
P
os
te
d
on

21
D
ec

20
20

—
C
C
-B

Y
4.
0
—

h
tt
p
s:
//
d
oi
.o
rg
/1
0.
36
22
7/
te
ch
rx
iv
.1
72
07
57
6.
v
1
—

T
h
is

is
a
p
re
p
ri
n
t.

V
er
si
on

of
R
ec
or
d
av
ai
la
b
le

at
h
tt
p
s:
//
d
oi
.o
rg
/1
0.
10
16
/j
.a
so
c.
20
22
.1
09
62
2

DPb-MOPSO: A Novel Dynamic Pareto bi-level Multi-Objective

Particle Swarm Optimization Algorithm

Ahlem Aboud 1, Nizar Rokbani 2, Raja Fdhila 2, Abdulrahman M. Qahtani 2, Omar
Almutiry 2, habib dhahri 2, Amir Hussain 2, and Adel Alimi 2

1University of Sousse
2Affiliation not available

October 30, 2023

Abstract

Particle swarm optimization system based on the distributed architecture has shown its efficiency for static optimization and

has not been studied to solve dynamic multiobjective problems (DMOPs). When solving DMOP, tracking the best solutions

over time and ensuring good exploitation and exploration are the main challenging tasks. This study proposes a novel Dynamic

Pareto bi-level Multi-Objective Particle Swarm Optimization (DPb-MOPSO) algorithm including two parallel optimization

levels. At the first level, all solutions are managed in a single search space. When a dynamic change is successfully detected,

the Pareto ranking operator is used to enable a multiswarm subdivisions and processing which drives the second level of

enhanced exploitation. A dynamic handling strategy based on random detectors is used to track the changes of the objective

function due to time-varying parameters. A response strategy consisting in re-evaluate all unimproved solutions and replacing

them with newly generated ones is also implemented. Inverted generational distance, mean inverted generational distance,

and hypervolume difference metrics are used to assess the DPb-MOPSO performances. All quantitative results are analyzed

using Friedman’s analysis while the Lyapunov theorem is used for stability analysis. Compared with several multi-objective

evolutionary algorithms, the DPb-MOPSO is robust in solving 21 complex problems over a range of changes in both the Pareto

optimal set and Pareto optimal front. For 13 UDF and ZJZ functions, DPb-MOPSO can solve 8/13 and 7/13 on IGD and HVD

with moderate changes. For the 8 FDA and dMOP benchmarks, DPb-MOPSO was able to resolve 4/8 with severe change on

MIGD, and 5/8 for moderate and slight changes. However, for the 3 kind of environmental changes, DPb-MOPSO assumes 4/8

of the solving function on IGD and HVD.
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 Abstract—Particle swarm optimization system based on the 

distributed architecture has shown its efficiency for static 

optimization and has not been studied to solve dynamic multi-

objective problems (DMOPs). When solving DMOP, tracking the 

best solutions over time and ensuring good exploitation and 

exploration are the main challenging tasks. This study proposes a 

novel Dynamic Pareto bi-level Multi-Objective Particle Swarm 

Optimization (DPb-MOPSO) algorithm including two parallel 

optimization levels. At the first level, all solutions are managed in 

a single search space. When a dynamic change is successfully 

detected, the Pareto ranking operator is used to enable a multi-

swarm subdivisions and processing which drives the second level 

of enhanced exploitation. A dynamic handling strategy based on 

random detectors is used to track the changes of the objective 

function due to time-varying parameters. A response strategy 

consisting in re-evaluate all unimproved solutions and replacing 

them with newly generated ones is also implemented. Inverted 

generational distance, mean inverted generational distance, and 

hypervolume difference metrics are used to assess the DPb-

MOPSO performances. All quantitative results are analyzed using 

Friedman's analysis while the Lyapunov theorem is used for 

stability analysis. Compared with several multi-objective 

evolutionary algorithms, the DPb-MOPSO is robust in solving 21 

complex problems over a range of changes in both the Pareto 

optimal set and Pareto optimal front. For 13 UDF and ZJZ 

functions, DPb-MOPSO can solve 8/13 and 7/13 on IGD and HVD 

with moderate changes. For the 8 FDA and dMOP benchmarks, 

DPb-MOPSO was able to resolve 4/8 with severe change on MIGD, 

and 5/8 for moderate and slight changes. However, for the 3 kind 

of environmental changes, DPb-MOPSO assumes 4/8 of the 

solving function on IGD and HVD.  

 
Index Terms—Dynamic Multi-Objective Optimization, 

Dynamic Particle Swarm Optimization, Dynamic Problems, 

Detectors, Dynamic Response, Friedman Analysis of Variance, 

Lyapunov Theorem. 

I. INTRODUCTION 

YNAMIC Multi-Objective Optimization (DMOO) 

approaches target to solve Dynamic Multi-Objective 

Problems (DMOPs), which may have two or three conflicting 

functions characterized by time-varying objectives, parameters, 

and/or constraints. Farina et al.[1] categorized DMOPs into 

four types. For type I, the Pareto Optimal Set (POS) changes, 

and the Pareto Optimal Front (POF) remains unchanged, while 

for type II both POS and POF change over time. However, the 
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POF changes, and the POS remains constant for DMOPs in type 

III. Finally, for type IV, and despite the environmental changes 

both POS and POF keep unchanged. Multi-Objective 

Evolutionary Algorithms (MOEAs) and bio-inspired intelligent 

techniques like the Genetic Algorithm (GA) [2], and the 

Particle Swarm Optimization (PSO) method [3]– [5] has being 

investigated to manage the evolutionary stagnation issues for 

static single/multi-objective optimization. A set MOEAs has 

being established as suitable for dynamic multi-objective 

optimization in [6] and [8], where proposals were able to find 

the best compromise solutions set on POS and POF, while 

tracking environmental changes.  

Several PSO approaches has been proposed for dynamic 

single-objective optimization problems (DSOPs) [9]. It should 

be noted, that the standard PSO method [3] is not very efficient 

with DMOP because of its limited capacities in addressing the 

dual issue of the outdated memory and the loss of diversity. A 

well-known mechanism to overcome this problem consists in 

using an amount of randomly selected outdated population to 

re-evaluate the values of objectives and constraints. In addition, 

reinitialization and hypermutation have been explicitly used to 

ensure good convergence and diversity in the dynamic search 

space [10], [11]. Nonetheless, genetic and population-based 

strategies on distributed methods are considered for static 

optimization [12] and have not yet been processed for DMOPs. 

Besides, many of the transfer learning-based methods  [13] 

proposed for DMOPs are time-consuming, which increases the 

diminishing of solutions diversity. Furthermore, does not exist 

any approach that uses multi-objective particle swarm 

optimization (MOPSO) with a distributed architecture to solve 

DMOPs. The standard MOPSO [14] algorithm stagnated in 

local optima and loss diversity over time.  

This research focuses on proposing a Dynamic Pareto bi-

level Multi-Objective Particle Swarm Optimization (DPb-

MOPSO). The system adopts a distributed architecture with two 

parallel optimization levels to handle DMOPs with various 

types of changes on POS and POF. For the upper level (𝐿1), the 

swarm acts in a single search space, pushing all particles to the 

best-compromise solutions. Nevertheless, if a dynamic change 

is successfully detected at the first level, the second level 

processing provides exploitation enhancement over a dynamic 

multi-swarm subdivision based on the Pareto ranking operator. 
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DPb-MOPSO proposes a dynamic handling strategy to detect 

and effectively respond to changes. For the detection strategy, 

10% of the randomly selected solutions POS(t) have been used 

as detectors and compared with the previous solutions POS(t-

1). The response strategy consists in re-evaluating all solutions 

with negative improvement and replaced them with new 

random solutions. Solutions with positive progress are 

transferred to build a new population in order to speed up the 

optimization process after changes. Non-dominated solutions 

are then re-evaluated in the archive to avoid outdated memory 

issue. 

The state of the art involves comparable algorithms to the 

novel DPb-MOPSO system based essentially on three metrics 

[11]: Inverted Generational Distance (IGD), Mean Inverted 

Generational Distance (MIGD), and Hypervolume Difference 

(HVD) metrics. Including, five MOEAs, namely Multi-

objective Evolutionary Algorithm Based on Decomposition 

(MOEA/D) [15], dynamic Competitive-cooperative co-

evolutionary Algorithm (dCOEA) [16], Population Prediction 

Strategy (PPS) [17], Dynamic Non-dominated Sorting Genetic 

Algorithm II (DNSGA-II) [18] and Steady-State Generational 

Evolutionary Algorithm (SGEA) [19]. Four PSO-based 

methods which are: Dual multi-objective particle swarm 

optimization (dMOPSO) [20], distributed Multi-Objective 

Particles Swarms Optimization, based on dynamic subdivision 

of the population using Pareto fronts (pbMOPSO) [12] and 

Multi-Objective Particles Swarms Optimization (MOPSO) 

[14], and Dynamic-MOPSO [9]. The six methods based on 

transfer learning [13] are; MMTL-MOEA/D, RIMOEA/D [13], 

KF-MOEA/D [21], PPS-MOEA/D [17], SVR-MOEA/D [22] 

and Tr-MOEA/D [23] approaches. 

The remaining of this paper is organized as follows. Section 

II introduces the overview of dynamic multi-objective 

optimization methods in detail. Section III details the proposed 

DPb-MOPSO. Section IV introduces the preliminary of the 

experimental study. The analysis and discussion of the results 

are shown in Section V. The Lyapunov theorem used for 

stability analysis is presented in Section VI. Finally, Section VII 

summarizes the paper and suggest some prospects for future 

works. 

II. DYNAMIC MULTI-OBJECTIVE OPTIMIZATION 

METHODS 

Several studies were interested in dynamic multi-objective 

optimization at three research levels, and therefore include the 

development of benchmarks, algorithms and quality indicators. 

Generally, a dynamic multi-objective optimization problem 𝑓𝑡 

which has 𝑚 time-varying objective function, and solved by an 

algorithm 𝐺 in a given time period [𝑡𝑏𝑒𝑔𝑎𝑛, 𝑡𝑒𝑛𝑑] by be expressed 

as in Equation 1. 
          Minimize 𝐹(𝑥, 𝑡) = (𝑓1(𝑥, 𝑡), 𝑓2(𝑥, 𝑡), … , 𝑓𝑛𝑚

(𝑥, 𝑡))            (1) 

Subject to: 𝑔𝑖(𝑥, 𝑡) ≤ 0 and ℎ𝑗(𝑥, t) =0 ∀ 𝑖, 𝑗 = 1, … , 𝑛 

𝑥 ∈ [𝑥𝑚𝑖𝑛 , 𝑥𝑚𝑎𝑥], 𝑡 ∈ [𝑡𝑏𝑒𝑔𝑖𝑛, 𝑡𝑒𝑛𝑑] 

Among DMOPs, the following are well used in cooperative 

analysis: three dMOP problems such in [16], five continuous 

FDA functions such in [1]  including dynamic shift on POF and 

POS, five ZJZ (F5 to F10) [17]  with non-linear correlation 

between decision variables, nine Unconstrained Dynamic 

Functions (UDFs) [24] and a set of real-world problems [25].  

Five categories of MOEAs have been also proposed for DMOP 

and classified in Table I. The first category is the standard 

MOEAs designed for static multi-objective optimization and 

considered for DMOP. Among them the Strength Pareto 

Evolutionary Algorithm 2 (SPEA2) [26], Non-dominated 

Sorting Genetic Algorithm II (NSGA-II) [2], MOEA/D [15], 

and dCOEA [16]. 

Furthermore, a set of Transfer Learning-based (TL) methods 

were proposed to construct a predictive model that can learn 

from previous experience to predict future changes. Several TL 

methods have been proposed based on the baseline MOEA/D 

system [15]. When the environment changes, the modified 

MOEA/D algorithm with random initialization (RI-MOEA/D) 

[13] generates 10% of the new population. The Transfer 

Learning-based Dynamic Multi-objective Optimization 

Algorithm (TR-MOEA/D) [23] aims to manage non-

independent, identically distributed solutions. The TR-

MOEA/D algorithm determines the best potential space to 

select the optimal values of numerous hyper-parameters after 

each change. Memory-driven Manifold Transfer Learning 

algorithm (MMTL-MOEA/D) [13] were used to predict the 

initial population based on the elite of the previous solutions. 

