magnetic dipole using 
the sequential derivative between the fractional-order and the 
integer-order derivatives, and then verify the analytic 
expression by comparing the analytical results with the 
numerical results. Finally, we discuss its potential applications. 
One is expanding the available sensing range of the magnetic 
gradient tensor by changing the value of the derivative order. 
The other is solving the multiple solution problems of magnetic 
dipole localization by the nine independent components of the 
fractional gradient tensor. Fractional gradient tensors have 
many rich and interesting properties being worth digging 
further. 
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