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Abstract

Global Navigation Satellite Systems (GNSS) have been the primary positioning solution for Unmanned Aerial Vehicles (UAVs)

due to their worldwide coverage, high precision, and lightweight receivers. However, GNSS is prone to electromagnetic inter-

ference and malicious assaults, including jamming or spoofing because of its low signal-to-noise ratio (SNR). Using redundant

navigation systems is essential to ensure the continuity and protection of UAV operations. In recent years, the phased array

radio system (PARS) has established itself as a local navigation solution. PARS is robust towards malicious assaults because

of a much higher SNR than GNSS regarding directed and encrypted transmission. An essential factor of PARS is that the

orientation of the radio antenna at a ground station needs to be precisely determined to obtain the correct positioning of

UAVs. This paper presents a method for extending a previously proposed calibration algorithm to estimate the ground antenna

orientation with an inertial navigation system (INS) aided by redundant positioning sensors (GNSS, PARS, or barometer) using

a multiplicative extended Kalman filter (MEKF) so that the calibration can be activated during flights whenever GNSS is avail-

able. In other words, the proposed navigation system is essentially an aided-INS that switches between two modes depending

on the availability of GNSS: calibration and GNSS aiding mode when GNSS is available (Mode 1) and PARS and barometer

aiding mode when GNSS is unavailable (Mode 2). Considering that the navigation system needs to include the effect of Earth’s

curvature for a long-distance flight, PARS horizontal measurement and the barometer measurement were treated independently,

and the navigation equations were propagated in Earth Centred Earth Fixed (ECEF) frame. The independent treatment of

barometer measurement, and the propagation in ECEF frame were also beneficial when using multiple ground antennas to have

a common reference point and reference frame. The proposed method was validated using data (Inertial Measurement Unit

(IMU), GNSS, PARS, Pixhawk autopilot (including barometer) measurements) collected during a field test. In the validation,

GNSS was made available at the middle of the flight and the calibration mode was activated for 200s. The proposed navigation

system successfully estimated the precise orientation of multiple ground antennas and the navigation solutions were verified

using GNSS and Pixhawk autopilot solutions as ground truth.
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Abstract

Global Navigation Satellite Systems (GNSS) has been the primary posi-
tioning solution for Unmanned Aerial Vehicles (UAVs) due to their
worldwide coverage, high precision and lightweight receivers. How-
ever, GNSS is prone to electromagnetic interference and malicious
assaults, including jamming or spoofing because of its low signal-
to-noise ratio (SNR). To ensure the continuity and protection of
UAV operations, using redundant navigation systems is essential. In
recent years, the phased array radio system (PARS) has established
itself as a local navigation solution. PARS is robust towards mali-
cious assaults because of an much higher SNR than GNSS regarding
directed and encrypted transmission. An essential factor of PARS is
that the orientation of the radio antenna at a ground station needs
to be precisely determined to obtain the correct positioning of UAVs.
This paper presents a method for extending a previously proposed cal-
ibration algorithm to estimate the ground antenna orientation with an
inertial navigation system (INS) aided by redundant positioning sensors
(GNSS, PARS or barometer) using a multiplicative extended Kalman fil-
ter (MEKF) so that the calibration can be activated during flights when-
ever GNSS is available. In other words, the proposed navigation system
is essentially an aided-INS which switches between two modes depending
on the availability of GNSS: calibration and GNSS aiding mode when
GNSS is available (Mode 1) and PARS and barometer aiding mode when
GNSS is unavailable (Mode 2). Considering that the navigation sys-
tem needs to include the effect of Earth’s curvature for a long-distance
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flight, PARS horizontal measurement and the barometer measurement
were treated independently, and the navigation equations were propa-
gated in Earth Centred Earth Fixed (ECEF) frame. The independent
treatment of barometer measurement, and the propagation in ECEF
frame were also beneficial when using multiple ground antennas to have a
common reference point and reference frame. The proposed method was
validated using data (Inertial Measurement Unit (IMU), GNSS, PARS,
Pixhawk autopilot (including barometer) measurements) collected dur-
ing a field test. In the validation, GNSS was made available at the
middle of the flight and the calibration mode was activated for 200 s.
The proposed navigation system successfully estimated the precise ori-
entation of multiple ground antennas and the navigation solutions were
verified using GNSS and Pixhawk autopilot solutions as ground truth.

Keywords: Global navigation satellite systems (GNSS), Unmanned aerial
vehicles (UAV), Phased array radio system (PARS), Inertial navigation
system (INS), Multiplicative extended Kalman filter (MEKF)

1 Introduction

Global Navigation Satellite Systems (GNSS) have been the prime solution
for Unmanned Aerial Vehicle (UAV) navigation systems. This solution has
some attractive features like global coverage, light receivers, high precision,
and low cost. However, due to its low signal-to-noise ratio (SNR), GNSS is
prone to natural, unintentional and malicious service interruptions or failures,
such as jamming [1] and spoofing [2]. Moreover, a single error could affect the
performance or disable the positioning service.

The use of a redundant and GNSS-free positioning solution solves these
problems. Thus, establishing a reliable alternative positioning solution to
GNSS is becoming increasingly important for more frequent UAV use, espe-
cially for beyond the line of sight (BLOS) flights. In recent years, the phased
array radio system (PARS) has proven its potential with small UAVs, [3–6].
Although PARS is primarily used as a high-bandwidth radio communication
link, it can also be used for position determination [4]. The heavily encrypted
communication built into this system compensates for the lack of security in
commercially available GNSS solutions by a much higher SNR. However, the
downside of PARS is that it requires a radio link and is less accurate than
standard GNSS solutions, [3–6].

In terms of cybersecurity and the need for a GNSS-free solution, PARS as
a navigation system for small UAVs has been a subject of continuous research
for several years. In an earlier phase of the previous work, a non-linear observer
was used for the PARS-aided inertial navigation system (INS) [4], and spoof-
ing detection and mitigation in combination with GNSS- and PARS-aided INS
[5]. In more recent work, PARS-aided INS was implemented using the Multi-
plicative Extended Kalman Filter (MEKF) [7, 8]. The method was changed to
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MEKF as it can couple estimation errors between all states and make use of
the cross-covariance between states when fusing inertial and PARS measure-
ments [6, 9]. Although the precise estimate of the ground antenna orientation
was necessary for accurate positioning in PARS, in previous work, this was
done manually, either by measuring position and attitude with a GNSS receiver
and compass or by manually aligning PARS with the GNSS position in a
post-process analysis. Thus, in the most recent work, an automatic calibration
algorithm to precisely estimate the full pose of a PARS ground antenna was
implemented, also using MEKF [10].

1.1 Main contributions

The main idea of this paper is to enhance the calibration algorithm developed
in [10]. The major improvements are the following:

• The standalone calibration algorithm was integrated with the MEKF-
based aided-INS such that we can perform the calibration online whenever
GNSS measurements are available during flights. Previous research has only
considered offline calibration.