The Kalman Filter (KF) prediction model based on MOEA/D 

(KF-MOEA/D) [21] uses a priori estimation to predict the 

posterior experience. An alternative Support Vector Regression 

MOEA/D (SVR-MOEA/D) [22] has also been proposed to 

predict the new population over time. The PPS-MOEA/D 

system was proposed in [17] based on an autoregressive model 

to predict the center point and the manifold based on previous 

experience.  

Moreover, different diversity-based approaches maintain 

population diversity through a re-initialization or a hyper-

mutation behavior after each transition or throughout the 

execution time. DNSGA-II-A and DNSGA-II-B [18] selects a 

random solution, and asses its re-evaluation to monitor any 

environmental change.  The Dynamic Constrained NSGA-II 

(DC-NSGA-II) [27] proposed an adaptive penalty function to 

deal with time-varying constraints. In order to maintain 

diversity over time, the Dynamic-MOPSO system [9] controls 

the evolution of the objective function and reinitializes non 

suitable solutions.  A memory-based method is proposed in 

dynamic Competitive-cooperative co-evolutionary Algorithm 

(dCOEA) [16]. In [28] an Adaptive Dynamic NSGA-II (A-Dy-

NSGA-II) used an additional memory mechanism to implicitly 

or explicitly store outdated individuals for potential use.  

Steady-State Generational Evolutionary Algorithm (SGEA) 

[19] aims to reuse outdated solutions with good distribution to 

relocate solutions closer to the new POF. Different parallel 

methods with multiple sub-populations are used for DMOPs 

such in [8] and [29]. However, a set of performance indicators 

[11] have been considered for accuracy, diversity, and 

robustness measurements.  Ultimately, convergence and 

diversity are measured using IGD, MIGD, and HVD quality 

indicators.  

The PSO approach proposed in this paper tends to overcome 

the limitations of the surveyed MOEAs and the high 

computational time issue of transfer-learning methods when 

solving DMOPs. Despite all the additional mechanisms to 

detect and effectively react to changes, many EAs fail to assume 

good convergence and diversity in the dynamic search space.  

More details about the proposed DPb-MOPSO are presented in 
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the next section.  
TABLE I. DYNAMIC MULTI-OBJECTIVE OPTIMIZATION METHODS REVIEW 

          MOEAs Tested Benchmarks 

 

 

Transfer Learning-based 

Methods 

MMTL-MOEA/D, Jiang et al., (2020) [13] FDA1-5 [1], dMOP1-3 [16] 

SVR-MOEA/D, Cao et al., (2020) [22] FDA1-5 [1], dMOP1-3 [16] and the DF test suite [30] 

TR-MOEA/D, Jiang et al., (2018) [23] dMOP1-3 [16], FDA1-5, DIMP2, DMOP2, HE2,7,9 [1] 

KF-MOEA/D, Muruganantham et al., (2016) [21] FDA1-5 [1], dMOP1-2 [16]and F5-10 [17] 

PPS-MOEA/D, Zhou et al., (2014) [17] FDA1, FDA4 [1] and dMOP1, dMOP2 [16], F5-F8 [17] 

RI-MOEA/D, Jiang et al., (2020) [13] FDA1-5 [1], dMOP1-3 [16] 

 

Diversity-based Approaches 

Dynamic-MOPSO, Aboud et al., (2017) [9] FDA1 [1] and DIMP2, dMOP3 [16] 

DC-NSGA-II, Azzouz et al., (2015) [31] DCTPs test problems [31] 

DNSGA-II-A and DNSGA-II-B, Deb et al., (2007) [18] Modified FDA2 and hydro-thermal scheduling problem[18] 

 

Memory-based Approaches 
A-Dy-NSGA-II, Azzouz et al., (2017) [28] FDA1, FDA2 [1], DMZDT test functions and WYL 

SGEA, Jiang et al., (2016) [19] 5 FDA [1], 6 dMOP [16], 6 ZJZ [17]and 7 UDF [24]. 

dCOEA, Gohet al., (2009) [16] FDA1 [1] and 3 dMOP [16] 

Parallel Approaches DMOEA, Liu et al., (2007) [8] FDA1, modified FDA2, FDA3, FDA4 and FDA5 [1] 

PSFGA, Camara et al., (2007) [29] FDA1 and FDA2 [1] 

Static MOEAs adapted for 

DMOOP 
SPEA2, Kim et al. (2004) [26] 

DSW1, DSW2, DTF, FDA DMOPs [1] MSOPS, Hughes (2003) [32] 

NSGA-II, Deb et al., (2002) [2] 

 

III. THE DYNAMIC PARETO BI-LEVEL MULTI-

OBJECTIVE PARTICLE SWARM OPTIMIZATION 

The proposed Dynamic Pareto bi-level Multi-Objective 

Particle Swarm Optimization (DPb-MOPSO) approach is 

shown in Figure 1. DPb-MOPSO has two optimization levels, 

called the upper (𝐿1) and the lower (𝐿2) levels. These two levels 

include the dynamism handling strategy presented in subsection 

C to detect and effectively respond to changes.  

A. DPb-MOPSO: Upper Level (1.) 

The upper level (𝐿1) starts with a random initialization of the 

position of 𝑁 particles 𝑃𝑖  in swarm 𝑆. Each particle is a 

candidate solution 𝑥𝑖
∗ in 𝑛 dimensional search space. All non-

dominated solutions in 𝐿1  are stored in the leader’s archive 𝐴. 

The global leader 𝑔𝑏𝑒𝑠𝑡 is selected from (𝐴) based on the 

crowding distance operator between two random particles. The 

update of position (𝑋) and velocity (𝑉) at discrete time 𝑡 is 

done based on the best self-experience (𝑝𝑏𝑒𝑠𝑡) as a local 

component and the global experience of all neighbors as a 

global component (𝑔𝑏𝑒𝑠𝑡) using Equations 2 and 3.  

 
                                           𝑋𝑡+1 = 𝑋𝑡 + 𝑉𝑡+1                                             (2) 

 

        𝑉𝑡+1 = 𝑤𝑉𝑡 + 𝑐1𝑟1(𝑝𝑏𝑒𝑠𝑡(𝑡) − 𝑋𝑡) + 𝑐2𝑟2(𝑔𝑏𝑒𝑠𝑡(𝑡) − 𝑋𝑡)    (3) 

 

where; w is the inertia weight, 𝑐1 and 𝑐2 are the acceleration 

coefficients. 𝑟1 and 𝑟2 are two random parameters designed to 

affect the cognitive and social components of each particle is 

detailed in Algorithm 1.  

The detailed process of the first level 𝐿1 is given in Figure 2. 

When a successful dynamic change is detected, the lower level 

(L2) switches to execute Algorithm 2 in parallel with L1. 

The dynamic change detection is checked by comparing the 

current 𝑃𝑂𝑆(𝑡) with the previous 𝑃𝑂𝑆(𝑡 − 1). All changes in 

the DMOPs are known to the algorithm and are checked with a 

periodic 𝜏𝑡 as detailed in subsection C. When each DMOP has 

a time-dependent parameter 𝑇  affected by the frequency 𝜏𝑡  and 

is presented in Equation 4. 

                                            𝑇 =
1

𝑛𝑡
⌊

𝜏

𝜏𝑡
⌋                                     (4) 

where; 𝑛𝑡, and  𝜏 are the severity of the change and the iteration 

counter respectively, ∀ 𝑡 ∈  𝑇𝑚𝑎𝑥 . 

 Algorithm 1: DPb-MOPSO upper level (𝑳𝟏) 

Input: 𝑷𝟎 (swarm of n particles), 𝑵 (size of 𝐩𝟎), 𝑻𝒎𝒂𝒙 (max-iterations), 

𝑷𝑶𝑺(𝒕) and 𝑷𝑶𝑺(𝒕 − 𝟏) solution sets, 𝑨 (Leader’s Archive): 

Output:  Set of non-dominated solutions in the leader’s archive 𝑨 

1. Initialize t = 1, 𝐏𝟎, 𝑨; 

2. While 𝐭 ≤ 𝐓𝐦𝐚𝐱  do: 

3.   If Dynamic Change is detected then: 

4.      Start the switched level 𝑳𝟐 in the Algorithm 2; 

5.   End if 

6.   For 𝐢 =  𝟏 to 𝐍 do 

7.     Select the leader 𝐠𝐛𝐞𝐬𝐭; 

8.     Evaluate the fitness function 𝐅 of each 𝐏𝐢; 

9.     Record the previous solutions set 𝐏𝐎𝐒(𝐭 − 𝟏); 

10.     Select 𝐩𝐛𝐞𝐬𝐭 and gbest; 

11.     Update the positions 𝐗𝐢 and the velocity 𝐕𝐢 using equations 2 and 3; 

    // Apply the dynamism handling strategy. 

12.        For each interval of time = 𝝉𝒕 do: 

       //Select detectors. 

13.       Current population= 10% of 𝐏𝐎𝐒(𝐭) as random detectors; 

14.       Previous population= 10% of their projection in previous POS(t-1); 

15.          For 𝐢 = 𝟎 to |𝐏𝐎𝐒(𝐭)| do: 

              //Change detection strategy. 

16.              Compare fitness function 𝐏𝐎𝐒(𝐭) Vs. 𝐏𝐎𝐒(𝐭 − 𝟏)  

              using strong epsilon dominance operator; 

17.              If 𝐟𝐢(𝐭) ≻  𝐟𝐢(𝐭 − 𝟏) then: 

18.                  Negative change= true; 

19.                  Select 𝐏𝐎𝐒(𝐭) with negative changes; 

20.                  Select 𝐏𝐎𝐒(𝐭) with positive changes; 

                  //Response strategy. 

21.                  Re-initialize all solutions with negative changes in 𝐏𝐎𝐒(𝐭); 

22.                  Construct population 𝐏𝐎𝐒(𝐭 + 𝟏) using positive POS(t); 

23.                  Update 𝑨; 

24.              End if 
25.           End for; 

26.    End for 

27.   Update the leader’s archive 𝑨; 

28.   t++; 

29. End while; 

30. Return the best non-dominated solutions from the archive 𝑨; 
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Fig. 1. The Distributed Flowchart of the Proposed Dynamic Pareto bi-level Multi-Objective Particle Swarm Optimization (DPb-MOPSO) Algorithm. 

 

Fig. 2. The Detailed Steps of DPb-MOPSO in the Upper and Lower Levels. 

In each optimization step, all the optimal solutions 𝑥𝑖
∗ of 𝐿1 

are stored in archive 𝐴, and the epsilon operator is used to 

measure the best approximation to the true POF. Archive 𝐴 is a 

shared component between the two levels, used to select the 

best global leader (gbest).  

B. DPb-MOPSO: Lower Level (𝐿2) 

If Algorithm 1 successfully detects the first dynamic change, 

the lower level (𝐿2) starts. The second level has a distributed 

architecture based on the parallel execution of multiple sub-

swarms of the population 𝑃′ transferred from 𝐿1. Then, apply 

Pareto ranking operator to subdivide P′ into K sub-swarms of 

different sizes. The K sub-swarms are a set of fronts denoted by 

F0, … , Fk−1. Therefore, in order to ensure equality between the 

front sizes, additional individuals are randomly selected from 

the solution set 𝑃𝑂𝑆(𝑡) performed in 𝐿1 and injected into other 

fronts. Moreover, all sub-swarms are optimized in parallel, and 

perform the same process in Figure 2. The K sub-swarms are 
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performed in parallel until the maximum number of iterations 

(Tmax). All non-dominated solutions of 𝐿2 from 𝐾 sub-swarms 

are stored in the archive 𝐴. At the end of the two optimization 

levels, the best non-dominated solutions in archive A are 

generated as the output of the proposal. 

