The MIMO data transfer line with three-frequency quaternion
carrier

Vadim Sovetov!

L Affiliation not available

April 09, 2024

Abstract

With the development of communication systems and the Internet, as well as with the growth of services created on the basis
of communication networks, the need to increase the capacity of communication channels is increasing. Theoretically, it is
shown that it is possible to increase the capacity of communication channels and exceed the “Shannon limit” by moving from
the real space of signals on a plane to a multidimensional one with dimension M. In a multidimensional space, each signal is a
multidimensional vector, and when such a signal passes through a channel, a MIMO (Many-Input — Many-Output) scheme is
formed. As an alternative to existing methods for implementing a MIMO scheme in a physical space with multiple antennas
at the input and output of a communication channel, a method for transmitting information using a MIMO scheme in a
hypercomplex vector space with one antenna for transmission and one for reception is proposed for wireless communication

systems and communication cables.
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Abstract

With the development of communication systems and the Internet, as well as with the
growth of services created on the basis of communication networks, the need to increase the ca-
pacity of communication channels is increasing. Theoretically, it is shown that it is possible to
increase the capacity of communication channels and exceed the “Shannon limit” by moving from
the real space of signals on a plane to a multidimensional one with dimension M . In a multidi-
mensional space, each signal is a multidimensional vector, and when such a signal passes through
a channel, a MIMO (Many-Input — Many-Output) scheme is formed.

As an alternative to existing methods for implementing a MIMO scheme in a physical space
with multiple antennas at the input and output of a communication channel, a method for trans-
mitting information using a MIMO scheme in a hypercomplex vector space with one antenna for
transmission and one for reception is proposed for wireless communication systems and commu-
nication cables.

It is known that hypercomplex numbers are an extension of complex numbers through the
doubling procedure and form a hypercomplex space on imaginary orthogonal axes and one scalar
axis orthogonal to them. For example, a quaternion in algebraic form is written as q= s+xi+yj+zk,
raes, X, Y, Z— real numbers, i, j, k — imaginary units. A quaternion forms a four-dimensional (4D)
space. Hypercomplex numbers are also widely known, such as the octonion in 8D and sedenion in
16D spaces. Accordingly, based on these numbers, MIMO schemes with dimensions of 4D, 8D,
16D are implemented.

Let us represent the mathematical model of a MIMO channel in a hypercomplex space
using a square channel matrix of dimension MxM. From an energy point of view, this MIMO
channel model is equivalent to the antenna diversity MIMO model. With an orthogonal channel
matrix, maximum capacity is ensured. To synthesize the channel matrix, an exponential function
of the quaternion and a polar form of representation of exponentials of imaginary units were used.
To get rid of imaginary units in the algebraic form of writing a quaternion and for the purpose of
forming a channel matrix, it is represented as a real matrix of dimension 4x4, i.e. three-frequency
fundamental matrix ®(wi,wj.wk,t).

Using trigonometry formulas, the channel matrix is decomposed into 4 single-frequency
matrices of combination frequencies: Qi1 =witwjtwk, Q2 =witwj-wk,, Q3 =wi-wjtwk,, Q4 =wi-wj-
wk. A three-frequency channel matrix will, accordingly, be equal to the sum of single-frequency
matrices. Modulation of subcarrier frequencies is carried out by multiplying the channel matrix by
information vectors: y(wi,wj.cx,t)=®(wi,wj.wkt)X(0). As a result of multiplication, we obtain
QPSK modulation for each combination frequency. When adding frequencies, we obtain a multi-
frequency oscillation in each element of the modulated vector. Moreover, each element of the
output vector y(wi,wj.wk,t) contains information about all elements of the information vector x(0)

, transmitted at all 4 combination frequencies.

Elements of the modulated vector are transmitted sequentially as information elements ar-
rive, and the speed of information transmission at the output is equal to the speed of information
arrival at the input of the transmitter. Moreover, each multi-frequency element consumes the entire
transmitter power, which is distributed between 4 frequencies and 4 spatial orthogonal coordinate
axes. In addition, in the proposed solution only the elements of the multi-frequency vector are
transmitted, and not the elements of the channel matrix, as in existing methods. Thus, using the
space-time channel matrix synthesized on the basis of a hypercomplex number, we implement the
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MIMO scheme in M=2" - dimensional vector space, where n=2,3.4,... for the number of frequen-
cies F=2M2,

According to the transmission model, interference is added to each pulse of the modulated
vector when passing through the communication channel. It is clear that the interferences are not
correlated, and with a constant dispersion of the interferences, the interference vector has circular
symmetry. Consequently, the interference power is distributed along orthogonal axes and frequen-
cies. Since the interference is white noise, the optimal receiver for the received vector will be a
correlator using transposed basis matrices for each combinational frequency.