• The algorithm integrated with the aided-INS enabled it to estimate the full
poses of multiple PARS ground radios. We achieved this by including the
ground antennas’ orientation and their kinematics in the extended state
vector and the matrices of the MEKF.

• Further improvements to the entire aided-INS system were also made:

◦ The navigation equations were propagated in ECEF frame instead of NED
frame, unlike the previous work [4–6, 9]. Using the ECEF frame as the
navigation frame eases the calibration of multiple ground antennas by
having a common reference frame. It also improves the use of PARS-aided
INS in long-duration flight since this formulation considers the curvature
of the Earth, and the navigation system directly outputs an unambiguous
global position estimate.

◦ Moreover, this article also takes advantage of a direct barometer mea-
surement providing vertical aiding to the INS as in [4, 5]. However,
the barometer measurement was treated independently from PARS mea-
surements, unlike [4, 5], to consider the curvature of the Earth, and to
have an altitude reference point independent of any ground antennas not
considered in previous works.

This method enables online refinement of the PARS-based navigation accuracy
during a flight, even in the situation of GNSS unavailability at the initial
stage of flight. Furthermore, considering that the calibration accuracy benefits
from a long calibration period and a long-range between the UAV and the
ground station, it gives a large extent of flexibility. To validate the proposed
method, we conducted a field test using a fixed-wing UAV with IMU and
Pixhawk autopilot (including barometer) onboard, GNSS receiver and two
PARS ground antennas to collect sensor measurements from a real flight and
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performed offline calculations using the data. The navigation solutions from
the offline calculations were verified using GNSS measurement and Pixhawk
autopilot solution as reference.

1.2 Organization

This paper starts with mathematical preliminaries in Section 2. Brief con-
cepts of positioning techniques are described in Section 3. Section 4 presents
the basics of MEKF-based navigation system using multiple sensor measure-
ments and explains how the calibration algorithm runs along with it. Practical
aspects of a test flight are then described in Section 5 and the results from the
navigation system with calibration are discussed in Section 6.
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2 Preliminaries

Before presenting the positioning techniques and the MEKF-based navigation
system, some mathematical preliminaries are presented in this section.

2.1 Notation

The Euclidean vector norm is denoted ∥ · ∥2, and the n× n identity matrix is
denoted In. The transpose of a vector or a matrix is denoted (·)⊺. Coordinate
frames are expressed as {·}, while zabc ∈ R3 denotes a vector z from frame
{b} to {c}, resolved in {a}. S(·) ∈ SS(3) denotes a skew symmetric matrix
such that S(z1)z2 = z1 × z2, and z1 · z2 is a dot product for the two vectors
z1, z2 ∈ R3. In addition, diag(⋆1, ..., ⋆n) represents a diagonal matrix which
places the n arguments diagonally, and error variables are represented with
with δ⋆, where ⋆ is a variable placeholder.

2.2 Attitude representations and relationships

The rotation vector
aϕ ≡ ϕe (1)

is a general class of three-parameter attitude representations of a rigid body
with one point fixed whose rotation is denoted by the angle ϕ about some axis,
which we specify by a unit vector e.

In this paper, attitudes are represented as unit quaternions, using the
Hamiltonian representation. For a rotation from some frame {a} to another
frame {b}, the unit quaternion is given as

qba =

(
qs
qv

)
=

(
cos(ϕ2 )

e sin(ϕ2 )

)
. (2)

The unit quaternion contains the real or scalar part referred as qs, and the
imaginary or vector part as qv = (qx, qy, qz)

⊺. The rotation matrix, Rba ∈
SO(3), represents the rotation between {a} and {b} frames. The quaternion
can be used to calculate the rotation matrix, Rba ∈ SO(3),

Rba(q
b
a) =

(
q2s − q⊺

vqv
)
I3 + 2qsS(qv) + 2qvq

⊺
v , (3)

as in e.g. [8, Eq. (4)], [7, Eq. (117)] and [11, App. D.2]. The Hamiltonian
quaternion product, denoted ⊗, is given such that

q3 = q1 ⊗ q2 =

(
q1sq2s − q⊺

1v
q2v

q1sq2v + q2sq1v + S (q1v ) q2v

)
, (4)

as in [7, Eq. (13)] and [11, App. D.2].
In this paper, the attitude error is denoted δq and relates to the true

quaternion q by
q = q̂ ⊗ δq(δa) (5)
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where q̂ is the nominal estimated unit quaternion. The three dimensional atti-
tude error in the state of the MEKF, δa is parameterized using four times the
Modified Rodrigues Parameters (MRPs), δamrp, where

δamrp ≡ δqv
1 + δqs

= e tan

(
ϕ

4

)
≡ δa

4
, (6)

as given in [8, Eq. (10)]. The last two terms ensure that ap = ∥δa∥2 is approx-
imately equal to ϕ for small rotations. As given in [8, Eq. (18c)], the error
quaternion is calculated as

δq(δa) =
1

16 + a2p

(
16− a2p
8δa

)
. (7)

Moreover, the kinematic equation of a unit quaternion qbc can be given as

q̇bc =
1

2
qbc ⊗ ω̄cac −

1

2
ω̄bab ⊗ qbc =

1

2
Ω(ωcac)q

b
c −

1

2
Γ(ωbab)q

b
c (8)

where ω̄•
• = (0, (ω•

•)
⊺)⊺ and ω is an angular velocity vector. Moreover,

Ω(ω) =

(
0 −ω⊺

ω −S(ω)

)
, Γ(ω) =

(
0 −ω⊺

ω S(ω)

)
. (9)

Additionally, the Euler angles (roll, pitch and yaw) are represented as

Θ =
(
ϕ, θ, ψ

)⊺
, (10)

and relate to rotation matrix using

R(Θ) =

cθcψ −cϕsψ + sϕsθcψ sϕsψ + cϕsθcψ
cθsψ cϕcψ + sϕsθsψ −sϕcψ + cϕsθsψ
−sθ sϕcθ cϕcθ

 (11)

where c⋆ denotes cos(⋆) and s⋆ denotes sin(⋆).

2.3 Coordinate Frames

This paper considers 4 + 2m coordinate frames. The first four are the Earth
centered Inertial (ECI) frame, the Earth Centered Earth Fixed (ECEF) frame,
the North East Down (NED) frame and the BODY reference frame of the UAV,
denoted {i}, {e}, {n} and {b} respectively, as indicated in Figure 1. Please
note that this paper resolves navigation equations in the {e}-frame, while the
previous work [6, 9] uses a Earth-fixed {n}-frame instead.

The remaining 2m coordinate frames are the local PARS coordinate frames
and the local NED frames, denoted {rj} and {nj}, where j is the PARS index
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and m is the number of PARS ground antennas in use. The PARS coordinate
system resembles the local NED frame with coincided origins (i.e. Onj

= Orj ),
however, rotated with respect to the NED frame to be aligned with the PARS
ground antennas, as indicated in Figure 2. Please note that the origin of
the {nj}-frame is located in the center of the respective PARS ground radio
antenna, while the origin of the {n}-frame follows the UAV. Thus totaling
1 +m NED frames.