C. DPb-MOPSO: Dynamic Changes Handling Strategy 

Dynamic changes detection aims essentially to help a better 

search process and to prospect any interesting solutions. The 

two steps of dynamism handling of the proposed algorithm are 

listed in lines 12 to 25 in the pseudo-code of Algorithm 1, and 

detailed as follows:  

✓ Step 1: Environment detection strategy: 

 Check the environmental changes after each frequency 𝜏𝑡 is 

equal to 5, 10, and 20 showing severe, moderate, and slight 

changes respectively. All historical values of the previous 

population 𝑃𝑂𝑆(𝑡 − 1) and the current 𝑃𝑂𝑆(𝑡) are recorded at 

each iteration. By selecting 10% of the previous 𝑃𝑂𝑆(𝑡 − 1) as 

random detectors, the comparison process starts after 

evaluation the fitness function F to obtain the new optimized 

population. Then, select 10% of the current mapping solutions 

in 𝑃𝑂𝑆(𝑡) to control their evolution over time. The strong 

dominance operator of the Epsilon-Dominance method is used 

to compare the time-varying behavior of each particle between 

𝑡 and 𝑡 − 1. For all 𝑀 objectives, if 𝑋𝑡 is strictly better than 

𝑋𝑡−1, (𝑋𝑡 ≻ 𝑋𝑡−1) , then the solution 𝑋𝑡 strongly dominates the 

solution 𝑋𝑡−1. 

 

✓ Step 2: Response change strategy:  

If the change is successfully identified, all solutions 𝑃𝑂𝑆(𝑡) 

with negative changes are reinitialized.  In order to assume that 

only solutions with positive effects have good diversity and 

convergence, all detectors with positive changes 𝑃𝑂𝑆(𝑡) are 

transferred to build a new population at 𝑡 + 1. In addition, 

reassess the leader's profile (𝐴) to update all non-dominant 

solutions and overcome the deterioration of research 

capabilities. 

 
Algorithm 2: DPb-MOPSO lower level (𝐋𝟐) 

Input:𝐅𝑲 (set of fronts),  n (size of the front), 𝐓𝐦𝐚𝐱 (maximum iterations), 

𝐏′ (population of 𝐋𝟏), k (number of ranks); 

Output: 𝐀 (leader’s archive); 

1. Select the intermediate population 𝐏′of 𝐋𝟏; 

2. Apply the pareto ranking operator to subdivide 𝐏′  into a set of fronts 

ranked from 𝟎 to 𝐊 − 𝟏 to construct multiple sub-swarms 𝐅𝑲; 

3. Adjust the size of each sub-swarm 𝐅𝑲; 

4. While 𝐭 ≤ 𝐓𝐦𝐚𝐱  do: 

5.   For 𝐊 = 𝟎 to 𝐊 − 𝟏 do: 

6.     Parallel execution of DPb-MOPSO process in Figure 2. 

7.   End for 

8. End while 

9. Store the non-dominated solutions on 𝑨; 

10. Return the best non-dominated solutions in the archive 𝐀; 

 

IV. EXPERIMENTAL STUDY: PRELIMINARIES 

This section presents the empirical study referring to the 

contributions [13] and [19]. The proposed DPb-MOPSO 

approach is compared to six transfer learning-based methods 

[13], five MOEAs [19], and four MOPSO-based approaches [9] 

, [12], [14], [20]. In the following experimentations algorithms 

are executed during 30 independent runs. Each run is executed 

during the maximum number of iterations 𝑇𝑚𝑎𝑥 = 3 × 𝑛𝑡 ×

𝜏𝑡 + 50, where; 𝜏𝑡 is the frequency of change fixed to 5, 10 and 

20 respectively, and 𝑛𝑡  is the severity of the change fixed to 10. 

The Java implementation of the proposed method is done using 

the jMETAL framework [33] on a personal computer with 8 Go 

of Ram, 1 To, and a i7 intel processor. Experimental settings 

are summarized in Table II.  

TABLE II. PARAMETERS SETTINGS OF MOEAs. 

MOPSO, dMOPSO, pbMOPSO, Dynamic-MOPSO and DPb-MOPSO 

Perturbation 

index= 1.0 

Mutation 

probability= 

1.0/number of 

variables 

r1 and r2= rand () 

c1 and c2= rand (1.5, 2.0) 

w= rand (0.1, 0.5) 

 dCOEA, PPS, MOEAD, SGEA, DNSGA-II, TL-methods 

Crossover 

probability=1.0 

Mutation 

distribution= 20 
Crossover distribution= 20 

Common parameters for all algorithms 

Swarm 

size=100 
Archive size=100 Max-iterations= 3 × 𝑛𝑡 × 𝜏𝑡 + 50 

A. Dynamic Multi Objective Benchmarks 

This study concerns 21 benchmarks which are made of:  five 

FDA [1], three dMOP [16], six F(ZJZ) [17], and seven UDF 

[24] functions. Table III lists all DMOPs parameter settings and 

the dynamic nature of POS and POF. 

B. Quality Indicators: 

Three quality indicators are considered for convergence and 

diversity measurement, and therefore include IGD, MIGD, and 

HVD metrics. The small value is the best.  

- IGD is calculated using Equation 5 to measure the minimum 

Euclidean distance 𝑑 between ith points in the generate 𝑃𝑂𝐹 

and the true 𝑃𝑂𝐹∗. 

        **

*

( , )

( , ) =


i POF

d i POF

IGD POF POF
POF

               (5) 

- MIGD is the average of the IGD values computed using 

Equation 6. 

      * *1
( , ) ( , )


= t t t tt T

MIGD POF POF IGD POF POF
T

               (6) 

- The HVD indicator is designed to measure the difference  

hypervolume between the obtained 𝑃𝑂𝐹∗ to the true 𝑃𝑂𝐹∗ 

and presented in equation 7. 

                     
*( ) ( )= −t tHVD HV POF HV POF                    (7) 

 

V. EXPERIMENTAL STUDY:   

RESULTS AND STATISTICAL ANALYSIS 

This section aims to analyse the quantitative results of IGD, 

MIGD and HVD indicators. All mean and standard deviation 

values are reported in the appendix (see Tables VII-X). 

Important values are highlighted in bold and gray.  The 

inferential statistical concept of Friedman’s two-way Analysis 

of Variance (ANOVA) method is used to determine the 

significance level between all tested MOEAs. 
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TABLE III Characteristics and Parameter Settings of DMOPs 
DMOPs Nb.Obj. Nb.Var. Type POS Change 

Nature 

POF Change Nature 

Shift Curvature 

 

FDA 

problems, 

Farina et 

al. [24] 

FDA1 2 20 I  
sinusoidal change 

+ vertical shift 

no change no change + convex 
FDA2 2 15 II vertical + density of solutions changes cyclic change: convex to concave 
FDA3 2 30 II vertical + spread of solutions change cyclic change: convex 
FDA4 3 12 I no change + spread of solutions change no change + nonconvex 
FDA5 3 12 II radius variations + dynamic spread change + nonconvex 

dMOP 

problems, 

Goh et al. 

[9] 

dMOP1 2 10 III no change vertical change: convex to concave 
dMOP2 2 10 II sinusoidal change 

+ vertical shift 
vertical change: convex to concave 

dMOP3 2 10 I sinusoidal change 

+ vertical shift 

no change  no change + convex 

 

ZJZ 

problems, 

Zhou et al. 

[37] 

F5 2 20 II  

 

trigonometric + 
vertical shift 

 

 

vertical 

 

 

change: convex to concave 

F6 2 20 II 
F7 2 20 II 
F8 3 20 II 
F9 2 20 II 
F10 2 20 II 

 

 

 

UDF 

problems, 

Biswas et al. 

[30] 

UDF1 2 10 I trigonometric+ 

vertical shift 

diagonal no change + linear + continuous 

UDF2 2 10 I polynomial+ 

vertical shift 

vertical no change + linear + continuous 

UDF3 2 10 III trigonometric + 

no variation 

diagonal linear + discontinuous 

UDF4 2 10 II trigonometric + 

horizontal shift 

angular shift convex to concave + continuous 

UDF5 2 10 II polynomial + 

vertical shift 

angular shift change: convex to concave + 

continuous 
UDF6 2 10 III trigonometric + 

no variation 

diagonal + angular linear + discontinuous 

UDF7 3 10 III trigonometric + 

no variation 

shifting of the center radius concave + 3D 

A. Results Analysis through Mean and Standard Deviation  

Different configurations were considered on MOEAs to 

demonstrate the impact of changing frequency when solving 

DMOPs. These configurations are implemented for severe, 

moderate, and slight changes based on the constant value of the 

severity of change nt and the variation of the frequency τt. 

1) Results on UDF and F(ZJZ) Problems 

Experimental results in Table VII show that DPb-MOPSO is 

better than DNSGA-II, dCOEA, PPS,  MOEA/D, SGEA, 

MOPSO, dMOPSO , pbMOPSO for solving the majority of 

UDF and F(ZJZ) functions on both IGD and HVD metrics.  The 

13 functions are classified as follows: type I (UDF1, UDF2), 

type II (F5-F10, UDF4, UDF5), and type III (UDF3, UDF6, 

UDF7). In order to show statistically reliable conclusion, we 

use boxplots of the one-way ANOVA test in Figure 3. We can 

conclude that, compared with Dynamic-MOPSO, DPb-

MOPSO is a competitive system with the best convergence on 

IGD and the best distribution on HVD. In detail, the best result 

of DPb-MOPSO on IGD are 8/13 (UDF1, UDF2, UDF4, UDF5, 

UDF6, F5, F6, F8) and 7/13 (UDF1, UDF2, UDF4, UDF5, 

UDF6, F6, F8) are on HVD, while Dynamic-MOPSO is 3/13 

(F7, F9, F10) on IGD and 5/13 (F5, F7, F9, F10, UDF7) on 

HVD. When solving UDF3 on HVD and UDF7 on IGD, there 

is a slight difference between DPb-MOPSO and pbMOPSO. 

Compared with the dMOPSO system, DPb-MOPSO only has 

poor convergence for the UDF3 function on the IGD 

measurement. 

2) Results on FDA and dMOP Problems 

In the case of 8 FDA and dMOP functions, all quantitative 

results of MIGD, IGD and HVD indicators are reported in 

Tables VIII, IX, X respectively with severe, moderate and slight 

changes. In order to facilitate the analysis of the results, the 

boxplots of the one-way ANOVA test are considered in Figures 

4, 5, and 6. In this part of the study, 8 FDA and dMOP 

benchmarks were tested. Most FDA and dMOP functions 

belong to type I (FDA1, FDA4, dMOP3) or types II (FDA2, 

FDA3, FDA5, dMOP2), and only dMOP1 belongs to type III. 

The one-way ANOVA results in Figure 4 determine the 

importance of DPb-MOPSO compared with MMTL-MOEAD,

 KF-MOEAD, PPS-MOEAD, SVR-MOEAD, Tr-MOEAD, 

RI-MOEAD, MOPSO, dMOPSO, pbMOPSO and Dynamic-

MOPSO to solve 8 DMOPs through MIGD metric. Figure 5 and 

Figure 6 have shown the boxplots of the one-way ANOVA test 

of the IGD and the HVD quality indicators. 

 Compared with DNSGA-II, dCOEA, PPS, MOEA/D, SGEA, 

MOPSO, dMOPSO, and pbMOPSO, the DPb-MOPSO method 

is the best to solve 4/8 (FDA2, FDA4, FDA5, dMOP1), 5/8 

(FDA2, FDA3, FDA4, FDA5, dMOP1), and 5/8 (FDA1, FDA3, 

FDA4, FDA5, dMOP1) respectively in the MIGD indicator of 

severe, moderate and slight environmental changes. MOPSO, 

Dynamic-MOPSO and MMLT-MOEAD only have good 

results when solving 2/8 (FDA1, dMOP2), 1/8 (FDA3) and 1/8 

(dMOP3) respectively on the MIGD with severe environmental 

changes. However, MOPSO, dMOPSO and MMLT-MOEAD 

only have the best mean values for FDA1, dMOP2 and dMOP3 

on the MIGD with moderate changes. For slightly change, 

Dynamic-MOPSO, dMOPSO and MMTL-MOEAD are the 

best choices for FDA2, dMOP2 and dMOP3 respectively. 

Using IGD metric with severe changes, DPb-MOPSO aims to 

solve 4/8 (FDA2, FDA3, FDA4, dMOP1), MOPSO has 1/8 

(FDA1), pbMOPSO has 2/8 (FDA5, dMOP2) and dCOEA has 



 

 

7 

1/8 (dMOP3).  For moderate changes, we can conclude that 4/8 

(FDA3, FDA4, FDA5, dMOP3) functions are resolved using 

DPb-MOPSO, 1/8 (FDA1) uses MOPSO, 1/8 (FDA2) uses 

DNSGA-II, 1/8 (dMOP2) uses pbMOPSO and 1/8 (dMOP3) 

uses dCOEA. For slight changes, we can find 4/8 (FDA3, 

FDA4, FDA5, dMOP3) benchmarks are resolved using DPb-

MOPSO, 2/8 (FDA1, FDA2) use MOPSO, 1/8 (dMOP2) use 

pbMOPSO and 1/8 (dMOP3) use dCOEA. Compared with 

MOPSO which aims to solve 1/8 (FDA1), SGEA 1/8 (FDA2), 

pbMOPSO 1/8 (dMOP2) and dCOEA 1/8 (dMOP3), the DPb-

MOPSO system can solve 4/8 (FDA3, FDA4, FDA5, dMOP1) 

functions for the 3 kinds of environmental changes using HVD. 