By multiplying incoming modulated multi-frequency elements in the sum with interference
by single-frequency basis matrices with subsequent integration, we obtain an estimate of each in-
formation element with uncorrelated interference and at different frequencies. Since when sum-
ming signals add up by energy, and noise - by power, the gain in the signal-to-noise ratio (SNR)
based on different basic matrices for the quaternion will be equal to 4. After adding up the obtained
estimates for different frequencies, we also obtain a gain in SNR by another 4 times. The total gain
in SNR will be 16. It is possible to increase the information transmission speed by an appropriate
number of times at a given transmission power. By expanding the frequency band, it is also pos-
sible to increase the noise immunity and secrecy of transmitter operation. Since the same infor-
mation is transmitted in each symbol of a multi-frequency vector, the noise immunity to signal
fading in time and frequency increases.

l. Introduction

The need to increase the capacity of communication lines is increasing. For example, in
the new next-generation 5G mobile communications standard, it is necessary to provide downlink
speeds of up to 20 Gbit/s and subscriber speeds of up to 100 Mbit/s. The use of traditional modu-
lation schemes requires a transition to a higher wave range (more than 20 GHz), which is associ-
ated with an increase in the power of transmitting devices or a significant decrease in the commu-
nication distance.

Theoretically, increased capacity is possible by using a Many-Input — Many-Output
(MIMO) scheme [1-4]. This requires that the signal and noise be multidimensional Gaussian pro-
cesses. Maximum capacity is achieved with a square orthogonal channel matrix. If the dimension
of the channel matrix is MxM, then the throughput of the MIMO channel will be M times greater
than the throughput of a channel using real 1D or 2D signals.

To increase the speed of information transmission, the multi-frequency information trans-
mission is mainly used, for example, orthogonal frequency division multiplexing - (OFDM). How-
ever, such a signal has a high crest factor and, accordingly, increases transmission power costs.

The transmission speed in 6G is expected to increase from 1 Thit/s. To increase capacity,
it is planned to use massive and ultra-massive MIMO, in which hundreds and thousands of active
antennas in the form of multi-element digital antenna arrays are connected to base stations. At the
same time, multi-element digital antenna arrays must also be implemented on user terminals.

To increase capacity in 6G, it is also planned to use the terahertz range from 300 GHz to 3
THz. However, the communication distance at terahertz waves decreases significantly due to in-
creased propagation losses in free space. There is also an increase in propagation losses through
obstacles, such as urban areas, and losses due to rain or fog. In fact, communications on terahertz
waves are limited by line-of-sight range.

Currently MIMO scheme is implementing in physical space using many antennas for trans-
mission and reception, which significantly complicates its use. As the number of antennas in-
creases, the difficulties in implementing this method increase. In addition, this implementation
makes it impossible to use MIMO in wireline communications.

In works [5, 6], methods were proposed for transmitting and receiving information using
the MIMO scheme not in physical space with many antennas, but in complex and hypercomplex
spaces using one antenna for transmission and one for reception. It is shown that when using
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complex numbers in a matrix representation, we obtain a 2-fold gain in noise immunity, and when
using quaternions, a 4-fold gain compared to BPSK. Accordingly, it is possible to increase the
speed of information transfer by the same amount. Moreover, this method of using the MIMO
scheme can also be applied in wired communication channels.

However, to increase the capacity of communication channels, it is also necessary to ex-
pand the frequency band. In this case, problems arise regarding the frequency efficiency of the
proposed methods. As already mentioned, the use of the OFDM method leads to a large crest factor
and, as a consequence, to a loss of power in the amplifiers.

The purpose of this work is to present a method for increasing the capacity using a MIMO
scheme in the hypercomplex space of a three-frequency quaternion.

Il. MATERIALS AND METHODS FOR SOLVING THE PROBLEM

The mathematical model of a MIMO channel with the same number of inputs and outputs
Is written in the form [1-4]:

s(t) = H(H)x(0) +n(t), 1)
where H(t) — square channel matrix of dimension MxM, X(0) - M - dimensional vector infor-

mation symbols, n(t) - zero-mean noise vector with circular symmetry.

To implement the MIMO channel model (1) in a hypercomplex space, we formulate the
basic requirements for the channel matrix H(t):

1) Based on the requirement for maximum throughput, the channel matrix H(t) must be

orthogonal. Physically, this means that the signal space must have a maximum volume, which is
achieved when the coordinate axes of such a space are orthogonal. It is clear that a space of a given
dimension and maximum volume makes it possible to increase the diversity of signals to the max-
imum extent;

2) Since the channel matrix H(t) is used as an M-dimensional function, which is modu-

lated by M-dimensional information vectors x(0), and then radiated into space, the M-dimensional

function must be continuous and harmonic;

3) It is known that the main way to increase capacity is to increase the frequency band.
Therefore, the channel matrix must be multi-frequency and decomposed into single-frequency ma-
trices;

4) Since optimal signal reception under the influence of white noise is carried out using a
dual basis and correlation processing using basis functions, the channel matrix must be decom-
posed into basis matrices.

Let's consider the problem of synthesizing a multi-frequency channel matrix using a qua-
ternion as a hypercomplex number. In algebraic form we write the quaternion as [6]:

gq=s+xi+Yyj+zk, (2)
where s, X, Yy, z — real numbers.

Let's present operations with imaginary units in the form of a table.

Table 1. Quaternion imaginary unit multiplication operations.

x|l 1 j Kk

111 i j k

i -1 k —j.

jli -k -1 i

klk j —-i -1

For the quaternion (2) we write the exponential function:

el =e NI = ¢ (cosx +isinx)(cosy + jsiny)(cosz +ksinz). (3)

For a single-frequency quaternion x =y =z therefore expression (3) will take the form:
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el = es+x(i+j+k) e ex(i+j+k) —g exi _e’ (COSX +isin X), (4)

where T =(i+ j+ k)/\/§ - imaginary unit. Expression (4) was also used in [7 - 10] to obtain spec-
tra from a single-frequency quaternion and as a channel matrix for a 4x4 MIMO scheme [6].

