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Abstract

In the proposed theory for analyzing the electromagnetic radiation and electromagnetic mutual couplings in vacuum, the
electromagnetic energy associated with a source is basically separated into two parts. One is the Coulomb-velocity energy that
is attached to the source, the other is the radiative energy that will depart from the source. A macroscopic Schott energy term
is introduced to account for the interchange between the Coulomb-velocity energy and the radiative energy. It has shown that
the Schott energy will disappear with its sources but not simultaneously. It continues to exist for a short while after its source
disappeared and will finally convert to radiative energy. The reactive electromagnetic energy consists of the Coulomb-velocity
energy and the Schott energy, while the radiative energy also includes the contribution of the Schott energy. The theory provides
a consistent formulation for the reactive energies and power balance equations both in time domain and frequency domain,
which is validated with the radiation of a Hertzian dipole. By applying the Lienard-Wiechert potentials, this paper illustrates
that the macroscopic Schott energy exactly agrees with the one obtained by many researchers for a non-relativistic moving

charged particle.
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I. INTRODUCTION

As observed by many researchers, although the classical electromagnetic theory has achieved tremendous success, some
issues are still not solved satisfactorily, or have to be explained with quantum electromagnetic theory [1]-[6], such as the
4/3 factor problem [2], the physical meaning of the vector potential, the violation of equivalence between mass and energy
of an electron [1][5], and the electromagnetic radiation and coupling problem. All these issues have become century old
problems, not only because they are quite complicated but also because they are probably considered as small flaws to the
classical electromagnetic theory and have limited impact on engineering applications so far. However, these issues are
difficulties associated directly with the classical electromagnetic theory. It is still of great significance to find proper
solutions or interpretation within the frame of the classical electromagnetic theory, especially the issue concerning with the
electromagnetic radiation and electromagnetic mutual couplings. There is still no widely accepted formulation for
evaluating the stored reactive energies and Q factors of radiators [7]-[15]. The main difficulty may come from the fact that
there is no clear definition in macroscopic electromagnetic theory for the reactive electromagnetic energy.

We have tried to provide a theory for the interpretation of the electromagnetic radiation and coupling based on the
macroscopic Maxwell theory[16]-[20]. In the theory, the energy associated with a source in vacuum is separated into two
parts, one accounts for the contribution from the Coulomb fields and the velocity fields, and is termed as Coulomb-velocity
energy hereafter; the other is the radiative energy accounting for the contribution from the radiative fields. The Coulomb-
velocity energy is attached to its sources. It appears and disappears simultaneously with its sources. The radiative energy
can leave its sources and propagate to infinity. It continues to exist after its sources disappeared. However, it can interact
with other sources they encountered in the way and exchange energies with them by affecting their movement. Following
the concept in the charged particle theory[21]-[25], a macroscopic Schott energy, W, (¢), is introduced in the proposed

theory[20] to account for the energy exchanging between the Coulomb-velocity energy and the radiative energy, which is
explicitly defined as a integral over the whole space,

Wpi(2) = J'Vég[D(r,t)-A(r,z)]dr (1)

where D(r,¢) is the electric flux density and A(r,z) the vector potential. They are from the same source in radiation

problems, and from different sources in mutual coupling problems.
The Coulomb-velocity energy is denoted by W, (¢) . It is the volume integral of the source-potential products over the

source region V,,

WpJ(t)=J-V‘{%J(r,t)-A(r,t)-i—%p(r,t)qﬁ(r,t)}dr @)

The Coulomb-velocity energy includes the contribution from the Coulomb field and the velocity field, and is attached to
the charge distribution p(r,#) and the current distribution J(r,¢). The scalar potential ¢(r,#) and the vector potential

A(r,t) evaluated at the observation point r and the time ¢ are defined in their usual way. They are subject to the Lorentz
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Gauge, and their reference zero points are put at the infinity. As clearly indicated in (2), W, (¢) equals zero if the sources

vanished even if the potentials are not zero.
For the sake of convenience, a principal radiative energy is introduced in [20] as

W, 0o (1) = sz( A— D-aa‘?jdr 3)

It has been derived in [20] that the total electromagnetic energy associated with an electromagnetic source is the sum of

the Coulomb-velocity energy and the principal radiative energy, i.e.,

Wi () =W, (1) +W, o) (1) ¥

The total reactive energy and the total radiative energy have to include the contribution of the Schott energy. They are
expressed by

VVreuct (t)=WpJ (t)+WDA (t) (5)
Wi () =W, 0o () =W (2)  (6)
Therefore, the Schott energy plays the role of a bridge between the reactive energy and the radiative energy.