B. Discussion through Friedman two-way ANOVA Test 

The use of the mean and standard deviation values of the 

quality indicators indicates that they are insufficient to evaluate 

the performance of swarm intelligence algorithms and highlight 

their significance level. For this reason, Friedman’s two-way 

ANOVA ranking test and its Post-hoc procedure [34] are used 

to analyze the results of different environmental changes on 

IGD, MIGD and HVD. Friedman’s two-way ANOVA test is a 

non-parametric alternative to repeated-measures ANOVA. The 

test does not assume a normal distribution to compare multiple 

treatments and determine the level of significance between 

algorithms. First, define the null hypothesis 𝐻0: 𝜇1 = 𝜇𝑖 (there 

is no difference between the means), and the alternative 

hypothesis 𝐻1: 𝜇1 ≠ 𝜇𝑖 (there is a difference).  

If the P-value ≤  𝛼 indicates the statistical significance 

level, then reject the null hypothesis, otherwise we accept 𝐻1, 

where Alpha (𝛼) is equal to 0.05. Friedman’s two-way ANOVA 

ranking is calculated by assigning a ranking value (𝑟𝑖) to each 

algorithm 𝑖 while; 1 is the best result to k, and k is the worst 

result. For a tie case, we assign the average of the rankings. The 

decision rule is defined as the critical value (CV) determined 

according to the chi-Square (𝜒2) table1. The CV value is fixed 

according to the degree of freedom (df) equal to k − 1, where k 

is the number of comparison algorithms and 𝛼 = 0.05. If the 

calculated 𝜒2 is greater than CV, we will reject the null 

hypothesis. In addition, if the calculated P-value is less than 

0.05, we assume that there is a significant difference between 

the test algorithms. 

 

1) Friedman rankings test 

According to Tables IV and V, we can conclude that DPb-

MOPSO is a winner in using IGD to measure FDA, dMOP 

functions for severe and slight environmental changes. 

However, when using the IGD, HVD, and MIGD quality 

indicators, it ranks higher in addressing the moderate 

environmental changes of 21 DMOPs (FDA, dMOP, UDF, and 

ZJZ (F)). Whereas, assuming that the overall statistical 

difference between all tested algorithms is significant, all 

calculated 𝜒2 are greater than CV.  At the 0.05 level of 

significance, all means are not equal. Almost, most P-values 

less than 0.05 represent the assumption of rejecting the null 

hypothesis and assuming that some means are not exactly equal 

and there are significant differences. Furthermore, the null 

hypothesis that there is no difference between means is retained 

for slight changes using the HVD indicator with a P-

 
1 http://uregina.ca/~gingrich/appchi.pdf. 

value=0.207, which is greater than 0.05. Friedman’s ranking 

test detected significant difference between multiple 

comparisons. However, it is difficult to determine which group 

pairs are significantly different. Therefore, Friedman 1 × N 

ANOVA multiple comparisons were considered for the results 

discussion, aiming to compare DPb-MOPSO as a control 

method with other MOEAs. 

TABLE IV. Friedman’s ANOVA Mean Ranks on IGD and HVD for FDA, 

dMOP, F (ZJZ) and UDF. 
Mean Ranks over IGD and HVD 

Dynamic changes Severe 

(τt=5, nt=10) 

Moderate 

(τt=10, nt=10) 

Slight 

(τt=20,nt=10) 

DMOPs FDA, dMOP FDA, dMOP, F(ZJZ), 

UDF 

FDA, dMOP 

QI IGD HVD IGD HVD IGD HVD 

DNSGA-II 8.94 7.25 7.29 6.40 8.25 6.00 

dCOEA 6.44 5.38 7.98 6.52 7.00 6.50 

PPS 8.00 7.25 7.19 6.12 8.00 6.00 

MOEA/D 8.38 7.75 7.74 6.79 7.38 6.88 

SGEA 6.13 4.25 6.10 4.40 5.13 4.25 

MOPSO 3.63 5.94 5.40 7.29 3.19 6.06 

dMOPSO 5.50 6.38 6.31 7.40 5.31 6.81 

pbMOPSO 2.63 4.00 3.21 4.45 5.00 5.00 

Dynamic-MOPSO 3.25 3.63 1.95 2.83 3.25 4.25 

DPb-MOPSO 2.13 3.19 1.83 2.79 2.50 3.25 

Chi-Square 𝛘𝟐 48.77 21.69 113.70 63.19 34.42 12.11 

P-value (𝜶 = 𝟎. 𝟎𝟓) 1.9E-7 0.01 2.6E-2 3.3E-1 8.0E-5 0.21 

Statistically Significant Yes Yes Yes Yes Yes No 

Critical value 16.92 

df 9 

TABLE V. Friedman’s ANOVA Mean Ranks on MIGD for FDA, dMOP. 
Mean Ranks over MIGD 

DMOPs FDA, dMOP 

Dynamic changes Severe 

(τt=5, nt=10) 

Moderate 

(τt=10, nt=10) 

Slight 

(τt=20, nt=10) 

MMTL-MOEA/D  5.63 5.50 5.50 

KF-MOEA/D  9.13 8.63 7.88 

PPS-MOEA/D  8.00 7.25 8.13 

SVR-MOEA/D  8.50 8.00 8.13 

Tr-MOEA/D  9.00 8.88 8.88 

RI-MOEA/D  8.88 9.13 8.38 

MOPSO  3.19 4.13 4.19 

dMOPSO  4.56 6.13 5.06 

pbMOPSO  3.00 3.50 4.38 

Dynamic-MOPSO 3.75 2.88 3.00 

DPb-MOPSO  2.38 2.00 2.50 

Chi-Square 𝛘𝟐 54.29 48.21 39.85 

P-value (𝜶 = 𝟎. 𝟎𝟓) 4.29E-8 5.69E-7 1.80E-5 

Statistically Significant Yes Yes Yes 

Critical value  18.31 

df 10 

2) Friedman 1 × N ANOVA Test 

The Freidman Post-hoc procedure was performed to compare 

group means, and DPb-MOPSO was the control method. The 

Freidman Post-hoc procedure process results in a P-value (PV) 

at the 0.05 significance level that determines the degree of 

rejection of the null hypothesis.  In Table VI, we first consider 

the PV over MIGD metric and compare DPb-MOPSO with six 

methods based on transfer learning and four methods based on 

MOPSO. Note that the sign (+) means that DPb-MOPSO is the 

best algorithm, and (≅) the same significant level is determined. 

Compared with KF-MOEA/D, Tr-MOEA/D, RI-MOEA/D, 

SVR-MOEA/D, PPS-MOEA/D and MMTL-MOEA/D, the 

importance of the DPb-MOPSO system can be observed with 

P-values of all environment changes are all less than 0.05. 

However, it has the same level of significance compared with 

MOPSO, pbMOPSO and Dynamic-MOPSO. In addition, we 

only retained the null hypothesis of the dMOPSO system on 

moderate changes, and compared with DPb-MOPSO, it has the 

same significance for severe and slight changes and MMTL-



 

 

8 

MOEA/D with slight changes. The PV over IGD presents the 

significant difference of DPb-MOPSO compared to DNSGA-

II, MOEA/D, PPS, and dCOEA for all the types of changes. In 

addition, we can infer that there is no difference in p-value 

greater than 0.05, for severe and slight changes between DPb-

MOPSO compared with dMOPSO, MOPSO, pbMOPSO and 

Dynamic-MOPSO. 

 Also, DPb-MOPSO has significant result for moderate 

changes compared to six MOEAs.  Furthermore, the computed 

P-values on HVD metric are greater than 0.05, we retain the 

null hypothesis of no difference between mean values for the 

six MOEAs with slight changes. However, the DPb-MOPSO 

system performs six MOEAs (DNSGA-II, MOEA/D, PPS, 

dCOEA, dMOPSO, MOPSO) in solving DMOPs with 

moderate changes except for the SGEA, pbMOPSO and 

Dynamic-MOPSO approaches have the same importance as the 

proposal. 

TABLE VI. P-values obtained by the post hoc method over the results of 
Friedman procedure with α = 0.05 over MIGD, IGD and HVD. 

 

QI 

 

DPb-MOPSO vs. 
(𝝉𝒕, 𝒏𝒕) 

(5, 10) (10, 10) (20, 10) 

 

 

 
 

 

MIGD 

KF-MOEA/D ≤0.001 + ≤0.001 + 0.001 + 

Tr-MOEA/D ≤0.001 + ≤0.001 + ≤0.001 + 

RI-MOEA/D ≤0.001 + ≤0.001 + ≤0.001 + 

SVR-MOEA/D ≤0.001 + ≤0.001 + 0.001 + 

PPS-MOEA/D 0.001 + 0.002+ 0.001 + 

 MMTL-MOEA/D 0.050 + 0.035 + 0.070 ≅ 

dMOPSO 0.187 ≅ 0.013 + 0.122 ≅ 

MOPSO 0.624 ≅ 0.200 ≅ 0.309 ≅ 

pbMOPSO 0.706 ≅ 0.366 ≅ 0.258 ≅ 

Dynamic-MOPSO 0.407 ≅ 0.598 ≅ 0.763 ≅ 

 

 

 
 

IGD 

DNSGA-II  ≤0.001 + ≤0.001 + ≤0.001 + 

MOEA/D  ≤0.001 + ≤0.001 + 0.001 + 

PPS  ≤0.001 + ≤0.001 + ≤0.001 + 

dCOEA  0.004 + ≤0.001 + 0.003 + 

SGEA  0.008 + ≤0.001 + 0.083 ≅ 

dMOPSO  0.026 + ≤0.001 + 0.063≅ 

MOPSO  0.322 ≅ ≤0.001 + 0.650 ≅ 

pbMOPSO  0.741 ≅ 0.139 ≅ 0.099 ≅ 

Dynamic-MOPSO 0.457 ≅ 0.899 ≅ 0.620 ≅ 

 

 

 
HVD 

DNSGA-II  0.007 + ≤0.001 + The Freidman 

test retained the 

null hypothesis 
of no difference 

between mean 

values with P-

value=0.207> 

0.05. 

 

MOEA/D  0.003 + ≤0.001 + 

PPS  0.007 + ≤0.001 + 

dCOEA  0.148 ≅ ≤0.001 + 

SGEA  0.483 ≅ 0.083 ≅ 

dMOPSO  0.035 + ≤0.001 + 

MOPSO  0.069 ≅ ≤0.001 + 

pbMOPSO  0.591 ≅ 0.074 ≅ 

Dynamic-MOPSO 0.773 ≅ 0.959 ≅ 

+: DPb-MOPSO is the best algorithm, ≅: DPb-MOPSO has the same 

significant level compared to other MOEAs (significance level is 0.05). 

In conclusion, and in regards to the state-of-the-art methods, the 

proposed DPb-MOPSO has shown its importance compared 

with other MOPSO-based methods. In addition, compared with 

the new DPb-MOPSO, the MOPSO-based system is the most 

competitive. But they failed to resolve multiple DMOPs, thus 

demonstrating the utility and importance of using dynamic 

processing strategies for two-stage optimization to detect and 

effectively respond to changes. However, the DPb-MOPSO 

algorithm also failed in some test problems with the 

characteristics of time-varying spread, dynamic density of the 

solution, shifting of the center point and a discontinuous POF. 

the DPb-MOPSO may requires an additional mechanism to 

detect the dynamic density of the POS and effectively respond 

to it and assume good distribution using the HVD measurement. 

 
(a) 

 
(b) 

Fig. 3. ANOVA Boxplot on (a) IGD and (b) HVD with Moderate 

Environmental Changes for UDF and F(ZJZ) functions. 