Just as for a complex number in exponential representation, the coefficients for the imagi-
nary units of the quaternion in the polar form of notation have the physical meaning of the rotation
angle. In addition, frequency conversions in radio engineering problems are considered mainly for
time-varying signals. Therefore, we write the angles x, y, z in (3) as functions of time: x(t) = @t

yt) = ait, z(t) = ot , where o, ;, o, are the angular frequencies on the axes , j, k. The radius

of rotation in 4D space is calculated as r = \/s2 +x?+y% + 2% . After multiplying the expressions

in parentheses in formula (3) and grouping by the real and imaginary parts, we obtain an exponen-
tial function in the form of a three-frequency quaternion, which we denote as

f(a(@,@;,0,1) = 5)

= p(@, v, 0, 1) +iu(w, 05, o 1) + (@, @), o, 1) +kw(a, o, o 1)

After grouping similar terms, the components in expression (5) will take the form:

P(@, @), @, t) = cosmtcosw;tcosat —sinatsino;tsinagt, (6)
U(@, @), @, t) =singtcos wjtcos gt + cosaptsin o;tsinagt
V(@ w;, @, 1) =costsinw;tcosmt —singtcoswtsinat
W@, @5, @, t) =sinagtsinw;tcos gt +cos mtcos mjtsingt .
As can be seen from (6), we received 8 combinations of products of cosines and sines of
different frequencies. Let us transform expressions (6) using well-known trigonometry formulas
for products of three combinations with sines and cosines. According to these formulas, the prod-
ucts of three sines and cosines in various combinations are converted into the sum of sines and
cosines from the sum of frequencies in various combinations. Let us denote the combinations of
angular frequencies obtained as a result of the expansion as
Q =a +o; + o =2x(f, + fj +f), Q=a +o; — o =27(f + fj -f). (7)
Q=0 -0;+ta, =27z(f -1+ §),.Q =0 —0, - =27(f; - f, - f,).
So, for three generating (reference) frequencies o, o;, @, we get 242 =22 =4 combi-
nations of positive frequencies Q,, n=1,2,3,4. Negative frequencies will appear when the signal
spectrum is transferred to the carrier frequency «, . After decomposing the products of sines and
cosines (6) into sums of sines and cosines, bringing similar terms and grouping by combination
frequencies, we obtain the following expressions of functions (6) for combination frequencies (7):
4p(€,€2,,€25,Q,1) = (8)
= cos(t) + sin(€t) + cos(Q,t) —sin(€2,t) + cos(Q;t) — sin(€A5t) + cos(€2,t) + sin(€,t) |
4u(9,Q,,Q,,Q,,1) =
= —cos(t) + sin(€t) + cos(Q,t) + sin(€2,t) + cos(Q,t) + sin(Q5t) — cos(€2,t) + sin(Q,t) ,
4v(Qy,Q,,0,,Q,,1) =

= €oS(t) +sin(Q;t) — cos(Q2,t) + sin(Q,t) + cos(Q,t) —sin(5t) — cos(€2,t) —sin(2,t) ,
4w(Qy,Q,,Q,,Q,,t) =

= —cos(t) + sin(€t) —sin(Q,t) — cos(€2,t) + sin(C5t) + cos(€2,t) + cos(Q2,t) —sin(€2,t) .

Thus, we have obtained expressions for the exponential function (3) of a three-frequency
quaternion in the form of a sum of functions (5), which are represented by 8 combinations of

products of cosines and sines (6) of different reference frequencies (7). Also, using trigonometry
formulas for the products of three combinations with sines and cosines, we obtained the



5

exponential function (3) in the form of sums of cosines and sines (8) from various combination
frequencies (7).

To get rid of imaginary units in the algebraic form of writing the quaternion (2), we present
it in the form of a real matrix of dimension 4x4 [6-10]:
s X y z
-X s =z Yy

Q= (9)

-y oz s —x]|
-z -y X S
Matrix (9) is decomposed into basis matrices E, I, J, K and quaternion (9) is written as a
sum of matrices:
Q=Es+Ix+Jy+Kz,

where
1 000 0 10 O 0O 0 10 0O 0 0 1
01 00 -1 00 O 0 0 01 0O 0 -1 0
E= =  J= K=
0 010 0O 0 0 -1 -1 0 0O 0O 1 0 O
0 001 0O 01 O 0 -1 00 -1 0 0 O

The corresponding basis matrices of the quaternion, as well as the elements i, j and k, are
related by the multiplication rules presented in Table 2:
Table 2. Multiplication operations of quaternion basis matrices.

x| E | J K

E|E | J K

1|1 -E K -J. (10)
J|J -K -E 1

KIK J -1 -E

As can be seen from (10) the structure of the basis matrices E, I, J, K, they are spatial basis
matrices, i.e. bases of 4D space. These matrices are also permutation matrices with a change of

sign of 2 elements. The basis matrices will be orthogonal: 11" =E, JJ" =E, KK =E. Note that
the basis matrices of a quaternion are also quaternions in matrix representation.