II. SCHOTT ENERGY FOR A CHARGED PARTICLE

Consider a nonrelativistic charged particle with charge e and velocity v(z) in free space. The field generated by the

charge can be derived from the following Lienard-Wiechert potentials [2][3],

1 ce __¢€ I !
e~ | 2], v R, @

_ [ ecv __e B
Alr.1)= 47[[Rc—R-vl dre,c _R(l—n‘ﬁ)_, ®)

where R=r—-x(¢'),R= |r—x(t’)|, and x(¢/) is the trajectory of the moving charge. ¢'=7—R/c is the retarded time,
and c is the light velocity in vacuum. Note that the quantities at the righthand side of (7) and (8) are evaluated at ¢'.
v(¢")=dx(¢)dt', p=v/c,and n=R/R.
The non-relativistic Schott energy of the moving charge is found to be (eq. (16) in [23], eq. (4) in [24], eq.(3.24) in [25])
1 2¢°
E.(p)= 9
5 (1) 4z, 36 €

where a is the acceleration of the charge. Note that there is a factor 1/ (47e,) because SI unit system is used in this

paper while the results in some references were obtained in Gaussian (cgs) system of units.
We are now to show that £ (y) can be derived by applying the Lienard-Wiechert potentials and the corresponding

fields to W,,(¢) . Recalling that E =-V¢—0A/ot , and making use of the Lorentz Gauge VA +c~ 0¢/0t =0, we can
transform W, (¢) to an integral of the potentials

- -2 .
Wi (1) === f [ (r,0)+ A(r,0)A(r,0) e (10)
Since (10) is a total time derivative, we can approximately evaluate the integration in a simple way. For v =|y|< ¢, the

potential terms can be expanded with power series of (n+f). Keeping the terms to the second order we have

¢2(r,t)z(4e JZUZ(Hzn-m(n-s) )} (11)

A-Az( - MW} (12)
4reyc ) | R* A,




Assume that the source exists in a very short time period of [¢',¢'+dt],and ¢'=¢—r,/c.Here r, isavery small distance
from the charged particle at x(¢"). In can be checked that, except the first term in the righthand side of (11), all other
terms in the integrand are approximately nonzero only in a spherical shell with radius », to 7, +cdt . In the spherical
coordinate system with origin locating at x(¢'), we have R =r. The integral of (10), except the first term in the right
hand of (11), can be cast into

dl, (0)=d[, [7¢ (r,0)+ Ar.0)-A(r,0)]

z[ ¢ j [ jo”j:“w{riz[(zn.m(n.ﬁ)z +|3.|3)]}r2 sin@drd0de (13

4re,c

~ {( 47:%CJ joh J‘O”[(Zn-[i + (n.ﬁ)2 + [3-[3)} sin Qdﬁd(o} cdt

A convenient choice is to put B on the z-axis, then neff = |[i|cost9 and the integrand is symmetrical with z-axis. Note

that j: cosfsinfdd =0, and j: cos’ @sin d0 = 2/3 . By carrying out the integration and putting dt to the left side of the

equation we have
dIA¢ (t) _ 1 4@2 _ 1 4@2
dt drg, 3g,c 4rg, 3g,C°

Vev (14)

It can be checked straightforwardly that the integration of the first term in the righthand side of (11) is a constant, which

will vanish after differentiate with respect to time ¢. Therefore, it can be deduced from (14) that

2
ﬁi(dlw(f)]z_ina-v (15)
4 dt dt

Wou (1) == 4re, 3¢
0

which is exactly in agreement with (9).

III. CONCLUSIONS

The electromagnetic radiation and mutual couplings are fundamental classical electromagnetic problems. The author
believe that it is meaningful to handle the issue in the frame of the classical electromagnetic theory, and it is not always
necessary to resort to quantum electromagnetic theory. The theory proposed in [20] is aimed to provide a more compatible
interpretation for the electromagnetic radiation and mutual couplings in the language of macroscopic Maxwell theory so
as that those commonly used quantities like the reactive electromagnetic energies, radiative energies, Q-factors, and the
electromagnetic coupling energies can be evaluated in a consistent manner. The introduction of the Schott energy in the
macroscopic electromagnetic radiation/coupling formulation perhaps can make it more intuitive to understand the process
of building the energy balance in a typical electromagnetic radiation or mutual coupling system. In the case of the Hertzian
dipole, the reactive energies obtained with the proposed theory exactly agree with those predicted by using the equivalence
circuit model [26]. To the best of my knowledge, no other related formulation can get such verification. This note shows
that the macroscopic Schott energy is indeed in agreement with the one introduced in charged particle theory one century
ago. Although the significance of the Schott energy itself still has not been fully clarified in charged particle theory, the
author still wants to try to convince the readers that the role of the Schott energy in electromagnetic radiation and mutual
couplings has to be taken into account.
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