 
(a) 

 
(b) 

 
(c) 

Fig. 4. ANOVA Multiple Comparison on MIGD with (a) Severe, (b) Moderate, 

and (c) Slight Environmental Changes for FDA and dMOP functions. 
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(a) 

 
(b) 

 
(c) 

Fig. 5. ANOVA Multiple Comparison on IGD with (a) Severe, (b) Moderate, 

and (c) Slight Environmental Changes for FDA and dMOP functions 

 

 
(a) 

 
(b) 

 
(c) 

Fig. 6. ANOVA Multiple Comparison on HVD with (a) Severe, (b) Moderate, 
and (c) Slight Environmental Changes for FDA and dMOP functions. 

VI. STABILITY ANALYSIS USING LYAPUNOV 

THEOREM 

The stability analysis is an important aspect of analyzing the 

robustness of dynamic systems. The Lyapunov theorem 

proposed by Alexandr Mikhailovich Lyapunov [35] is a well-

known stability analysis mechanism. The theorem aims to 

measure the growth of the initial values over time, and the small 

differences from one instance to another is called the Lyapunov 

Exponent (LE). In addition, LE can grow to a very large 

differences to indicate the speed at which two initially close 

dynamics diverge or converge. A positive value of LE indicates 

divergence, while a negative value indicates convergence in 

phase space. In [36], the difference between two points 𝑡𝑖 and 

𝑡𝑗 is denoted by 𝑡𝑖 , 𝑡𝑖+1, … , 𝑡𝑖+𝑛  and 𝑡𝑗, 𝑡𝑗+1, … , 𝑡𝑗+𝑛. The 

distance 𝑑(𝑘) between the two sequences after 𝑘 steps is 

calculated using the following formula: 𝑑(𝑘) = |𝑡𝑖+𝑘 − 𝑡𝑗+𝑘| to 

measure the convergence and divergence using the Lyapunov 

Exponent. If the system is chaotic, 𝑑(𝑘) will rise exponentially 

with 𝑘. Therefore, we can compute and plot 𝑙𝑛 𝑑(𝑘)  vs 𝑘 to 

estimate the Lyapunov Exponent (LE). When the value of LE 

is very small and close over time, this state indicates that the 

system is stable and reaches the same solution over time. 

 In this study, we considered a set of IGD values of 30 

independent runs of the DPb-MOPSO algorithm, where 𝑛𝑡 and 

𝜏𝑡 are equal to 10. The independent IGD values are calculated 

using the smallest Euclidean distance 𝑑𝑖 between 𝑖𝑡ℎ points in 

the generated 𝑃𝑂𝐹 and the true 𝑃𝑂𝐹∗ over time 𝑡. The stability 

analysis through Lyapunov Exponent is computed using 

ln(𝐼𝐺𝐷()). Figure 7 shows the spectrum of the Lyapunov 

Exponents of F, UDF, FDA, and dMOP functions. Moreover, 

we can conclude that the Lyapunov exponents for all tested 

problems are under zero with negative values assuming that the 

system converges over time. The spectrum of the Lyapunov 

exponent indicates the stability of DPb-MOPSO with negative 

values of LE. All location points determine the fast 

convergence of DPb-MOPSO to all tested problems. 

 
Fig. 7. Spectrum Lyapunov Exponent of DPb-MOPSO for F(ZJZ), UDF, FDA 

and dMOP Problems. 

VII. CONCLUSION  

This study presents a novel Dynamic Pareto bi-level Multi-

Objective Particle Swarm Optimization (DPb-MOPSO) 
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algorithm for solving different types of DMOPs (I, II and III). 

The proposed DPb-MOPSO has a distributed architecture with 

two optimization levels, including dynamic handling strategy 

that effectively detects and responds to changes.  In contrast to 

several MOEAs, Friedman's two-way ANOVA test is used to 

evaluate the proposed DPb-MOPSO. Based on statistical 

analysis (at 0.05 significance level), DPb-MOPSO proved to be 

a more robust algorithm because it can ensure a good trade-off 

between convergence and diversity in a time-dependent 

environment. Further, the spectrum of Lyapunov exponents has 

shown to be an efficient tool for analyzing periodic motions and 

stability analysis in dynamical systems. The superiority of the 

proposed method is observed when handling DMOPs with two 

or three objectives including different types of changes in POS 

and POF. In conclusion, this study proves the novelty and 

robustness of DPb-MOPSO in solving dynamic multi-objective 

problems. However, these characteristics have yet to be 

explored for problems with more than three objectives. For 

future work, we will further enhance the proposed approach for 

DMOPs with dynamic spread and time-varying density of the 

solutions as well as for pertinent feature selection in real-world 

problem. 

APPENDICES 

See Tables VII, VIII, IX and X below. 
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TABLE VII. Mean and Standard Deviation Values of all MOEAs over IGD and HVD for UDF, F Functions with Moderate Environmental Changes (𝜏𝑡= 𝑛𝑡= 10). 

Prob. QI Val. 
tested Algorithms of Jiang et al. [15] Additional Tested MOPSO based Algorithms 

DNSGA-II dCOEA PPS MOEA/D SGEA MOPSO dMOPSO pbMOPSO Dynamic-MOPSO DPb-MOPSO 

 

 

UDF1 

HVD 
M. 

Std. 

5.14E-1 

3.2E-2 

7.47E-1 

3.8E-2 

7.97E-1 

5.2E-2 

6.12E-1 

9.4E-2 

5.18E-1 

5.0E-2 

2.99E+0 

1.2E-5 

2.99E+0 

1.1E-7 

5.78E-3 

3.0E-4 

5.01E-3 

1.8E-5 

4.65E-3 

1.7E-4 

IGD 
M. 

Std. 

1.07E-1 

2.4E-2 

2.91E-1 

2.3E-2 

2.67E-1 

2.2E-2 

1.70E-1 

5.1E-2 

1.24E-1 

3.3E-2 

5.52E-3 

8.2E-11 

5.52E-3 

1.0E-10 

9.26E-5 

5.3E-6 

4.97E-5 

4.1E-7 

4.64E-5 

3.1E-6 

 

 
UDF2 

HVD 
M. 

Std. 

5.51E-1 

2.4E-2 

6.13E-1 

2.8E-2 

4.32E-1 

1.9E-2 

5.42E-1 

1.7E-2 

5.10E-1 

2.5E-2 

2.99E+0 

9.5E-6 

2.99E+0 

1.1E-7 

5.80E-3 

3.3E-4 

5.01E-3 

1.9E-5 

4.66E-3 

2.7E-4 

IGD 
M. 

Std. 

1.12E-1 

1.0E-2 

1.83E-1 

2.0E-2 

2.54E-2 

5.0E-3 

1.16E-1 

9.5E-3 

8.95E-2 

1.3E-2 

5.53E-3 

1.6E-10 

5.53E-3 

0.0E+0 

9.36E-5 

5.9E-6 

4.94E-5 

4.6E-7 

4.67E-5 

3.0E-6 

 

 

UDF3 

HVD 
M. 

Std. 

1.22E+0 

1.9E-3 

1.23E+0 

7.0E-2 

1.73E+0 

3.1E-4 

1.22E+0 

2.4E-3 

1.22E+0 

2.4E-3 

5.05E-3 

1.4E-5 

5.04E-3 

1.1E-7 

4.50E-3 

2.4E-4 

4.92E-3 

7.1E-6 

4.63E-3 

2.4E-4 

IGD 
M. 

Std. 
6.06E-1 
3.3E-6 

6.51E-1 
7.7E-2 

4.55E+0 
1.1E+0 

6.06E-1 
6.3E-5 

6.06E-1 
7.4E-6 

1.52E-5 
8.1E-8 

1.48E-5 

5.6E-10 
6.17E-5 
3.8E-6 

4.55E-5 
3.7E-7 

4.73E-5 
2.9E-6 

 

 

UDF4 

HVD 
M. 

Std. 

3.47E-1 

8.3E-2 

5.06E-1 

3.7E-2 

3.77E-1 

2.1E-2 

6.41E-1 

1.9E-1 

3.32E-1 

7.1E-2 

2.44E-2 

1.8E-5 

2.39E-2 

1.6E-7 

2.33E-3 

3.2E-4 

6.78E-3 

1.1E-4 

6.97E-4 

2.8E-4 

IGD 
M. 

Std. 

1.70E-1 

4.7E-2 

2.87E-1 

2.8E-2 

1.85E-1 

8.2E-3 

3.19E-1 

1.3E-1 

1.68E-1 

4.4E-2 

8.18E-5 

2.1E-8 

8.18E-5 

1.8E-10 

6.36E-5 

3.2E-6 

5.21E-5 

1.0E-6 

4.81E-5 

1.8E-6 

 

 

UDF5 

HVD 
M. 

Std. 

2.78E-1 

2.5E-2 

3.98E-1 

3.3E-2 

2.70E-1 

1.5E-2 

3.65E-1 

2.7E-2 

2.72E-1 

1.8E-2 

2.44E-2 

1.7E-5 

2.39E-2 

1.5E-7 

2.24E-3 

2.7E4 

6.74E-3 

1.4E-4 

6.49E-4 

2.8E-4 

IGD 
M. 

Std. 

1.18E-1 

1.2E-2 

2.05E-1 

3.5E-2 

2.89E-2 

1.3E-2 

1.61E-1 

1.4E-2 

1.00E-1 

1.1E-2 

8.21E-5 

1.6E-8 

8.21E-5 

2.0E-10 

6.38E-5 

3.1E-6 

5.14E-5 

1.3E-6 

4.68E-5 

2.2E-6 

 

 

UDF6 

HVD 
M. 

Std. 

9.34E-1 

1.5E-1 

1.26E+0 

7.2E-2 

1.83E+0 

1.0E-2 

1.21E+0 

1.4E-1 

9.77E-1 

2.0E-1 

3.96E+2 

6.7E-3 

3.99E+2 

3.6E-2 

1.50E-2 

1.8E-2 

1.83E-2 

9.7E-3 

5.86E-3 

1.6E-3 

IGD 
M. 

Std. 

4.57E-1 

8.7E-2 

8.04E-1 

1.0E-1 

1.34E+0 

7.1E-2 

5.31E-1 

1.6E-1 

6.68E-1 

2.0E-1 

2.88E+0 

2.3E-6 

2.88E+0 

1.8E-6 

8.63E-4 

4.5E-4 

1.93E-3 

2.5E-4 

4.05E-4 

1.2E-4 

 

 

UDF7 

HVD 
M. 

Std. 

2.40E+0 

7.4E-2 

1.91E+0 

1.7E-1 

2.06E+0 

5.4E-2 

2.32E+0 

2.4E-1 

2.06E+0 

1.2E-1 

4.62E+0 

3.0E-2 

1.57E+1 

5.6E-1 

1.93E+0 

1.2E-1 

1.43E-1 

1.2E-1 

1.93E+0 

1.2E+0 

IGD 
M. 

Std. 

5.24E-1 

2.2E-2 

8.40E-1 

6.4E-2 

6.68E-1 

4.4E-2 

5.08E-1 

1.4E-1 

5.08E-1 

4.2E-2 

3.73E-1 

2.3E-6 

3.81E-1 

7.7E-3 

1.27E-4 

1.6E-5 

1.93E-3 

3.0E-4 

7.58E-4 

4.8E-5 

 

 
F5 

HVD 
M. 

Std. 

1.25E+0 

2.5E-2 

1.10E+0 

1.6E-1 

4.01E-1 

9.9E-2 

1.19E+0 

2.9E-2 

7.16E-1 

8.2E-2 

4.73E+3 

9.7E+29 

5.23E+3 

9.7E+2 

1.31E+0 

1.2E+0 

4.86E-2 

6.4E-2 

2.99E-1 

2.4E-1 

IGD 
M. 

Std. 
7.82E-1 
3.9E-2 

8.01E-1 
2.2E-1 

2.69E-1 
4.3E-2 

6.88E-1 
4.1E-2 

4.41E-1 
4.5E-2 

4.80E+0 
8.2E-2 

6.62E+0 
0.0E+0 

9.71E-3 
5.8E-3 

2.75E-3 
8.9E-4 

2.72E-3 

6.5E-4 

 
 

F6 

HVD 
M. 

Std. 
4.76E-1 
3.7E-2 

9.22E-1 
1.0E-1 

4.92E-1 
1.5E-1 

5.75E-1 
7.5E-2 

3.60E-1 
2.5E-2 

9.86E+3 
1.4E+30 

1.53E+1 
1.2E+2 

1.19E+1 
1.8E+1 

8.87E-2 
2.5E-1 

5.99E-2 

5.5E-2 

IGD 
M. 