It is convenient to represent the information transfer model as a model in state space using
the dynamics equation in the form [11]:

X(t) = Ax(t) . (12)
We write the state transition matrix A using the imaginary part of matrix (9) in the form:
A=al+od+okK. (12)

Let's call matrix A as a matrix of quaternion reference frequencies, where
o, = 27/T; = 2x f; is the angular frequency of the imaginary axis i, radians/s; T; =1/ f; — period of
frequency f;, s.; o :27r/Tj =2 f;- angular frequency of the imaginary axis j, radian/s;
T, =Y f, — period of frequency f;,s.; o =27/T, =2xf,- angular frequency of the imaginary
axis k, radian/s; T, =1/ f, — period of frequency f,, s.

The matrix of quaternion reference frequencies A is a differential operator for the state
space model (11). The solution to equation (11) will be the exponent of matrix (12) for functions
(6):

eAt _ glalrodrak)t :d)(a),,a)j,cq(,t) = (13)

=Ep(a, @}, o ,1) + (@, @), o, 1) + (@, @5, 0, 1) + K@, @, g, 1)
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Since matrix (13) is a solution to the differential equation (11), the matrix ®(w,, ®;, ;1)

is called the fundamental matrix.
Substituting expressions (6) into the matrix ®(m,, @;, @ ,t), we obtain a fundamental ma-
trix in the form of sums of products of cosines and sines in various combinations:
D(@, @), @ ,1) = (14)
cosatcoswtcos gt —sin witsin o;tsin ot sinatcoswtcost + cosatsin w;tsin ot
—(sinmtcosw;tcos ot + cosatsinmtsinagt)  cosmtcoswtcosat —sinatsin o;tsin ot

—(cosatsinmtcos gt —sinmtcoswjtsingt)  coswtcosw;tsinegt +sinotsin w;tcos ot
—(cosawtcosmjtsinat +sinatsinwtcosamt) —(coswtsinmtcos ot —sin mtcos w;tsinat)

cos tsin w;tcos ot —sin mtcos w;tsin ot cosamtcosm;tsin ot +sin otsin w;tcos ot
—(cosmtcoswjtsinat +sinatsinotcosot)  cosatsinw;tcosat —sinwtcoswtsin ot
cosawtcoswtecosat —sinatsinotsingt  —(sinwtcosm;tcos myt + cos wtsin w;tsin o t)
sinwtcosw;tcoswt + cosatsin w;tsin ot cos it cos w;tcos oyt —sin wtsin w;tsin et
As in the case of a communication line with a single-frequency quaternion [6], the three-
frequency matrix (14) will serve as the channel matrix of the MIMO scheme. Therefore, by anal-
ogy with a single-frequency matrix, let's call it a three-frequency quaternion carrier.
Let us denote the basis matrices for the fundamental matrix (14) of the reference angular
frequencies o, @;, @, as
O (1, 05,0, 1) = (cos(a),t) cos(a;t) cos(at) —sin(a),t)sin(a)jt)sin(a)kt))E, (15)
@ ( 1@, 1) = (sin(at) cos(wjt) cos(et) +cos(at) sin(a;t) sin(ah) )1,

D, (0, ;, @,t) (cos(at)sin(@jt) cos(et) —sin(at) cos(e;t)sin(mt) )J,
D, (01, @;, 0, 1) = (cos(at) cos(a;t)sin(et) +sin(@it) sin(wt) cos(e ) ) K .

Using notation (15), we write the three-frequency fundamental matrix (14) as a sum of
basis matrices:

(0, w;, @, 1) = (16)

=0 (0, @), 1) + @ (@, 05, 3, 1) + Py (03, @, @ 1) + P (@3, @5, ), 1) -

The fundamental matrix (16) is orthogonal, since

D' (v, 0}, 0 D(@;, 0, @ 1) = B(@, @5, O )P (3, 05, 9 1) =E.

Using expressions (8), we decompose the fundamental matrix (14) of the reference angular
frequencies w;, ;, o, into single-frequency matrices of frequency combinations (7).

Let's group by frequencies and write single-frequency matrices through the basis matrices
E, I, J, Kin the form:

(I)l(Ql,t)=%[(cos(Qlt)+sin(Qlt))E+( cos(yt) +sin(Qt))1 (17)

)+
+(cos(Qt)+sin(Qlt))J +( cos(t) +sin(t) )K]
D,(Q,t)== [(cos(ta) sin(Q,t))E +(cos(Q,t ) +sin (Q,t)) T+
+(—Cos(Q,t) +sin(Q,t)) I +(—cos(Q,t ) —sin(Q,t) )KJ
<I)3(Qs,t):%[(cos(%t)—sin(Q3t))E+(cos (Qt)+sin(Qqt) )T+

+(cos(Qyt) —sin (Qt) ) J +(cos(Qut) +sin (st )) K] :
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D, (Q,t)= %[(COS(Q‘{[) +5in (Qut) ) E+(—cos(Q,t) +sin(Qt) )T+

+(—cos(Qt) —sin(,t))J +(cos(Q,t) —sin (Q,t)) KJ '

From this we can conclude that the fundamental three-frequency quaternion matrix (14) is
equal to the sum of single-frequency quaternion matrices:

(0, @), @, 1) = Py (€, 1) + Dy (€2, 1) + D5 (Qy, 1) + D, (2,,1) - (18)
In accordance with (7), we present the matrix for converting reference frequencies o, o,
, @, Into combinational ones Q2,, n=1,2,3,4, as:
1 1 1
1 1 -1
11 1|
1 -1 -1