Fig. 1: Definitions of the ECI, the ECEF, the NED and the BODY coordinate
frames

Fig. 2: Range/azimuth/elevation measurements in PARS. ψr denotes the yaw
angle between {nj} and {rj}1.

1The index j is omitted in the figure.
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3 Positioning

This section describes the positioning techniques used in the MEKF-based
navigation system.

3.1 Real-time kinematic GNSS

Real-time kinematic positioning (RTK) is known as high-precision GNSS. By
performing a relative position determination from a GNSS base station with
a known position to a rover by transmitting raw GNSS observable from the
ground station to the rover (UAV in this work), RTK can achieve centimetre
accuracy. The RTK GNSS solution was used in this work due to its high
precision to provide the ground truth of the UAV position, peeb ∈ R3.

3.2 Phased Array Radio System positioning

Although PARS’ primary usage is communication, it can also be used as a
positioning system as stated earlier. Basic principles are similar to those in
[12, Ch. 13.3.4].

The azimuth angle ψu and elevation angle θu of the UAV in the PARS
coordinate frame {r} can be measured from the phase difference in the incom-
ing signals between the elements of the terrestrial radio antenna 2. This is
known as the direction of arrival (DoA) problem [13–15]. By precisely timing
the signal transmission time, a geometric range ρu between the PARS ground
antenna and the UAV is found. A physical intuition of the range ρu, eleva-
tion angle θu and azimuth angle ψu in frame {r} can be seen in Figure 2.
Including zero-mean Gaussian noise ε⋆ ∼ N (0, σ2

⋆), the actual measurements
are represented as

ρy = ρu + ερ, (12)

ψy = ψu + εψ, (13)

θy = θu + εθ. (14)

The range ρu, azimuth ψu and elevation θu can be related to the Cartesian
UAV position in the {r}-frame using

prPARS =

prrb,xprrb,y
prrb,z

 =

ρu cos(ψu) cos(θu)ρu sin(ψu) cos(θu)
−ρu sin(θu))

 , (15)

which is derivable from Figure 2. The PARS position can be converted from
the {r}-frame to the {n}-frame using

pnPARS = Rnr(q
n
r )p

r
PARS (16)

2The index j is omitted in this section for convenience.
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where the unit quaternion qnr represents the rotation from {r} to {n}, which is
obtained during the calibration of the mounting of the PARS ground antenna.

3.3 Inertial Navigation System

INS is an example of a dead-reckoning navigation system, whose position
is maintained by integrating acceleration and angular rate measurements
obtained using an inertial measurement unit (IMU) [16, Ch. 5].

3.3.1 Inertial measurement unit

A simplified measurement model of IMU, providing specific force (f bIMU) and
angular rate sensor (ARS) measurements (ωbIMU) is given as

f bIMU = f bib + bbacc + εbacc (17)

ωbIMU = ωbib + bbars + εbars (18)

where bb⋆ is the accelerometer (ACC) and the ARS biases, and εb⋆ is zero-mean
noise. The biases are modeled as Gauss-Markov processes

ḃb⋆ = −T−1
⋆ bb⋆ + εb⋆ (19)

where εb⋆ assumed to be is zero-mean white noise, and T⋆ represents the time
constant matrices of the two processes.

3.3.2 Strapdown Equations

The position and velocity of the UAV with respect to the {e}-frame are denoted
as peeb ∈ R3 and veeb ∈ R3. The attitude and the angular rate of the UAV
relative to the {e}-frame are given as the unit quaternion qeb and as ωbeb =
ωbib−R⊺

ebω
e
ie ∈ R3. The gravity vector is given as geb(p

e
eb) and can be calculated

using [16, Ch. 2.4.7]. The strapdown equation results in

ṗeeb = veeb (20)

v̇eeb = −2S(ωeie)v
e
eb +Rebf

b
ib + geb (21)

q̇eb =
1

2
Ω(ωbib)q

e
b −

1

2
Γ(ωeie)q

e
b (22)

where ωeie = (0, 0, ωie)
⊺ is the angular rate of the Earth rotation.
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Fig. 3: Flowchart of the navigation system

4 Navigation System

The navigation system proposed in this paper is essentially an aided-INS.
Figure 3 illustrates the overview of the navigation system. The system dynam-
ics is propagated using IMU measurements (i.e. INS), and MEKF applies
corrections to the INS-based system dynamics [17]. Fundamentally, the INS
was aided in two modes: The first mode is GNSS and PARS-aided INS such
that the calibration algorithm [10] runs simultaneously to estimate the PARS
ground antenna orientations, and the second mode is PARS and barometer-
aided INS. The navigation system switches between the two modes depending
on the availability of GNSS measurements. In Figure 3, the decision block
’GNSS’ determines the mode. If no measurement is available in the second
mode, the INS is propagated without any aid, as the process block ’No Aid’
indicates.

The main feature of MEKF is that it estimates the error between nominal
state and true state instead of estimating a full state. The error state δx is
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estimated as a correction to the nominal state estimate x̂ to get closer to the
true state x:

x = x̂⊗ δx. (23)

Here, the ⊕ operator represents the + or the ⊗ operator (Hamiltonian quater-
nion product) depending on the state. Please note that the system dynamics
was propagated in {e}-frame instead of {n}-frame, and the barometer-based
altitude was treated separately from PARS measurements, unlike the previ-
ous work [3–6, 9]. These changes were made to include the effect of the Earth
curvature.

4.1 Navigation system model

4.1.1 Nominal system kinematics

The nominal state estimate (i.e. the state vector of the INS) was given as

x̂ = (p̂eeb, v̂eeb, q̂eb , b̂bacc, b̂bars, qn1
r1 , . . . , qnm

rm )⊺ ∈ R16+4m, (24)

where q
nj
rj is the PARS ground antenna orientation, which is essentially the

relative orientation of the PARS coordinate frame {rj} and the navigation
frame {nj} for ground antenna j ∈ [1,m].

The nominal state is updated using the following kinematic model based
on the strapdown equations presented in 3.3:

˙̂peeb = v̂eeb (25a)

˙̂veeb = −2S(ωeie)v̂
e
eb + R̂ebf̂

b
ib + geb(p̂

e
eb) (25b)

q̇eb =
1

2
Ω(ω̂bib)q

e
b −

1

2
Γ(ωeie)q

e
b (25c)

˙̂
bbacc = −T−1

acc b̂
b
acc (25d)

˙̂
bbars = −T−1

ars b̂
b
ars (25e)

˙̂qn1
r1 = 0 (25f)

...

˙̂qnm
rm = 0 (25g)

f̂ bib = f bIMU − b̂bacc (25h)

ω̂bib = ωbIMU − b̂bars, (25i)

The derivatives of q
nj
rj are zero, as the ground antennas are stationary. The

equations (25) can be computed in discrete time using any integration meth-
ods. Exact integration methods concerting the quaternion integration can be
found in [11].
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4.1.2 Error-state system kinematics

The error state (i.e. the state vector of the MEKF) was given as

δx = (δpeeb, δv
e
eb, δa

e
b, δb

b
acc, δb

b
ars, δa

n1
r1 , . . . δa

nm
rm )⊺ ∈ R15+3m. (26)

Please note that the 3D attitude error states δa⋆⋆ (UAV and ground radio)
paramatrized as four times MRPs rather than rotation matrices or quaternions,
are used to update the INS’s states when correcting the nominal state using
(5) and (7).