Std. 

3.02E-1 

2.1E-2 

6.57E-1 

1.3E-1 

2.60E-1 

6.5E-2 

3.44E-1 

5.6E-2 

2.90E-1 

1.3E-2 

6.73E-1 

3.6E-3 

6.95E-1 

1.8E-3 

5.76E-2 

1.9E-2 

1.53E-3 

1.9E-3 

1.49E-3 

4.1E-4 

 

 

F7 

HVD 
M. 

Std. 

6.49E-1 

1.0E-2 

1.22E+0 

1.5E-1 

4.49E-1 

1.4E-1 

6.50E-1 

2.8E-2 

6.05E-1 

1.5E-2 

7.07E+3 

6.0E+3 

1.13E+3 

0.0E+0 

1.05E+1 

1.5E+1 

3.63E-1 

6.0E-1 

5.07E+0 

1.4E+1 

IGD 
M. 

Std. 

4.19E-1 

6.9E-3 

1.56E+0 

6.0E-1 

2.63E-1 

7.1E-2 

4.18E-1 

6.0E-2 

4.47E-1 

1.0E-2 

4.00E-1 

1.5E-4 

4.26E-1 

1.3E-8 

2.96E-2 

7.3E-3 

6.41E-3 

2.3E-3 

9.97E-3 

5.9E-3 

 

 

F8 

HVD 
M. 

Std. 

1.06E+0 

4.6E-2 

8.85E-1 

1.2E-1 

1.34E+0 

1.0E-1 

1.06E+0 

6.6E-2 

4.57E-1 

3.2E-2 

1.67E+4 

1.7E+4 

1.34E+4 

1.1E+4 

5.85E-3 

2.7E-3 

3.84E-2 

4.4E-3 

4.55E-3 

1.2E-3 

IGD 
M. 

Std. 

4.86E-1 

1.3E-2 

4.00E-1 

6.7E-2 

4.56E-1 

3.1E-2 

5.49E-1 

2.3E-2 

2.51E-1 

1.4E-1 

1.15E-3 

8.1E-5 

6.27E-3 

7.2E-4 

3.41E-4 

1.4E-5 

6.84E-4 

2.4E-5 

1.93E-4 

5.1E-6 

 

 

F9 

HVD 
M. 

Std. 

8.87E-1 

3.4E-2 

1.07E+0 

1.9E-1 

6.88E-1 

7.7E-2 

8.58E-1 

4.6E-2 

5.76E-1 

7.0E-2 

4.98E+3 

8.4E+29 

2.62E+3 

9.7E-5 

1.45E+0 

1.1E+0 

8.42E-2 

1.0E-1 

2.22E-1 

3.5E-1 

IGD 
M. 

Std. 

4.74E-1 

2.1E-2 

8.87E-1 

3.3E-1 

3.59E-1 

4.4E-2 

4.29E-1 

2.4E-2 

3.65E-1 

3.4E-2 

1.46E+0 

1.1E-1 

1.99E+0 

0.0E+0 

9.65E-3 

3.4E-3 

1.86E-3 

7.2E-4 

2.99E-3 

1.3E-3 

 

 
F10 

HVD 
M. 

Std. 

1.22E+0 

5.0E-2 

8.58E-1 

8.8E-2 

5.38E-1 

1.2E-1 

1.05E+0 

5.9E-2 

5.77E-1 

2.3E-2 

1.23E+3 

1.2E+3 

1.98E+3 

0.0E+0 

1.33E+0 

1.0E+0 

6.69E-2 

6.0E-2 

2.85E-1 

2.1E-1 

IGD 
M. 

Std. 

1.05E+0 

1.5E-1 

5.76E-1 

8.1E-2 

3.79E-1 

8.7E-2 

6.39E-1 

8.6E-2 

3.80E-1 

1.3E-2 

1.29E+0 

1.9E-2 

1.76E+0 

5.2E-8 

7.53E-3 

3.0E-3 

2.35E-3 

5.9E-4 

3.02E-3 

8.4E-4 
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TABLE VIII. Mean and Standard Deviation Values over MIGD for FDA and dMOP Functions with Severe, Moderate and Slight Environmental Changes. 

Prob. (𝜏𝑡, 𝑛𝑡) Values Transfer Learning-based Methods Tested in [14] MOPSO-based Methods 

MMTL-MOEA/D KF-MOEA/D PPS-MOEA/D SVR-MOEA/D Tr-MOEA/D RI-MOEA/D MOPSO dMOPSO pbMOPSO Dynamic-

MOPSO 

DPb-MOPSO 

 

 

FDA1 

(5,10) M. 

Std. 

0.1214 

1.07E-1 

0.4670 

3.38E-1 

0.2485 

1.40E-1 

0.3745 

3.12E-1 

0.3381 

2.14E-1 

0.3166 

3.58E-1 

1.97E-4 

3.6E-6 

5.85E-04 

2.2E-5 

1.13E-2 

4.6E-3 

8.77E-3 

3.6E-3 

1.68E-2 

8.1E-3 

(10,10) M. 

Std. 

0.1199 

7.93E-2 

0.2659 

1.23E-1 

0.2141 

1.22E-1 

0.2332 

1.66E-1 

0.3592 

3.41E-1 

0.2733 

1.83E-1 

1.74E-4 

1.4E-7 

5.52E- 4 

3.8E-6 

5.94E-3 

3.3E-3 

1.40E-3 

8.1E-4 

1.72E-3 

9.7E-4 

(20,10) M. 

Std. 

0.0658 

3.64E-2 

0.1635 

9.12E-2 

0.1018 

1.25E-1 

0.2168 

2.03E-1 

0.1778 

2.47E-1 

0.1959 

2.36E-1 

1.84E-4 

6.1E-6 

5.22E-4 

1.6E-7 

8.80E-3 

6.7E-3 

1.79E-4 

1.6E-4 

1.00E-4 

1.1E-4 

 

 

FDA2 

(5,10) M. 

Std. 

0.0740 

3.53E-2 

0.1695 

6.51E-2 

0.1023 

1.09E-1 

0.2062 

1.66E-1 

0.1241 

4.72E-2 

0.2127 

1.49E-1 

8.97E-3 

7.4E-04 

4.35E-2 

2.9E-5 

3.46E-3 

8.7E-4 

4.01E-3 

1.0E-3 

3.27E-3 

8.6E-4 

(10,10) M. 

Std. 

0.0842 

3.34E-2 

0.1906 

7.00E-2 

0.1200 

2.00E-1 

0.1965 

1.31E-1 

0.1243 

4.27E-2 

0.2528 

1.34E-1 

8.30E-3 

6.1E-4 

3.61E-2 

2.2E-6 

3.41E-3 

5.6E-4 

3.06E-3 

1.1E-3 

2.88E-3 

1.1E-3 

(20,10) M. 

Std. 

0.0662 

3.63E-2 

0.1335 

4.02E-2 

0.0719 

9.86E-2 

0.1810 

1.88E-1 

0.0785 

3.37E-2 

0.1678 

1.44E-1 

7.92E-3 

1.9E-4 

3.61E-2 

2.2E-3 

7.27E-3 

2.0E-3 

1.95E-3 

6.3E-4 

2.54E-3 

8.1E-4 

 

 
FDA3 

(5,10) M. 

Std. 

0.1428 

1.11E-1 

0.2685 

2.66E-1 

0.3142 

2.14E-1 

0.2250 

1.81E-1 

0.2925 

2.44E-1 

0.3493 

4.27E-1 

2.50E-2 

4.9E-5 

9.52E-2 

7.0E-2 

2.47E-2 

2.2E-2 

9.26E-3 

3.4E-3 

1.52E-2 

5.6E-3 

(10,10) M. 
Std. 

0.0914 
9.77E-2 

0.1429 
7.49E-2 

0.2072 
1.38E-1 

0.1994 
1.93E-1 

0.252 
2.75E-1 

0.2530 
3.05E-1 

3.32E-2 
9.7E-6 

9.50E-2 
6.2E-2 

2.83E-2 
2.8E-2 

5.54E-3 
2.9E-3 

3.96E-3 

1.7E-3 

(20,10) M. 

Std. 

0.0749 

5.08E-2 

0.1349 

1.02E-1 

0.2286 

1.76E-1 

0.1409 

1.94E-1 

0.1442 

8.24E-2 

0.1361 

7.58E-2 

3.28E-2 

2.1E-5 

1.02E-1 

6.9E-2 

1.35E-1 

9.8E-2 

1.48E-2 

1.0E-2 

8.36E-3 

5.7E-3 

 

 

FDA4 

(5,10) M. 

Std. 

0.1523 

9.67E-2 

0.1578 

7.21E-2 

0.2114 

1.48E-1 

0.1866 

7.83E-2 

0.2335 

1.21E-1 

0.1702 

4.11E-2 

2.92E-3 

9.6E-5 

5.93E-2 

1.4E-3 

8.48E-4 

4.7E-4 

9.31E-4 

1.3E-4 

3.44E-4 

2.7E-5 

(10,10) M. 

Std. 

0.1594 

5.77E-2 

0.1311 

4.03E-2 

0.1848 

1.75E-1 

0.1709 

5.15E-2 

0.2180 

1.05E-1 

0.1787 

8.33E-2 

1.81E-3 

5.0E-5 

4.18E-2 

3.9E-3 

1.28E-3 

5.3E-4 

5.78E-4 

4.1E-5 

1.43E-4 

8.2E-6 

(20,10) M. 

Std. 

0.1336 

3.89E-2 

0.125 

4.06E-2 

0.1765 

2.02E-1 

0.1234 

2.36E-2 

0.1998 

9.90E-2 

0.1253 

2.66E-2 

1.92E-3 

2.0E-6 

4.19E-2 

2.2E-3 

5.62E-3 

1.8E-3 

4.34E-4 

1.5E-5 

9.60E-5 

5.7E-6 

 

 

FDA5 

(5,10) M. 

Std. 

0.2081 

6.47E-2 

0.2683 

8.65E-2 

0.2036 

7.28E-2 

0.2120 

1.05E-1 

0.1737 

4.19E-2 

0.2184 

1.01E-1 

3.88E-2 

3.1E-4 

1.42E-1 

1.3E-2 

6.62E-3 

1.4E-3 

1.05E-2 

1.8E-3 

8.16E-3 

1.2E-3 

(10,10) M. 

Std. 

0.1892 

5.19E-2 

0.2369 

7.79E-2 

0.2305 

1.04E-1 

0.1862 

9.43E-2 

0.1752 

4.89E-2 

0.2140 

1.01E-1 

2.87E-2 

2.1E-5 

9.97E-2 

8.3E-3 

1.50E-2 

9.4E-3 

3.30E-3 

7.1E-4 

1.88E-3 

2.8E-4 

(20,10) M. 

Std. 

0.1642 

6.06E-2 

0.1818 

5.76E-2 

0.1895 

8.11E-2 

0.1729 

9.00E-2 

0.1879 

4.56E-2 

0.1968 

7.64E-2 

5.10E-2 

1.8E-3 

1.64E-1 

9.6E-3 

2.35E-2 

1.0E-2 

1.77E-3 

3.2E-4 

7.48E-4 

6.6E-5  

 

 

dMOP1 

(5,10) M. 

Std. 

0.0589 

3.82E-2 

0.1857 

9.13E-2 

0.1269 

2.37E-1 

0.2237 

8.15E-2 

0.2345 

6.53E-2 

0.2421 

1.33E-1 

3.35E-3 

5.1E-7 

3.35E-3 

1.0E-6 

1.76E-4 

1.4E-5 

1.04E-4 

3.4E-6 

1.02E-4 

5.0E-6 

(10,10) M. 

Std. 

0.0543 

5.52E-2 

0.1565 

7.39E-2 

0.0965 

2.18E-1 

0.3266 

1.99E-1 

0.2507 

8.15E-2 

0.2734 

1.46E-1 

2.48E-3 

2.6E-7 

1.59E-2 

1.3E-2 

1.97E-4 

2.2E-5 

8.40E-5 

1.7E-6 

6.46E-5 

2.5E-6 

(20,10) M. 
Std. 

0.0252 
9.00E-3 

0.1145 
5.03E-2 

0.0690 
1.95E-1 

0.1938 
1.25E-1 

0.1204 
9.13E-2 

0.1606 
1.63E-1 

3.47E-3 
1.1E-6 

3.47E-3 
4.0E-7 

1.35E-4 
8.6E-6 

7.67E-5 
1.1E-6 

5.51E-5 

1.6E-6 

 

 

dMOP2 

(5,10) M. 