Q

We write the reference frequencies as a vector f =[f, f, f3]T and the vector of combi-

nation frequencies, as F=[R F, F, F,]'.Fromhere F=0Qf.
The matrix for converting combination frequencies into reference ones will look like:

. 11 1 1
Q" ==-/1 1 -1 -1/.
1 -1 1 -1
For example, at f =[6 -2 —1]" we get
1 1 1 3
6
1 1 -1 5
F=0Qf = -2 |=|_1,
1 -1 1 L 7
1 -1 -1 9
and
3
. . 11 1 1 . 6
f:-sszZ 11 -1 -1 =| -2
1 -1 1 -1 -1

As can be seen, the matrix Q' is a pseudo-inverse. Thus, we can obtain the necessary
values of the reference and combination frequencies.

l1l. INFORMATION TRANSMISSION LINE DIAGRAM
Modulation of three-frequency quaternion carrier

We will modulate the three-frequency carrier in the same way as in [6], by multiplying the
information vector x(0)=[x, % X, x,]' by the fundamental matrix (14), which acts as a chan-
nel matrix in the MIMO scheme (1). As a result, we obtain the output modulated vector

Y(@, 05, o,t) = ®(0), 0;, 0, 1)x(0). (19)

Since the channel matrix is the fundamental matrix for the dynamics equation in state space
(11), then, by definition, the information vector x(0) is also the vector of the initial state of the
dynamic system.
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Let's consider the case of a binary information vector x(0) =[+1 +1 +1 J_rl]T.Wewrite
all possible combinations of information vectors in the form of a matrix:
11 1 1 1 1 11 -1-1-1-1-1-1-1-4-1
1111 -1-1-1-111 11 -1-1-1-4-1
x(0) = . (20)
11 -1-11 1 -1-111 -1-11 1 -1-41
1-11 -11-11-11-11 -11 -11 -1
More generally, the initial vector can take on any value in 4D space. A binary vector x(0)
can take on 16 different values. We will depict possible combinations of information vectors as
states in two 3D spaces, as shown in Figures 1 and 2. Positive values of the most significant bit of
the information vector are shown in red in the form of a point mass (charge), and negative values
in blue.

F1-11) G111

(1] [111)

2 2 %
Y
Figure 1. Vectors of information pulses in the form of a  Figure 2. Vectors of information pulses in the form of a
quaternion for positive values of the first element of quaternion for negative values of the first element of
the information vector the information vector

Since the three-frequency matrix is equal to the sum of single-frequency matrices (18), then
modulation by single-frequency matrices will, accordingly, have the form:

V(O 2,0, 0,0 = B, 0,1, DX(O) = y(@, 0, 0, 1) = (21)
=@, (Q;,1)x(0) + ®,(Q,,t)x(0) + ®,4(Q4,1)x(0) + ®,(Q2,,t)x(0) =

=Y, (Q, 1) + Y, (€2,,1) + Y5 (Q3,1) + Y, (€, 1)
Since channel matrix ®(a,, @;,a,t) is orthogonal, the power of the output vector will be

the same as the input one.
Figure 3 shows a visualization of the formation of a modulated signal in a transmitting

device with an information vector of x(0)=[1 1 -1 1]T. The input of the transmitting device

receives binary data pulses 0, 1. This data sequence is converted into bipolar pulses by replacing
0—1 and 1—-1. The first 4 pulses of the bipolar sequence, as they arrive, are converted into a
4D vector by delaying the 1st received pulse by a pulse duration of 3T, the second by 2T, the third
by T, and the last pulse arrives in real time. During the arrival of the 4th pulse, the three-frequency
quaternion carrier is modulated in the form of a 4x4 matrix (14) by multiplying it by the vector of
incoming pulses. Multiplication occurs by four rows of the matrix during the arrival and formation
of the next 4D vector of pulses.

Since a three-frequency matrix is equal to the sum of single-frequency ones (18), modula-
tion is easier to implement by multiplying the vector by single-frequency channel matrices fol-
lowed by summation (21).
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Let us first consider multiplying the information vector by a channel matrix with frequency

Q:
(I)l(Qq’t):

[ cos(Qut)+sin(Qt)  —cos(Eut)+sin(t)  cos(Qut)+sin(€4t) —cos(Qt)+sin(Qt) |
1 —(—cos(ut)+sin(ut))  cos(Qut)+sin(t)  —(—cos(ut)+sin(ut))  cos(yt)+sin(yt)
4| —(cos(t)+sin(yt))  —cos(@t)+sin(@yt)  cos(Qut)+sin(@t)  —(-cos(yt)+sin(yt)) |

| —(—cos(Qut) +sin(Qut)) —(cos(ut)+sin(ut))  —cos(Qut)+sin(yt) cos(Qt) +sin(t)

To obtain modulated elements in real time, i.e., sequentially for each clock period, it is
necessary to represent all the rows in the form of columns, i.e., transpose the matrix, and write
these columns in reverse order:

&)I (1) =
—(—cos(@t) +sin(t))  —(cos(ut)+sin(ut)) —(-cos(ut)+sin(yt)) cos(ut)+sin(yt) |
1 —(cos(ut)+sin(ut))  —cos(ut)+sin(yt) cos(Qt)+sin(Qt)  —cos(Qt)+sin(Qyt)
4 —cos(Qyt)+sin(yt) cos(Qut)+sin(Qt)  —(—cos(Qyt)+sin(Qt)) cos(Qut)+sin(Qt)
cos(ut)+sin(t)  —(-cos(t)+sin(Qt))  cos(t)+sin(Qut)  —cos(Qut) +sin(t) |

As you can see, matrix elements =(cos(Ct)+sin(€4t)) and +(cos(€yt)—sin(Qt)) are conju-

gate oscillations with the initial phase 7/4, 37/4, 5xz/4 and 7xz/4. Thus, when an information

vector is multiplied by a matrix, QPSK modulation occurs.