The continuous-time linearized error state system model is

δẋ = F (t)δx+G(t)w, (27)

where w = (ε⊺acc, ε
⊺
ars, ε

⊺
bacc

, ε⊺bars , ε
⊺
δa1
, . . . , ε⊺δam)⊺ is the process noise with

spectral density Q given by E[w(t)w⊺(τ)] = Qδ(t − τ) ∈ R(12+3m)×(12+3m).
The Jacobian matrices F and G, and the spectral density matrix Q are given
in Appendix A.

4.2 Measurement model, Mode 1: PARS calibration
(GNSS available)

When GNSS measurements are available, the navigation system uses GNSS to
aid the INS while running the calibration of PARS ground antenna mounting
presented in [10] simultaneously.

4.2.1 GNSS

The GNSS measures the position of the UAV in the {e}-frame, therefore

yegnss = p̂eeb + δp+ εgnss (28)

⇒ ŷegnss = p̂eeb (29)

such that a linear measurement matrix

Hgnss =
(
I3 03×12 03×3m

)
∈ R3×(15+3m) (30)

can be applied in the MEKF. The measurement covariance matrix is given as

Re
gnss = Rendiag(E[ε2gnss,x],E[ε2gnss,y],E[ε2gnss,z])R⊺

en, (31)

where εgnss is zero-mean Gaussian white noise.
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4.2.2 PARS: Calibration

To mitigate the noise in the PARS elevation angle, the vertical measurement
in (15) was replaced by utilizing an exogenous altitude measurement:3

γaltj = p
nj

njb,z
+ εaltj . (32)

Here, p
nj

njb,z
and γaltj relate to the UAV position peeb and the respective ground

radio peerj in the following manner

γaltj =
(
0 0 1

)
R⊺
enj

(peeb − peerj ) + εaltj . (33)

This arrangement in the vertical measurement is due to the need to have PARS
and GNSS-based positions in the calibration algorithm simultaneously. The
PARS range was also arranged in a different manner from the Section 4.3 to
compute the measurement of the horizontal range:

ρ̄yj =
√
ρ2yj − γ2altj . (34)

Based on this, the resulting Cartesian position measurement becomes

p
rj
PARS,alt =

ρ̄yj cos(ψyj )ρ̄yj sin(ψyj )
γaltj

 . (35)

The measurement model is formulated based on the following relationship
between the UAV position (peeb), the ground station position (peerj ) and UAV

PARS position relative to the ground radio (p
rj
rjb

):

peeb = peerj +Renj
Rnjrjp

rj
rjb
. (36)

By arranging (36) as shown in [10], the equation results in the form suitable
for calibration,

R̂njrjp
rj
rjb︸ ︷︷ ︸

yparsj

= R⊺
enj

(
p̂eeb − peerj

)
︸ ︷︷ ︸

ŷparsj

+R⊺
enj︸ ︷︷ ︸

Hposj

δp+ R̂njrjS
(
p
rj
rjb

)
︸ ︷︷ ︸

Hcalibj

δanj
rj (37)

where the measurement, the measurement estimate, and the measurement
matrices are respectively

ynparsj = R̂njrjp
rj
PARS,alt, (38)

ŷnparsj = R⊺
enj

(
p̂eeb − peerj

)
, (39)

3p
nj
rjb

= p
nj
njb

since the origins of {nj} frame and {rj} coincide.
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Hposj = R⊺
enj
, (40)

Hcalibj
= R̂njrjS

(
R̂⊺
erj

(
p̂eeb − peerj

))
. (41)

The resulting measurement matrix becomes

Hpars =


Hpos1

03×12 Hcalib1
03×3(m−1)

...
...

. . .
...

Hposj
03×12 03×3(j−1) Hcalibj

03×3(m−j−1)

...
...

. . .
Hposm 03×12 03×3(m−1) Hcalibm


∈ R3m×(15+3m).

(42)

The intermediate calculation between (36) and (37) can be found in Appendix
B. The position estimate from GNSS-aided INS and the PARS measurement
correspond to peeb and p

rj
rjb

(i.e. p
rj
PARS,alt), respectively. R

⊺
enj

and peerj are
considered to be known since these can be computed from the surveyed ground
station antenna locations.

Furthermore, the covariance of the original PARS measurement ρyj , ψyj
and γaltj is

RPARS,alt = diag(E[ε2ρ],E[ε2ψ],E[ε2alt]), (43)

and the covariance of p
rj
PARS,alt can be computed using

Rrj
PARS,alt = MPARS,altRPARS,altM

⊺
PARS,alt. (44)

Here, RPARS,alt given in cylindrical coordinates is converted to Rrj
PARS,alt

in Cartesian coordinates [18, Ch. 1.6]. MPARS,alt was computed similarly
with Section 4.3. Reference [10] provides further details about computation of
MPARS,alt. In addition, the covariance can be transformed from {rj} frame to
{nj} frame by taking

Rnj

PARS,alt = RnjrjMPARS,altRPARS,altM
⊺
PARS,altR

⊺
njrj , (45)

in order to use (38)–(42) in the measurement update.

4.3 Measurement model, Mode 2: PARS and Barometer
(GNSS unavailable)

As presented in [3], the PARS vertical measurement can be very noisy as the
elevation angle is prone to multipath errors due to the reflections from water
surfaces. To avoid this issue, the vertical measurement in (15) was replaced by
an altitude measurement based on barometer in [5]. However, as the barometer
measures the altitude from the reference surface perpendicular to the tangent
line of the Earth curvature, using the barometer altitude directly in the local
NED frame induces errors when the flight distance of the UAV becomes longer
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peer

peebρ

ρ̄

∥peer∥2 = rE ∥peeb∥2 = rE + h

Antenna

UAV

α

α

Fig. 4: Approximation of the elevation angle. rE and h are the Earth radius
and a height from the earth surface.

since this formulation does not take into account the curvature of the Earth.
Therefore, in this paper, the barometer altitude as replacement of PARS verti-
cal component was treated separately from the PARS measurements to include
the curvature of the Earth.