Std. 

0.0494 

1.59E-2 

0.2258 

1.31E-1 

0.1265 

1.34E-1 

0.1302 

8.99E-2 

0.1311 

6.02E-2 

0.1505 

1.58E-1 

1.77E-4 

1.9E-6 

1.72E-2 

1.7E-2 

1.62E-3 

3.5E-3 

4.11E-3 

5.1E-3 

3.88E-3 

6.0E-3 

(10,10) M. 

Std. 

0.0717 

4.20E-2 

0.1646 

8.01E-2 

0.1102 

1.00E-1 

0.1142 

8.98E-2 

0.1157 

6.03E-2 

0.1586 

1.33E-1 

1.53E-4 

1.2E-7 

1.50E-4 

1.9E-8 

3.70E-4 

8.6E-5 

5.64E-4 

3.8E-5 

6.44E-4 

7.8E-5 

(20,10) M. 

Std. 

0.0261 

8.53E-3 

0.120 

8.70E-2 

0.0771 

1.12E-1 

0.0541 

4.82E-2 

0.0795 

4.89E-2 

0.0609 

4.64E-2 

1.50E-4 

2.1E-7 

1.49E-4 

1.6E-7 

2.81E-4 

1.1E-4 

2.35E-3 

9.6E-4 

2.36E-3 

8.9E-4 

 

 

dMOP3 

(5,10) M. 

Std. 

0.0593 

3.10E-2 

0.1132 

8.72E-2 

0.1136 

8.84E-2 

0.0987 

7.16E-2 

0.1203 

4.29E-2 

0.0729 

3.87E-2 

7.83E-2 

2.8E-3 

8.85E-2 

3.7E-3 

1.10E-1 

1.6E-2  

2.18E-1 

7.2E-2 

8.56E-2 

3.3E-2 

(10,10) M. 

Std. 

0.0683 

4.26E-2 

0.1431 

5.58E-2 

0.0736 

6.38E-2 

0.0897 

4.56E-2 

0.1057 

5.18E-2 

0.0850 

5.68E-2 

1.59E-1 

8.8E-3 

1.88E-1 

6.9E-3 

9.63E-2 

2.4E-2 

1.04E-1 

3.0E-2 

7.69E-2 

1.3E-2 

(20,10) M. 

Std. 

0.0260 

5.56E-3 

0.0730 

4.91E-2 

0.0563 

6.87E-2 

0.0510 

3.52E-2 

0.0575 

3.22E-2 

0.0401 

2.57E-2 

6.38E-1 

1.8E-3 

9.05E-1 

3.3E-2 

1.58E-1 

3.1E-2 

3.47E-1 

4.1E-2 

1.62E-1 

5.1E-2 
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TABLE IX. Mean and Standard Deviation Values of all MOEAs over IGD for FDA and dMOP Functions with Severe, Moderate and Slight Environmental Changes. 
Prob. (𝜏𝑡, 𝑛𝑡) Values tested Algorithms of Jiang et al. [15] MOPSO-based Algorithms 

DNSGA-II dCOEA PPS MOEA/D SGEA MOPSO dMOPSO pbMOPSO Dynamic-MOPSO DPb-MOPSO 

 
FDA1 

(5, 10) M. 
Std. 

6.40E-1 
9.8E-2 

6.36E-2 
1.1E-2 

2.08E-1 
8.4E-2 

3.56E-1 
4.9E-2 

3.41E-2 
8.0E-3 

6.05E-5 

2.0E-6 

1.68E-4 
8.8E-6 

1.13E-2 
4.6E-3 

8.77E-3 
3.6E-3 

1.68E-2 
8.1E-3 

(10, 10) M. 

Std. 

5.82E-2 

3.8E-3 

4.13E-2 

6.5E-3 

4.27E-2 

1.9E-2 

1.21E-1 

1.1E-2 

1.48E-2 

2.0E-3 

5.19E-5 

1.1E-6 

1.45E-4 

5.1E-6 

5.94E-3 

3.3E-3 

1.40E-3 

8.1E-4 

1.72E-3 

9.7E-4 

(20, 10) M. 
Std. 

4.14E-2 
4.2E-3 

2.39E-2 
2.2E-3 

1.62E-2 
7.9E-3 

4.04E-2 
2.2E-3 

7.55E-3 
1.4E-3 

3.90E-5 

4.8E-7 

1.11E-4 
2.4E-6 

8.80E-3 
6.7E-3 

1.79E-4 
1.6E-4 

1.00E-4 
1.1E-4 

 

FDA2 

(5, 10) M. 

Std. 

2.85E-2 

2.4E-3 

7.28E-2 

3.8E-2 

8.13E-2 

3.0E-2 

8.40E-2 

1.3E-2 

1.50E-2 

1.6E-3 

7.00E-3 

1.2E-3 

4.18E-2 

1.7E-3 

3.46E-3 

8.7E-4 

4.01E-3 

1.0E-3 

3.27E-3 

8.6E-4 

(10, 10) M. 
Std. 

1.68E-3 

9.0E-4 
4.73E-2 
3.3E-2 

6.35E-2 
1.0E-2 

3.38E-2 
8.8E-3 

9.11E-3 
6.3E-4 

4.16E-3 
4.7E-4 

2.32E-2 
1.4E-3 

3.41E-3 
5.6E-4 

3.06E-3 
1.1E-3 

2.88E-3 
1.1E-3 

(20, 10) M. 

Std. 

6.51E-3 

5.26E-4 

3.24E-2 

4.60E-2 

6.27E-2 

9.07E-3 

1.64E-2 

4.99E-3 

6.32E-3 

4.07E-4 

1.43E-3 

2.0E-5 

6.46E-3 

3.1E-4 

7.27E-3 

2.0E-3 

1.95E-3 

6.3E-4 

2.54E-3 

8.1E-4 

 
FDA3 

(5, 10) M. 
Std. 

2.63E-1 
6.0E-2 

2.63E-1 
3.5E-2 

4.43E-1 
1.1E-1 

2.47E-1 
2.3E-2 

6.25E-2 
3.8E-2 

4.23E-2 
1.3E-4 

5.19E-2 
3.6E-2 

2.47E-2 
2.2E-2 

9.26E-3 
3.4E-3 

1.52E-2 

5.6E-3 

(10, 10) M. 

Std. 

1.08E-1 

3.3E-2 

1.95E-1 

3.2E-2 

2.19E-1 

1.8E-2 

1.30E-1 

2.5E-2 

4.03E-2 

2.9E-2 

3.97E-2 

3.6E-5 

5.68E-2 

4.4E-2 

2.83E-2 

2.8E-2 

5.54E-3 

2.9E-3 

3.96E-3 

1.7E-3 

(20, 10) M. 
Std. 

9.03E-2 
2.8E-3 

1.26E-1 
3.1E-2 

1.92E-1 
2.4E-2 

5.45E-2 
8.3E-3 

3.52E-2 
2.9E-2 

3.47E-2 
5.2E-6 

4.84E-2 
3.5E-2 

1.35E-1 
9.8E-2 

1.48E-2 
1.0E-2 

8.36E-3 

5.7E-3 

 

FDA4 

(5, 10) M. 

Std. 

1.49E+0 

1.2E-1 

1.62E-1 

6.1E-3 

3.07E-1 

1.9E-2 

1.36E+0 

1.6E-1 

4.60E-1 

6.6E-2 

6.19E-4 

1.8E-5 

1.28E-2 

1.7E-3 

8.48E-4 

4.7E-4 

9.31E-4 

1.3E-4 

3.44E-4 

2.7E-5 

(10, 10) M. 
Std. 

7.63E-1 
4.4E-2 

1.24E-1 
4.5E-3 

2.11E-1 
2.0E-2 

5.77E-1 
5.4E-2 

1.83E-1 
6.6E-3 

6.20E-4 
1.6E-5 

1.25E-2 
1.8E-3 

1.28E-3 
5.3E-4 

5.78E-4 
4.1E-5 

1.43E-4 

8.2E-6 

(20, 10) M. 

Std. 

2.62E-1 

1.6E-2 

1.03E-1 

1.7E-3 

1.79E-1 

3.0E-3 

2.22E-1 

1.3E-2 

1.26E-1 

1.5E-3 

3.82E-4 

1.4E-5 

8.17E-3 

1.2E-3 

5.62E-3 

1.8E-3 

4.34E-4 

1.5E-5 

9.60E-5 

5.7E-6 

 
FDA5 

(5, 10) M. 
Std. 

1.76E+0 
1.0E-1 

4.33E-1 
4.6E-2 

6.55E-1 
3.1E-2 

1.57E+0 
1.3E-1 

5.23E-1 
3.3E-2 

2.50E-2 
1.8E-4 

7.21E-2 
6.0E-3 

6.62E-3 

1.4E-3 
1.05E-2 
1.8E-3 

8.16E-3 
1.2E-3 

(10, 10) M. 

Std. 

1.02E+0 

5.4E-2 

3.62E-1 

4.0E-2 

4.80E-1 

3.5E-2 

8.19E-1 

6.0E-2 

3.62E-1 

8.5E-3 

2.16E-2 

2.0E-4 

6.08E-2 

3.6E-3 

1.50E-2 

9.4E-3 

3.30E-3 

7.1E-4 

1.88E-3 

2.8E-4 

(20, 10) M. 
Std. 

4.88E-1 
1.2E-2 

3.10E-1 
2.7E-2 

3.71E-1 
1.2E-2 

4.07E-1 
1.4E-2 

3.09E-1 
2.2E-3 

1.42E-2 
1.3E-4 

3.89E-2 
3.5E-3 

2.35E-2 
1.0E-2 

1.77E-3 
3.2E-4 

7.48E-4 

6.6E-5 

 

dMOP1 

(5, 10) M. 

Std. 

1.31E-1 

1.1E-2 

6.95E-2 

1.4E-2 

4.15E-1 

7.4E-1 

1.36E-2 

9.0E-3 

1.12E-2 

8.1E-3 

4.06E-3 

2.8E-7 

4.39E-3 

1.8E-3 

1.76E-4 

1.4E-5 

1.04E-4 

3.4E-6 

1.02E-4 

5.0E-6 

(10, 10) M. 
Std. 

8.83E-3 
5.0E-3 

3.93E-2 
6.2E-3 

5.09E-2 
9.3E-2 

9.39E-3 
4.3E-3 

8.24E-3 
5.3E-3 

2.02E-3 
2.2E-7 

2.29E-3 
1.4E-3 

1.97E-4 
2.2E-5 

8.40E-5 
1.7E-6 

6.46E-5 

2.5E-6 

(20, 10) M. 

Std. 

7.39E-3 

3.2E-3 

1.88E-2 

2.3E-3 

4.39E-2 

8.4E-2 

7.17E-3 

2.7E-3 

6.54E-3 

3.0E-3 

2.71E-3 

1.3E-7 

2.71E-3 

1.0E-7 

1.35E-4 

8.6E-6 

7.67E-5 

1.1E-6 

5.51E-5 

1.6E-6 

 

dMOP2 

(5, 10) M. 

Std. 

6.87E-1 

7.5E-2 

1.20E-1 

2.0E-2 

1.56E-1 

1.8E-2 

4.91E-1 

4.1E-2 

3.02E-2 

3.4E-3 

1.59E-3 

6.0E-7 

4.19E-3 

6.6E-3 

1.62E-3 

3.5E-3 

4.11E-3 

5.1E-3 

3.88E-3 

6.0E-3 

(10, 10) M. 

Std. 

1.18E-1 

9.4E-3 

7.32E-2 

8.9E-3 

4.28E-1 

1.7E-2 

1.88E-1 

1.9E-2 

1.21E-2 

5.7E-4 

6.33E-4 

2.0E-6 

2.95E-3 

8.7E-3 

3.70E-4 

8.6E-5 

5.64E-4 

3.8E-5 

6.44E-4 

7.8E-5 

(20, 10) M. 

Std. 

1.57E-1 

6.70E-4 

3.46E-2 

4.32E-3 

2.02E-2 

2.49E-3 

5.63E-2 

3.91E-3 

6.32E-3 

1.74E-4 

1.92E-3 

3.7E-7 

2.70E-3 

4.2E-3 

2.81E-4 

1.1E-4 

2.35E-3 

9.6E-4 

2.36E-3 

8.9E-4 

 

dMOP3 

(5, 10) M. 