As shown in Figure 3, simultaneously with the time-sequential multiplication of the infor-
mation vector by the elements of the columns at the duration of the cycle, summation occurs, as a
result of which we obtain oscillations with the corresponding initial state. In 4 clock cycles we
obtain a sequence of modulated oscillations with a frequency with the corresponding initial states
that determine the initial phases of the oscillations.

In the same way, at the same time, we obtain modulated oscillations with frequencies Q,,

Q,, and Q,. As shown in the lower part of Figure 3, modulated oscillations with different fre-

quencies are added in real time, resulting in a vector of elements from combination frequencies:
y(€,€,,05,Q,,t) =Y(@, @), oy, 1) . Since the three-frequency fundamental matrix is orthogonal,

the power of each resulting three-frequency element will be equal to the power of the information
element, i.e. in our case 1. According to (17), the power of each single-frequency element will be
equal to 1/4. Note that for some combinations of information elements we can obtain single-fre-
quency signals not only with phase modulation, but also with amplitude and space modulation.

In the process of obtaining combined oscillations, they enter, according to Figure 3, a
power amplifier and are sequentially emitted into space or transmitted through wires. First, from
right to left, the 1st element of the vector is emitted v, (€2,€Q,,Q5,Q,,t), then the 2nd

¥, (9, 9Q,,Q,, Q1) , 3rd y,(Q,Q,,Q,Q,,t) and 4th y,(Q,,Q,,0Q,,Q,.1).

It is possible to use a separate power amplifier for each single-frequency oscillation, and
summation should be done after amplification. In the process of emitting oscillations, a new infor-
mation vector is formed from newly received impulses and the process is repeated. Thus, the mod-
ulation scheme requires a time delay of 3T.

Demodulation of a three-frequency quaternion carrier

When modulated oscillations from combination frequencies pass through the communica-
tion channel, interference is added to them. As a noise, consider 4D white noise with circular
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symmetry. Let's imagine the interference as a 4D vector and write the received signal (19) or (21)
as:
Y, (€, 9Q,,€Q5,Q,,1) n(t)
Y2(€21,Q,,Q5,Q,,1) N n, (1)
Y3 (€, €2,€Q5,0,1) ny(t)
¥a(€2,€2,,Q5,Q4,1) ns(t)
Just as in [6], demodulation will be carried out using transposed basic single-frequency
matrices. When separating the signal spectra and at a constant spectral density of the interference
power, we obtain that in the signal band for each element of the output vector the interference will

be 4 times less than the total power. That is, the interference dispersion vector when distributing
the interference power over the frequencies of each element can be written as

s(t) = (22)

6’ = %[02 o’ o
axes within each single-frequency element. The circular symmetry of the interference in the form
of white noise means that the noise on the orthogonal coordinate axes is not correlated. Conse-
quently, the interference acting on them is also distributed in power over 4 orthogonal axes and,
accordingly, has 4 times less power. Hence, the vector of interference dispersion acting on a sep-

arate information element, taking into account the distribution over frequencies and orthogonal
T
16[62 62 62 (72] .

Thus, when using the MIMO scheme in a 3-frequency hypercomplex quaternion space, the
power of both the signal and the interference is distributed over 4 frequencies and 4 orthogonal
axes so that each information element and the interference acting on it have a power of 16 times
less and maintain the signal-to-noise ratio (SNR).

In accordance with the theory of optimal reception in white noise, demodulation will be
carried out using transposed basic single-frequency matrices. Let's first consider the demodulation
circuit for combination frequency € = +®; + . Let us decompose the single-frequency

h
2 02] . As stated, 4 information elements are distributed along orthogonal

axes, has the form o?

channel matrix (17) for frequency Q, into basis matrices, which we denote as
EJ (1) =(cos(ut)+sin(t))ET, 1] (Q,t)=(—cos(t)+sin(Qt))IT,  (23)
I (€,t) =(cos(t)+sin(yt))IT, K{ (€,t)=(—cos(t)+sin(t))K".

Since white noise is considered as interference, the optimal receiver for each element is a
correlator. Demodulation will be carried out by multiplying the received vector (22) by transposed
basis matrices (23) with subsequent integration over the pulse duration T. Since during integration
high-frequency components are compensated, at the end of integration the basis matrices (23) will
be orthogonal:

j E,"(Qt)E Ql,t)dt_J' (cos(t) +sin(t)) Edt =E, (24)
o 1T (@ut)1(Qut)dt = (cos(@qt)-sin(eut))’ Edt =E,
[) 97 (Qu.1)3y(@ t)dt = [ (cos(et) +sin(eyt))” Edt =E

[ KT (@)K (Ql,t)dt:J.OT(cos(Qlt)—sin(Qlt))zEdt:

The basis matrices for matrices (17) with frequencies Q, ,Q, ,Q, will also be orthogonal.