4.3.1 PARS

A measurement of the horizontal range (ρ̄yj ) was computed by approximating
the elevation angle (αj) using a trigonometric relation as shown in Figure 4:

ρ̄yj = ρyj cosαj (46)

where

cosαj =
peeb · peerj

∥peeb∥2∥peerj∥2
. (47)

The horizontal components of Cartesian PARS position measurements can
be expressed as

y
rj
PARS =

(
ρ̄yj cosψyj
ρ̄yj sinψyj

)
=

(
1 0 0
0 1 0

)
R⊺
njrjR

⊺
enj

(
peeb − peerj

)
. (48)
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By using the relation peeb = p̂eeb + δpeeb, the estimate measurement is given as

ŷ
rj
PARS =

(
1 0 0
0 1 0

)
R̂⊺
njrjR

⊺
enj

(
p̂eeb − peerj

)
, (49)

while the Jacobian matrix of y
rj
PARS with respect to δpeeb can be found by

differentiating (49)

∂y
rj
PARS

∂δpeeb

∣∣∣∣
δpeeb=03×1

=

(
1 0 0
0 1 0

)
︸ ︷︷ ︸

Π

R̂⊺
njrjR

⊺
enj︸ ︷︷ ︸

R̂⊺
erj

∈ R2×3. (50)

Hence, the measurement matrix becomes

HPARS = (ΠR̂⊺
erj 02×3 02×3 02×3 02×3 02×3m) ∈ R2×(15+3m). (51)

Furthermore, the covariance of y
rj
PARS can be computed using

Rrj
PARS = MPARSj

RPARSM
⊺
PARSj

(52)

where
RPARS = diag(E[ε2ρ],E[ε2ψ]). (53)

Here, RPARS given in cylindrical coordinates is converted to Rrj
PARS in Carte-

sian coordinates [18, Ch. 1.6]. MPARSj
is a Jacobian matrix of y

rj
PARS with

respect to the noise εPARS = (ερ, εψ):

MPARSj =
∂y

rj
PARS

∂εPARS
=

(
m11 m12

m21 m22

)
(54)

with

m11 =
cos(ψyj )ρyj

ρ̄yj
m12 = − sin(ψyj )ρ̄yj

m21 =
sin(ψyj )ρmj

ρ̄yj
m22 = cos(ψyj )ρ̄yj .

In a practical implementation p̂eeb is used instead of peeb in (47) such that

ρ̄yj ≈ ρyj
p̂eeb · peerj

∥p̂eeb∥2∥peerj∥2
, (55)

which is valid for small ∥δpeeb∥2.
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4.3.2 Barometer

Atmospheric pressure measurements from barometer can be converted to the
altitude of UAV from the sea level using [16, Eq. (6.19)]

ybaro =
T0
Kt

[(
Pb
P0

)−(
RtKt

g0
)

− 1

]
(56)

where

P0: sea level surface pressure
T0: sea level surface temperature
Pb: ambient air pressure measured by barometer
Rt: gas constant
Kt: atmospheric temperature gradient
g0: average surface acceleration due to gravity.

The barometric altitude measurement ybaro can then be related to the position
using

ybaro = ∥p̂eeb + δpeeb − pees∥2 + εbaro + bbaro (57)

where pees denotes the ECEF position of the geoid (approximate Earth’s sur-
face) below the UAV position, bbaro represent the barometer’s altitude bias 4

and εbaro is the measurement noise. The rational behind (57) is that the alti-
tude is distance between the geoide/surface to the UAV. The Jacobian matrix
of ybaro with respect to δpeeb can be computed by differentiating (57)

∂ybaro
∂δpeeb

∣∣∣∣
δpe

eb=03×1

=
(p̂eeb − pees)

⊺

∥p̂eeb − pees∥︸ ︷︷ ︸
Halt

∈ R1×3 (58)

such that the measurement matrix becomes

Hbaro = (Halt 01×3 01×3 01×3 01×3 01×3m) ∈ R1×(15+3m), (59)

and the measurement covariance matrix is simply

Rbaro = E[ε2baro]. (60)

The vector pees can be calculated in two stages. First, the geodetic height, hs
can be calculated from the estimated latitude, µ̂, and longitude, λ̂, of the UAV
using e.g. Earth Gravity Model (EGM) 96 or 2008. In the second stage pees is

4The barometer bias was compensated from pre-flight, but can also be estimated real-time when
GNSS is available [16, Ch. 16.2.2].
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calculated using

pees =

 (RN + hs) cos(µ̂) cos(λ̂)

(RN + hs) cos(µ̂) sin(λ̂)
(RN (1− e2) + hs) sin(µ̂)

 (61)

where RN = a(1 − e2 sin2(µ̂))−1/2 is the WGS84 ellipsoid’s semi major axis
and e is the ellipsoid’s eccentricity.

4.4 Multiplicative extended Kalman Filter

Using the motion model and the measurement models presented in Section
4.1, 4.2 and 4.3, MEKF is propagated. The procedure is similar for both mode
1 and mode 2. The MEKF at time k is computed in the following order:

1. Update nominal state using a discrete-time implementation of (25)
2. Propagate the covariance P [k] of δx[k] ∼ N (0,P [k])

P̂ [k] = Fd[k − 1]P [k − 1]Fd[k − 1]⊺ +Q[k − 1] (62)

where Fd[k] and Q[k] can be calculated or approximated using van Loan
based on F (t), G(t) and Q(t) matrices

3. If any measurements are available,
(a) Compute the Kalman gain

K[k] = P̂ [k]H⊺
⋆ [k](H⋆[k]P̂ [k]H⊺

⋆ [k] +R⋆[k])
−1 (63)

(b) Calculate the estimated error

δx[k] = K[k](y⋆[k]− ŷ⋆[k]) (64)

(c) Correct the nominal state using (23)
(d) Update the estimation error covariance

P [k] = (I − K[k]H⋆[k])P̂ [k](I − K[k]H⋆[k])
⊺ + K[k]R⋆[k]K[k]⊺

(65)

(e) Set the error state to zero

δx = 0(15+3m)×1 (66)

Here, prediction step corresponds to 1) and 2), and correction step corresponds
to 3).
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4.5 Outlier rejection

As mentioned in Section 1, the PARS measurements are sometimes very noisy
due to reflections from water surface. Outlier rejection was implemented to
prevent bad PARS measurements from degrading the estimation. If the test
statistic

T (y⋆) = (y⋆ − ŷ⋆)
⊺(H⋆P̂H⊺

⋆ +R⋆)
−1(y⋆ − ŷ⋆) ∼ χ2

1 (67)

is above some limit χ2
α, the measurement is discarded as outlier [19,

Section 7.6.1].
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5 Practical Aspects

A field test was conducted on October 8th 2020 in good weather conditions
at the north of Agdenes outside Trondheim, Norway. We performed multiple
flights with a Skywalker X8 UAV and two ground antennas for PARS. Before
conducting the flights, we measured the the position and the orientation of
the PARS ground antennas by GNSS and a compass. During the flights, we
recorded multiple sensor measurements and autopilot solutions from a Pixhawk
autopilot in addition to independent IMU, RTK-GNSS and PARS measure-
ments with corresponding timestamps. Figure 5 indicates the flight path with
directional arrows and ground antenna positions. Figure 6 gives an overview
of the hardware system used in this field test.