Std. 

5.62E-1 

3.9E-2 

4.95E-2 

4.8E-3 

1.76E-1 

8.0E-2 

3.42E-1 

1.9E-2 

1.81E-1 

9.6E-2 

9.13E-1 

2.9E-1 

1.19E+0 

5.2E-2 

1.10E-1 

1.6E-2 

2.18E-1 

7.2E-2 

8.56E-2 

3.3E-2 

(10, 10) M. 

Std. 

2.00E-1 

1.5E-2 

2.95E-2 

2.4E-3 

1.13E-1 

1.2E-2 

1.68E-1 

1.0E-2 

1.32E-1 

1.3E-2 

2.67E-1 

2.0E-2 

2.95E-1 

4.2E-3 

9.63E-2 

2.4E-2 

1.04E-1 

3.0E-2 

7.69E-2 

1.3E-2 

(20 ,10) M. 

Std. 

1.07E-1 

8.50E-3 

1.63E-2 

1.71E-3 

8.99E-2 

6.74E-3 

6.27E-2 

4.37E-3 

8.15E-2 

1.25E-2 

5.04E+0 

2.7E+0 

8.88E+0 

1.9E-1 

1.58E-1 

3.1E-2 

3.47E-1 

4.1E-2 

1.62E-1 

5.1E-2  
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TABLE X. Mean and Standard Deviation Values of all MOEAs over HVD for FDA and dMOP Functions with Severe, Moderate and Slight Changes. 

Prob. (τt, nt) Val. Tested Algorithms of Jiang et al. [15] MOPSO-based Algorithms 

DNSGA-II dCOEA PPS MOEA/D SGEA MOPSO dMOPSO pbMOPSO Dynamic-MOPSO DPb-MOPSO 

 
FDA1 

(5, 10) M. 
Std. 

8.70E-1 
7.5E-2 

1.25E-1 
2.4E-2 

3.87E-1 
1.0E-1 

7.70E-1 
9.4E-2 

8.14E-2 
2.0E-2 

3.83E-3 

1.6E-4 

4.48E-3 
6.3E-5 

1.14E-1 
5.2E-2 

1.51E-1 
5.2E-2 

1.56E-1 
6.9E-2 

(10, 10) M. 

Std. 

1.36E-1 

1.7E-2 

8.52E-2 

2.0E-2 

2.97E-1 

1.6E-2 

2.88E-1 

2.9E-2 

3.81E-2 

1.4E-2 

4.14E-3 

6.4E-5 

4.56E-3 

4.0E-5 

1.03E-1 

6.0E-2 

6.22E-2 

3.3E-2 

6.65E-2 

3.7E-2 

(20, 10) M. 
Std. 

3.55E-2 
1.3E-2 

5.46E-2 
1.6E-2 

2.84E-1 
1.5E-2 

1.34E-1 
9.2E-3 

2.02E-2 
1.2E-2 

4.30E-3 

3.6E-5 
4.65E-3 
1.7E-5 

8.36E-2 
6.9E-2 

6.67E-3 
7.7E-3 

6.57E-3 
1.3E-2 

 

FDA2 

(5, 10) M. 

Std. 

4.71E-2 

1.4E-2 

1.85E-1 

6.4E-2 

3.21E-1 

6.7E-2 

1.30E-1 

2.5E-2 

2.54E-2 

1.3E-2 

8.99E+0 

8.5E-1 

9.96E+0 

1.4E+0 

6.75E+0 

9.9E+0 

3.04E+0 

2.9E+0 

8.83E+0 

9.7E+0 

(10, 10) M. 
Std. 

2.05E-2 
1.4E-2 

1.24E-1 
4.6E-2 

2.66E-1 
1.4E-2 

6.29E-2 
1.8E-2 

1.67E-2 

1.4E-2 

8.54E+0 
3.2E-1 

9.72E+0 
1.4E+0 

1.60E+1 
6.4E+0 

2.55E+0 
1.6E+0 

1.29E+1 
1.5E+1 

(20, 10) M. 

Std. 

1.33E-2 

1.4E-2 

8.64E-2 

7.0E-2 

2.55E-1 

9.4E-3 

3.24E-2 

1.4E-2 

1.23E-2 

1.4E-2 

8.43E+0 

1.8E-2 

8.19E+0 

1.1E+0 

8.80E+0 

1.3E+1 

1.23E+0 

7.4E-1 

7.70E+0 

8.8E+0 

 
FDA3 

(5, 10) M. 
Std. 

1.54E+0 
1.6E-1 

1.45E+0 
8.5E-2 

1.75E+0 
1.8E-1 

1.66E+0 
7.8E-2 

9.80E-1 
1.0E-1 

4.86E-1 
8.2E-3 

4.27E-1 
2.6E-1 

2.62E-1 
1.6E-1 

1.13E-1 
6.3E-2 

9.59E-2 

6.4E-2 

(10, 10) M. 

Std. 

1.09E+0 

9.9E-2 

1.32E+0 

7.7E-2 

1.16E+0 

4.6E-2 

1.12E+0 

9.3E-2 

9.24E-1 

8.2E-2 

5.62E-1 

6.5E-4 

5.27E-1 

1.9E-1 

3.21E-1 

2.3E-1 

8.48E-2 

5.0E-2 

5.69E-2 

3.2E-2 

(20, 10) M. 
Std. 

1.04E+0 
7.9E-2 

1.15E+0 
6.6E-2 

1.03E+0 
7.4E-2 

9.47E-1 
2.2E-2 

9.11E-1 
8.1E-2 

5.54E-1 
2.1E-4 

4.13E-1 
3.6E-1 

5.74E-1 
2.7E-1 

2.64E-1 
1.8E-1 

1.26E-1 

1.1E-1 

 

FDA4 

(5, 10) M. 

Std. 

2.05E+0 

2.0E-1 

3.80E-1 

2.6E-2 

7.77E-1 

6.8E-2 

3.97E+0 

1.6E+0 

1.03E+0 

1.3E-1 

4.17E-2 

4.6E-3 

6.51E+1 

7.3E+0 

3.23E-2 

4.8E-2 

2.13E-2 

1.1E-2 

3.20E-3 

1.5E-3 

(10, 10) M. 
Std. 

1.58E+0 
6.6E-2 

2.70E-1 
3.5E-2 

4.34E-1 
7.2E-2 

1.24E+0 
1.3E-1 

2.74E-1 
2.4E-2 

4.26E-2 
5.0E-3 

6.92E+1 
8.2E+0 

3.11E-2 
4.3E-2 

2.28E-2 
7.6E-3 

3.00E-3 

8.7E-3 

(20, 10) M. 

Std. 

5.48E-1 

5.7E-2 

1.80E-1 

2.4E-2 

3.34E-1 

8.3E-3 

4.34E-1 

5.0E-2 

1.44E-1 

2.0E-2 

4.41E-2 

4.0E-3 

7.01E+1 

8.5E+0 

1.16E-1 

6.7E-2 

4.57E-2 

1.2E-2 

3.39E-3 

5.9E-3 

 

FDA5 

(5, 10) M. 

Std. 

6.75E+0 

1.9E-1 

2.76E+0 

2.8E-1 

3.88E+0 

3.1E-1 

7.08E+0 

1.0E+0 

2.70E+0 

2.2E-1 

6.38E-1 

6.1E-1 

9.97E-1 

5.5E+0 

2.78E-1 

1.2E-1 

2.72E-1 

8.3E-2 

1.20E-1 

7.8E-2 

(10, 10) M. 

Std. 

5.41E+0 

1.6E-1 

2.37E+0 

2.7E-1 

2.19E+0 

3.9E-1 

4.80E+0 

2.6E-1 

1.88E+0 

9.3E-2 

8.66E-1 

6.7E-1 

5.97E-1 

3.8E+0 

5.18E-1 

4.5E-1 

1.03E-1 

6.9E-2 

1.47E-2 

9.5E-3 

(20, 10) M. 
Std. 

2.64E+0 
1.1E-1 

2.02E+0 
1.8E-1 

1.04E+0 
1.1E-1 

2.15E+0 
1.0E-1 

1.78E+0 
7.1E-2 

1.51E+0 
5.4E-1 

1.47E+0 
5.4E+0 

1.24E+0 
7.2E-1 

3.62E-2 
3.7E-2 

7.10E-3 

6.3E-3 

 

dMOP1 

(5, 10) M. 

Std. 

3.93E-2 

3.81E-2 

1.73E-1 

3.3E-2 

2.86E-1 

3.6E-1 

4.64E-2 

3.6E-2 

3.75E-2 

2.5E-2 

3.29E-1 

9.9E-5 

3.07E-1 

1.2E-1 

3.77E-3 

5.7E-4 

1.21E-3 

4.3E-4 

1.02E-3 

3.7E-4 

(10, 10) M. 
Std. 

2.28E-2 
2.0E-2 

1.12E-1 
2.0E-2 

9.27E-2 
1.3E-1 

2.57E-2 
1.5E-2 

1.90E-2 
1.4E-2 

3.29E-1 
5.9E-5 

3.29E-1 
3.3E-5 

2.03E-3 
1.0E-3 

2.53E-3 
3.4E-4 

3.41E-4 

2.1E-4 

(20, 10) M. 

Std. 

1.71E-2 

1.4E-2 

5.65E-2 

8.1E-3 

6.02E-2 

8.1E-2 

1.59E-2 

7.9E-3 

1.80E-2 

1.3E-2 

3.29E-1 

3.6E-5 

3.29E-1 

1.7E-5 

3.07E-3 

5.6E-4 

3.49E-3 

2.2E-4 

8.94E-4 

1.8E-4 

 

dMOP2 

(5, 10) M. 

Std. 

8.06E-1 

1.1E-1 

3.03E-1 

4.9E-2 

3.95E-1 

3.9E-2 

9.04E-1 

7.3E-2 

8.71E-2 

1.9E-2 

1.08E-1 

8.2E-5 

1.98E-2 

2.2E-1 

1.32E-2 

2.4E-2 

1.33E-1 

8.0E-2 

1.08E-1 

2.5E-2 

(10, 10) M. 

Std. 

2.90E-1 

2.5E-2 

2.07E-1 

2.4E-2 

1.17E-1 

4.3E-2 

4.46E-1 

4.2E-2 

3.59E-2 

1.1E-2 

1.08E-1 

6.1E-5 

8.61E-2 

1.2E-1 

1.80E-3 

1.2E-3 

1.08E-1 

2.9E-2 

1.16E-1 

5.2E-3 

(20, 10) M. 

Std. 

4.50E-2 

1.2E-2 

1.09E-1 

1.5E-2 

5.65E-2 

6.2E-3 

1.98E-1 

1.4E-2 

1.85E-2 

1.1E-2 

1.08E-1 

3.3E-5 

8.57E-2 

1.2E-1 

4.73E-3 

1.8E-3 

7.98E-2 

4.0E-2 

6.65E-2 

4.7E-2 

 

dMOP3 

(5, 10) M. 

Std. 

9.51E-1 

3.4E-2 

1.05E-1 

1.6E-2 

4.22E-1 

1.5E-2 

7.61E-1 

5.3E-2 

4.07E-1 

2.4E-2 

1.13E+1 

1.2E+0 

1.10E+1 

1.3E-1 

1.89E+0 

6.2E-1 

3.57E-1 

4.0E-1 

1.42E-1 

1.4E-1 

(10, 10) M. 

Std. 

4.74E-1 

2.8E-2 

6.57E-2 

1.3E-2 

2.79E-1 

2.7E-2 

4.54E-1 

2.8E-2 

3.18E-1 

2.9E-2 

2.49E+0 

1.1E+0 

2.63E+0 

2.8E-1 

1.04E+0 

5.0E-1 

1.74E+1 

3.0E-1 

1.69E+1 

3.1E+0 

(20, 10) M. 

Std. 

2.76E-1 

2.5E-2 

3.63E-2 

1.3E-2 

2.21E-1 

1.5E-2 

2.87E-1 

2.0E-2 

2.15E-1 

3.0E-2 

1.63E+1 

1.9E+0 

1.73E+1 

1.3E-1 

2.44E+0 

7.2E-1 

1.58E+1 

3.0E+0 

1.55E+1 

3.8E+0 

 