The demodulation circuit is shown in Figure 4. As shown in the diagram, multiplication of
the received sequence of elements of vector s(t) (22) by elements of basic single-frequency ma-
trices (23) and their integration (24) with subsequent summation of the results is carried out in real
time. Multipliers and integrators are grouped into 4 groups in accordance with the number of
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Arrival of modulated pulses with noise at the receiver input
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elements in one bus. The first received element s, =y, (Q,,Q,,Q,,Q,,t) + n(t) is fed to
bus 1 and multiplied by the elements of the transposed basis matrices located in the first columns
of the basis matrices. At the same time, we obtain from the first element s, estimates of all 4
elements of information vector x(0).

In Figure 4, the arrows show that from the first bus, the accumulation results are distributed
to the corresponding locations of the pulses on the graph located at the bottom of the basis matrix

E,’ (€3,1). Since the final result of accumulation is important to us, at the end of accumulation all

4 samples are counted and stored in RAM.
Next, the second element s, = y,(,,Q,,€;,Q,,t) + n,(t) arrives and is fed to bus 2. Sim-

ilarly, during the arrival process, it is multiplied by the elements of the basis matrices in the second
columns. At the same time, we also obtain from the second element s, estimates of all 4 elements
of the information vector. In the figure, the arrows show that from the 2nd bus, the accumulation
results are distributed on the graph located at the bottom of the basis matrix I," (y,1). Atthe end

of accumulation, all 4 counts are counted and stored.
The following elements Sy = Y5(€2,9,,95,Q,,1) + ny(t) and

Sy = VY,(9,,9,,Q,,Q,,t) + n,(t) are supplied to buses 3 and 4, and are multiplied by the elements
of the basis matrices in columns 3 and 4, respectively. The results of integration for each matrix
are shown in the figure directly below matrices J," (€;,t) and K, (€y,t). Below is the sum of

the results for the single-frequency fundamental matrix ®,(€2,,t) as a whole.

As can be seen from the diagram, each input element produces 4 outputs and thus the
MIMO scheme is implemented. At the same time, the estimation of each information element
occurs under different noise conditions. Since interference affects signal elements at different
times, they are not correlated. When adding the integration results, the information components
are added by energy, and the interference components are added by power. The signal amplitude
increases 4 times.

Demodulation occurs in a similar way for single-frequency matrices ®,(€2,,t) , ®;(Q,,t)

, @,(Q,,1) . If the frequencies are sufficiently separated, the interference will also be uncorrelated.

As shown at the bottom of Figure 4, when summing up the evaluation results, we obtain a 16-fold
increase in the signal amplitude. Accordingly, the ratio of signal power to noise power will increase
by 16 times. The total results of the readings are sent to the decision device (solver), in which the
received information elements are evaluated.

Diversity of the symbols

The task of the solver is to determine the vector that was transferred from all possible 16
vectors in (20). We will make the decision using the maximum likelihood criterion. In this case,
we must compare the received vector with all possible information vectors (20) using some norm.
To do this, it is necessary to determine the distance between the received vector and all vectors.
We will also present the resulting estimate as a vector X(0) =X(0) +X(0) , where %(0) is the esti-

mation error caused by the noise. We calculate the distance between any pair of vectors as
d,. =2 ||sn||2 —(SpsSy). NM=12,...,16, where (s,,,s,) scalar product of the vector.

In our case, we receive the transmitted vector using the basis matrices with subsequent
addition, leading to an increase in the SNR. Consequently, as a result of adding the estimates of
information vectors, we obtain the amplitude of each information element 4 times greater than the
amplitude of the original element. Consider the scalar product of vectors that differ in one symbol:



14

x =41 -1 1 1] and X,=4-1 -1 1 1]. Minimum distance:

o = V24|84 ]” = (5:5, ) = V21/64—32 =8 As you can see, the minimum distance between vec-

tors has increased 4 times.

As described above, we transmit information vectors in 4D space using matrices (17). From
the point of view of separability of information symbols, it is important to note that the fundamen-
tal matrix (14) is decomposed into basic matrices (17), i.e. is equal to the sum of the basis matrices.
Therefore, when multiplying one of the possible information vectors (20) by the basis matrices E,
I, J, K, we obtain 4 orthogonal information vectors.

Figure 5 shows the corresponding 4 vectors in 3D space obtained after multiplying the

information vector X(0) = [1 -11 1] by the basis matrices when depicting the scalar as a point

mass. Figure 6 shows 4 vectors for the information vector X(0) = [—1 -11 1] , Which differs
from the original vector by the value of the 1st element.

Figure 5. Information vectors obtained from the initial Figure 6 Information vectors obtained from the initial
state vector [1-111] by multiplication by spatial basis state vector [-1-111] by multiplication by spatial basis
matrices matrices

As can be seen from Figures 5, 6, the difference between four spatial vectors in 4D is more
significant than the difference between two vectors that differ only in one symbol, determined by
the scalar product. Let's write these vectors in the form of matrices:

1 -1 1 1 -1 -1 1 1
-1 -1 -1 1 -1 1 -11
I:5 = ' 13 — '
1 1 -1 1 1 1 1 1
1 -1 -1 -1 1 -1 11

where the matrix indices show the column numbers in (20) for the initial state vector, which is
written in the first row.
The matrix data is orthogonal because Fy F; = F,Fs = 4E u F3F,, = FsFj = 4E.