5.1 Payload

The UAV avionics included a Pixhawk autopilot running ArduPlane flight
control software with a 3DR GPS module, a Honeywell HMC5883L 3-axis dig-
ital compass IC, MS561101BA03 barometric pressure sensor, and an internal
IMU/INS. In addition to the Pixhawk autopilot, the payload was equipped
with a tactical grade IMU, the Sensonor STIM 300, and a Ublox F9PZED
GNSS receiver to enable accurate RTK GNSS measurements. A SenTiBoard
[20] was used to synchronize the timestamps of the IMU and GNSS measure-
ments. This synchronization can facilitate the integration of measurements in
an Odroid XU4 onboard computer. Radionor Communications PARS CRE2
144LW sent telemetry data to the ground station and received commands and
PARS measurements. A 433 MHz 3DR radio was used as a redundant teleme-
try link to meet redundancy requirements for BLOS flights. References [5, 9]
provide more details on the payload.

5.2 Ground station

A ground station was set up to compute RTK GNSS data, PARS positioning
data, and to remotely pilot the UAV. The ground station consisted of a laptop
computer, a uBlox F9P-ZED GNSS receiver, and two Radionor Communica-
tions CRE2-189 PARS. The CRE2-189 is a ground radio system covering a
90◦ frustum both in elevation and in azimuth with an root mean square error
of 0.1◦ in each axis. The second antenna was set approximately perpendicular
to the first antenna with a 2.6 km separation between the two antennas. The
PARS was set to a 2 Mbit/s mode with a maximal distance of up to 60 km.

5.3 Initial calibration

As shown in section 3.2, PARS delivers a position measurement in the local
radio frame {r}. Therefore, it is important to calibrate the mounting angles
of ground antennas to estimate the UAV’s position accurately. As the algo-
rithm shown in section 4.2.2 requires reasonably accurate initial estimates, we
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measured the mounting angles of antennas with a compass. However, the com-
pass only gave a roughly known angle because the compass reading changes

Fig. 5: Flight path of the UAV based on RTK GNSS with ground antenna
positions indicated

Fig. 6: System overview
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when close to a metal antenna. While the full orientation consists of the roll,
pitch, and yaw angles, we measured only the yaw angle as the roll and pitch
angles are close enough to zero and were considered reasonable for the initial
estimates. The positions of the PARS ground antennas were identified with a
GNSS receiver.
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6 Results and Discussion

Using the tactical grade IMU, the RTK-GNSS, the PARS and the Pixhawk
barometer measurements obtained from the field test described in Section 5,
offline calculations were carried out to validate the navigation system presented
in Section 4 (MEKF-based aided-INS using barometer and PARS measure-
ments, which performs in-flight calibration when RTK-GNSS is available). The
solutions from the navigation system were verified by the attitude and the
velocity solutions from the Pixhawk autopilot and the position measurements
from the RTK-GNSS. In the offline calculations, rough estimates of the first
and the second antenna orientation measured by a compass were used as an
initial state:

ΘPARS1
= (ϕr1 , θr1 , ψr1) = (0◦ , 0◦ ,−65.5◦) (68)

ΘPARS2 = (ϕr2 , θr2 , ψr2) = (0◦ , 0◦ , 26.7◦). (69)

Numerical values for the covariance matrices Q and R⋆, and the parameters
for (56) can be found in the Appendix C. The χ2

α = 7.815 was chosen as the
outlier rejection threshold.

The GNSS measurements were made available between 1000 s-1200 s at the
midpoint of the flight when the UAV was flying the furthest part of the path.
This means that before 1000 s, the INS used PARS measurements with the
rough estimates of the antenna orientations from (68) and (69) as an aid (Mode
2). Once the GNSS measurements became available, the INS switched to use
GNSS measurements and calibration of the antenna mounting angles started
(Mode 1). After GNSS outage at 1200 s, the calibration stopped, and the INS
switched back to solely use PARS measurements with calibrated mounting
angles (Mode 2 again).

Figure 7 shows the antenna orientation estimates in Euler angles. The cal-
ibration algorithm successfully estimated the antenna mounting angles fairly
quickly (by 1050 s) using the position estimates from the GNSS-aided INS,
even though the initial estimates contained approximately 10◦ of errors.
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(a) The first antenna with ψr1 = −65.5◦

(b) The second antenna with ψr2 = 26.7◦

Fig. 7: Euler angles of antenna orientations
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Figure 8 presents the position, velocity and attitude estimates from the
aided-INS. The solutions from aided-INS are denoted as Calibration MEKF
(ECEF), and shown with orange lines.

In Figure 8a and Figure 8b, the attitude and the velocity from the aided-
INS are compared to the heading reference (AHRS) and the velocity from
the autopilot (Pixhawk). The autopilot solutions are denoted as pixhawk: ahrs
and pixhawk: vel3d respectively, and shown with blue lines in the figures.
Considering that the Pixhawk uses relatively low-cost sensors, its solution is
not sufficiently accurate to be regarded as a ground truth. However, as it
provides attitude and velocity solutions which are independent from the aided-
INS, and is a well-established navigation solution for closed-loop flight, it is
considered as an appropriate reference. The attitude and velocity estimates
did not change significantly between before and after the calibration.

Figure 8c and Figure 8d evaluates the position estimate from the aided-INS
by comparing it to RTK-GNSS solution, where Figure 8e shows the transition
part of Figure 8d. The RTK-GNSS solution was denoted as rtk: pos3d, and
shown with blue lines in the figures. As RTK-GNSS solution has centimeter-
level accuracy, it is sufficient to be considered as a ground truth. The red star
in Figure 8d and Figure 8e, and the blue star in Figure 8d indicate the start
and the end points of the calibration, respectively, where the arrows indicate
the direction of the UAV. A significant change between before and after the
calibration can be seen in the position estimate plot. The orange line (aided-
INS) is shifted from the blue-line (RTK-GNSS) when using the rough estimates
of antenna orientation (before the calibration), while the orange line fits well
with the blue line when using the accurate orientation estimates (after the
calibration).
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(a) Attitude solution compared to Pixhawk autopilot reference

(b) Velocity solution compared to Pixhawk autopilot reference
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(c) Position solution compared to RTK-GNSS reference in 1D

(d) Position solution compared to RTK-GNSS reference in 2D
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(e) Position during transition compared to RTK-GNSS reference in 2D

Fig. 8: Attitude, Velocity and Position solutions from the aided-INS (orange)
compared to Pixhawk autopilot or RTK-GNSS references (blue)
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Table 1, 2, and 3 show mean-error (ME), absolute mean-error (AME),
standard deviation (STD) and root mean square error (RMSE) statistics of
the aided-INS estimates for before (0 s-1000 s), during (1000 s-1200 s) and after
(1200 s-2625 s) the calibration, denoted as PARS + Baro/INS: Pre calib.,
PARS + GNSS/INS: Mid. calib. and PARS + Baro/INS: After calib. respec-
tively, using the autopilot solution as a reference. Essentially, the values before
and after the calibration are from PARS-aided (and barometer-aided) INS,
while the values during calibration are from GNSS-aided (and PARS-aided)
INS. Slight but some improvements can be seen in the attitude and the veloc-
ity statistics before and after the calibration. Error in the yaw angle is larger
than the errors in the roll and pitch angles, and this corresponds to the larger
error in the north and the east direction compared to the error in the Down
direction of the velocity and the position statistics. While the attitude and
velocity statistics did not change much before and after the calibration, the
position statistics improved significantly. The position statistics during cali-
bration is better than after calibration because GNSS was aiding the INS. As
barometer measurements aided the altitude, the calibration did not affect the
position statistics in the Down direction.

Table 1: Attitude error statistics before (top), during (middle) and after
(bottom) calibration

Roll Pitch Yaw Norm
[◦] [◦] [◦] [◦]

P
A
R
S
+

B
a
ro
/
IN

S
:

P
re

ca
li
b
. ME: -0.62 0.88 -11.42 11.47

AME: 1.98 1.65 17.80 17.99
STD: 2.73 1.94 18.00 18.31
RMSE: 2.80 2.13 21.31 21.60

P
A
R
S
+

G
N
S
S
/
IN

S
:

M
id
.

ca
li
b
.

ME: -2.95 0.24 -14.13 14.44
AME: 3.08 1.14 14.25 14.62
STD: 1.67 1.38 12.46 12.64
RMSE: 3.39 1.40 18.84 19.19

P
A
R
S
+

B
a
ro
/
IN

S
:

A
ft
er

ca
li
b
.

ME: -2.68 0.97 5.26 5.98
AME: 2.84 2.17 13.44 13.90
STD: 2.08 2.74 15.81 16.18
RMSE: 3.39 2.91 16.66 17.25

In addition to the situation considered above with mounting angles pre-
cisely calibrated in the middle of the flight, we also considered a situation that
PARS-aided INS uses fixed approximate mounting angles with 0◦ for pitch and
roll and ±2◦ − 3◦ error in yaw angle

ΘPARS1
= (0◦, 0◦, −77◦) (70)

ΘPARS2 = (0◦, 0◦, 19◦). (71)
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Table 2: Velocity error statistics before (top), during (middle) and after
(bottom) calibration

North East Down Norm
[m/s] [m/s] [m/s] [m/s]

P
A
R
S
+

B
a
ro
/
IN

S
:

P
re

ca
li
b
. ME: -0.46 -0.12 0.05 0.48

AME: 1.59 2.00 0.13 2.55
STD: 1.91 2.33 0.22 3.02
RMSE: 1.96 2.34 0.22 3.06

P
A
R
S
+

G
N
S
S
/
IN

S
:

M
id
.

ca
li
b
.

ME: 0.09 -0.10 -0.02 0.14
AME: 0.34 0.21 0.07 0.41
STD: 1.57 0.33 0.09 1.61
RMSE: 1.57 0.35 0.09 1.61

P
A
R
S
+

B
a
ro
/
IN

S
:

A
ft
er

ca
li
b
.

ME: 0.00 0.03 0.04 0.05
AME: 0.41 0.40 0.10 0.58
STD: 0.65 0.61 0.15 0.90
RMSE: 0.65 0.61 0.16 0.91

Table 3: Position error statistics before (top) during (middle) and after
(bottom) calibration

North East Down Norm
[m] [m] [m] [m]

P
A
R
S
+

B
a
ro
/
IN

S
:

P
re

ca
li
b
. ME: -223.19 -101.28 0.58 245.09

AME: 223.37 112.03 0.82 249.89
STD: 159.97 114.99 0.94 197.01
RMSE: 274.59 153.23 1.10 314.46

P
A
R
S
+

G
N
S
S
/
IN

S
:

M
id
.

ca
li
b
.

ME: -0.02 -0.01 0.01 0.03
AME: 0.14 0.06 0.03 0.16
STD: 0.45 0.10 0.05 0.47
RMSE: 0.45 0.10 0.05 0.47

P
A
R
S
+

B
a
ro
/
IN

S
:

A
ft
er

ca
li
b
.

ME: -2.98 7.79 -0.47 8.35
AME: 3.96 7.94 0.67 8.90
STD: 6.94 10.36 0.74 12.49
RMSE: 7.55 12.96 0.87 15.03

throughout the entire flight without calibration, while the calibrated yaw
angles for the first and the second ground antennas were −74.927◦ and
16.627◦ respectively. The statistics from this additional situation using fixed
approximate mounting angles are compared with the statistics with calibrated
mounting angles in Table 4. The statistics with fixed mounting was computed
over the period 1200 s-2625 s (equivalent to the duration of after calibration)
to directly compare the statistics with precisely calibrated mounting. The atti-
tude, velocity and position statistics are denoted as Attitude, Velocity and
Position respectively, with an extra label indicating fixed mounting or cali-
brated mounting. The calibrated mounting gave slightly better accuracy than
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the fixed approximate mounting, but the difference was not significant. It
seems that the transition from inaccurate initial mounting to precise mounting
during the online calibration induced some errors.

Table 4: Error statistics comparison between calibrated mounting (top) and
fixed approximate mounting (bottom)

Roll Pitch Yaw Norm
[◦] [◦] [◦] [◦]

A
tt
it
u
d
e:

C
a
li
-

b
ra
te
d

ME: -2.68 0.97 5.26 5.98
AME: 2.84 2.17 13.44 13.90
STD: 2.08 2.74 15.81 16.18
RMSE: 3.39 2.91 16.66 17.25

A
tt
it
u
d
e:

F
ix
ed

ME: -2.69 0.95 5.28 6.01
AME: 2.85 2.17 13.46 13.93
STD: 2.08 2.75 15.79 16.17
RMSE: 3.41 2.91 16.65 17.25

North East Down Norm
[m/s] [m/s] [m/s] [m/s]

V
el
o
ci
ty
:

C
a
li
-

b
ra
te
d

ME: 0.00 0.03 0.04 0.05
AME: 0.41 0.40 0.10 0.58
STD: 0.65 0.61 0.15 0.90
RMSE: 0.65 0.61 0.16 0.91

V
el
o
ci
ty
:

F
ix
ed

ME: -0.01 0.03 0.04 0.05
AME: 0.44 0.39 0.10 0.60
STD: 0.74 0.62 0.15 0.97
RMSE: 0.74 0.62 0.16 0.98

North East Down Norm
[m] [m] [m] [m]

P
o
si
ti
o
n
:

C
a
li
-

b
ra
te
d

ME: -2.98 7.79 -0.47 8.35
AME: 3.96 7.94 0.67 8.90
STD: 6.94 10.36 0.74 12.49
RMSE: 7.55 12.96 0.87 15.03

P
o
si
ti
o
n
:

F
ix
ed

ME: 1.36 8.20 -0.45 8.32
AME: 4.67 8.67 0.65 9.86
STD: 6.72 10.74 0.73 12.69
RMSE: 6.85 13.51 0.85 15.18

Figure 9 compares attitude, velocity and position error plots between the
two different situations with the precisely calibrated mounting angles and with
the fixed approximate mounting angles. The dotted lines are 3 sigma lines
which indicate three times the standard deviation.