Thus, we are faced with the task of distinguishing not two vectors, but two matrices for
different hypotheses. This problem is solved by calculating the square of the Euclidean norm of
the matrix or the Frobenius norm.

It is shown that all 16 resulting matrices will be orthogonal. The squared Frobenius norm

of these matrices will be ||F, | =16, or tr{F R} =tr{RF | =16 and tr{FiF, | = tr{FsFL} =16
. The squared Frobenius norms for two matrices formed from opposite vectors will be equal -16,
for example, for a matrix F;, and F,; we get tr{FSTFlo} =-16. Having calculated all possible
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Frobenius norms for matrix products, we obtain 4 norms 8, 4 norms -8, 6 norms 0 and 1 norm -16.
Therefore, the minimum distance between norms will be equal to 16 — 8=8.

Thus, we have obtained that the result of calculating the maximum likelihood does not
depend on whether we calculate the distance between two vectors with amplitude 4 times larger
using the scalar product or between two matrices using the Frobenius norm.

Orbits of rotation of the vector of initial states in the three-frequency space

of the quaternion

Of the 16 possible combinations of information bipolar vectors, we have 8 vectors with a
positive scalar part and 8 with a negative one. Figure 7 shows various orbits of rotation of the
scalar part of the quaternion for initial states equal to the numbers of information vectors 1, 3, 10,

12 for reference frequencies f, =6, f,=-2, f,=-1 Hz. The corresponding combination fre-
quenciesare F, =3, F,=5, i,=7, F, =9 Hz. From 16 orbits, identical orbits are selected and

grouped into four with positive and negative scalar parts, such as 1, 6 and 11,16; 2, 3 and 1, 15; 4,
7 and 10, 13; 5, 8 and 9,12. Thus, we got 4 different orbits for 4 different initial states of each.

For a single-frequency quaternion, we also obtained 4 orbits for 4 different initial states of
each [6]. However, a comparison of these orbits with the orbits of a three-frequency quaternion
shows that the orbits of a three-frequency quaternion occupy a significantly larger volume of qua-
ternion space and, as a consequence, the signals have a significantly greater variety. As is known,
the greater the diversity of the signal, the less susceptible it is to interference and the higher the
information transmission speed it is possible to obtain. In the limiting case, when the signal is
similar to white noise and occupies the entire volume, we obtain the throughput [3].

initial state vector X+2=[111 1), k=1 initial state vector x:2«[1 1-11]. k=3
11-11] -

F111)

0.5 -
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X*2s[-11 -1 1), k=12
initial state vector X2=(111-1) k=10 initial state vector X*2=f ) k=

Figure 7. Orbits of rotation of the scalar part of the quaternion

From Figure 7 you can also visually draw the following conclusion. Since in the MIMO
scheme each information pulse will be simultaneously transmitted at different frequencies and at
different times, the influence of frequency selective fading and time selective fading will also be
reduced.

V. CONCLUSION

Thus, in contrast to existing technologies for increasing the capacity of communication
channels using a MIMO scheme with many antennas at the input and output, the proposed tech-
nology using a MIMO scheme in a hypercomplex vector space, which has a patent [12], has sig-
nificant advantages:

Instead of transferring the entire MxM matrix to the space-time code, i.e. channel matrix, a
multi-frequency modulated vector is transmitted, obtained by multiplying the information vector
by the channel matrix. In this case, all phase relationships between elements obtained during mod-
ulation are preserved, and the entire transmitter power is spent on each multi-frequency element
of the vector;

Instead of M antennas for transmission and reception, one antenna is used for transmission
and reception, and the MIMO signal is generated in a multidimensional hypercomplex space,
which significantly reduces the complexity of implementing MIMO schemes and instead of M
antennas, M multipliers and adders are used for transmission and reception;

As the dimension of the MIMO scheme increases, the degree of increase in throughput
does not decrease, as is the case in physical space due to the limitation of its dimension;

There is no need to increase the size of mobile radios and mobile phones when increasing
the MIMO dimension, since there is no need to place multiple antennas in them;

Since the phase relationships are preserved during the formation of the modulated vector,
there is no need to know the phase shift of the signal from M transmitting antennas in each of the
M receiving antennas. Instead of a complex synchronization system with a return channel, only
knowledge of the carrier frequency and phase synchronization with it is required, as in the case of
coherent reception of a one-dimensional signal;

Obtaining a gain in noise immunity of M times allows us to provide the necessary speed of
information transmission in 5G and 6G without the need to switch to the terahertz range and,
accordingly, without reducing the communication range to line-of-sight range;

Without a transition to the terahertz range there will be no significant impact on the human
body, and the technological difficulties of creating electronic elements in this range will not in-
crease;
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The absence of a large crest factor in hypercomplex signals, unlike multi-frequency signals,

does not require an increase in amplifier power;

The use of MIMO in the hypercomplex space allows for increased throughput in wireline

communication systems;

When using the MIMO scheme in hypercomplex space, each multi-frequency pulse con-

tains information about all M information elements, which significantly reduces the impact of fre-
quency and time selective fading.
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