In Figure 9a and Figure 9b, the attitude error plot exceeds the ± 3
sigma lines through the entire flight. This might be due to the relatively poor
precision of Pixhawk reference.
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In Figure 9c, the velocity error plot exceeds the ± 3 sigma lines before
calibration, while the error plot drops in the interval after calibration. A spike
in the North direction appeared at 1000 s when the INS switches from PARS-
aided to GNSS-aided.

Similarly, in Figure 9e, the position error plot improves significantly after
calibration. As Figure 9e and Figure 9f indicate, errors at the beginning and at
the end of the position error plots are relatively large, as the approximation by
(46) - (47) is accurate when the range is dominantly larger than the altitude
but it becomes worse when the altitude becomes large compared to the range.
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(a) Attitude error with calibrated mounting

(b) Attitude error with fixed approximate mounting



Springer Nature 2021 LATEX template

34 Article Title

(c) Velocity error with calibrated mounting

(d) Velocity error with fixed approximate mounting



Springer Nature 2021 LATEX template

Article Title 35

(e) Position error with calibrated mounting

(f) Position error with fixed approximate mounting

Fig. 9: Error plots w.r.t the autopilot (attitude, velocity) and RTK-GNSS
(position) reference. The dotted lines are 3 sigma lines. Calibrated mounting:
0 s-1000 s (mode 2), 1000 s-1200 s (mode 1), 1200 s-2625 s (mode 2) with initial
angles indicated in (68) and (69), Fixed approximate mounting: mode 2 only
with initial angles indicated in (70) and (71).
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7 Conclusion

In this paper, the previously presented calibration algorithm, which estimates
the ground antenna orientation for the phased array radio system (PARS), was
integrated with the inertial navigation system (INS) aided by multiple sen-
sor measurements. The extended aided-INS switched between two modes to
perform the calibration in the middle of a flight whenever GNSS is available.
In the first mode, the calibration was performed using the position estimate
from GNSS-aided INS as reference. In the second mode, the PARS and the
barometer aided the horizontal and the vertical position, respectively. As the
vertical measurement of PARS was noisy due to multipath noise, barome-
ter measurement was used as a replacement. To take the Earth’s curvature
into consideration, the PARS and the barometer measurements were treated
independently and the navigation equations were propagated in the Earth
Fixed Earth Centred (ECEF) frame. The independent treatment of PARS and
barometer measurements, and the propagation in ECEF frame were also bene-
ficial to provide a common reference point and reference frame among multiple
PARS ground antennas. The proposed algorithm was validated by performing
offline calculations using the field test data including measurements from IMU,
GNSS, Pixhawk autopilot (with barometer) and two PARS ground antennas
with making GNSS available in the middle of the flight for 200 s. The results
were verified by comparing the navigation solutions with GNSS measurements
and Pixhawk autopilot solutions. The proposed algorithm successfully esti-
mated the mounting angles of two PARS ground antennas in the middle of
flight in 50 s and the position estimate significantly improved after the calibra-
tion. As a future work, implementation of the proposed method in the onboard
embedded system to perform the real-time calculation in the field is in the
interest.

Appendix A Jacobian matrices

The Jacobian matrices in discrete version of the error-state system equation
(27) are given as

F =


03×3 I3 03×3 03×3 03×3 03×3m

03×3 −2S(ωeie) Va Vacc 03×3 03×3m

03×3 03×3 Aa 03×3 Aars 03×3m

03×3 03×3 03×3 −T−1
acc 03×3 03×3m

03×3 03×3 03×3 03×3 −T−1
ars 03×3m

03m×3 03m×3 03m×3 03m×3 03m×3 03m×3m


∈ R(15+3m)×(15+3m) (A1)
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G =


03×3 03×3 03×3 03×3 03×3m

−Re
b(q

e
b) 03×3 03×3 03×3 03×3m

03×3 −I3 03×3 03×3 03×3m

03×3 03×3 I3 03 03×3m

03×3 03×3 03×3 I3 03×3m

03m×3 03m×3 03m×3 03m×3 03m×3m


∈ R(15+3m)×(12+3m) (A2)

where

Va = −R̂eb(q
e
b)S(f

b
IMU − b̂bacc)

Vacc = −R̂eb(q
e
b)

Aa = −S
(
ωbIMU − b̂bars − R̂⊺

ebω
e
ie

)
Aars = −I3.

The process noise effecting the velocity, orientation and bias estimates error
w = (ε⊺acc, ε

⊺
ars, ε

⊺
bacc

, ε⊺bars , ε
⊺
δa1
, . . . , ε⊺δam)⊺ are modeled by white Gaussian

processes. The total spectral density is given as

Q =


Vϵ 03×3 03×3 03×3 03×3m

03×3 Θϵ 03×3 03×3 03×3m

03×3 03×3 Aϵ 03×3 03×3m

03×3 03×3 03×3 Ωϵ 03×3m

03m×3 03m×3 03m×3 03m×3 Cϵ


∈ R(12+3m)×(12+3m) (A3)

where

Vϵ = σ2
accI3 [m2 s−3] (A4)

Θϵ = σ2
arsI3 [rad2 s−1] (A5)

Aϵ = σ2
baccI3 [m2 s−5] (A6)

Ωϵ = σ2
barsI3 [rad2 s−3] (A7)

Cϵ = σ2
calibIm [rad2 s−1], (A8)

and the receive spectral densities are calculated

σ2
⋆ = E[ε⋆(t)ε⊺⋆(τ)]. (A9)

Appendix B Calibration algorithm

The measurement model is formulated based on the following relationship
between the UAV position (peeb), the ground station position (peerj ) and UAV
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PARS position relative to the ground radio (p
rj
rjb

):

peeb = peerj +Renj
Rnjrjp

rj
rjb
. (B10)

Firstly, moving peerj from RHS to LHS yields

peeb − peerj = Renj
Rnjrjp

rj
rjb
. (B11)

By multiplying both sides by R⊺
enj

and using Rnjrj = R̂njrj (I3 + S(δa)),

R⊺
enj

(peeb − peerj ) = R⊺
enj

Renj
Rnjrjp

rj
rjb

(B12)

= R̂njrj (I3 + S(δa))p
rj
rjb

(B13)

= R̂njrjp
rj
rjb

+ R̂njrjS(δa)p
rj
rjb
. (B14)

Swapping cross product between p
rj
rjb

and δa yields

R⊺
enj

(
peeb − peerj

)
= R̂njrjp

rj
rjb

− R̂njrjS
(
p
rj
rjb

)
δanj

rj , (B15)

and by moving the δa from the left to right side,

R̂njrjp
rj
rjb

= R⊺
enj

(
peeb − peerj

)
+ R̂njrjS

(
p
rj
rjb

)
δanj

rj . (B16)

Finally, by substituting peeb = p̂eeb + δpeeb, the final equation is formulated:

R̂njrjp
rj
rjb︸ ︷︷ ︸

yparsj

= R⊺
enj

(
p̂eeb − peerj

)
︸ ︷︷ ︸

ŷparsj

+R⊺
enj︸ ︷︷ ︸

Hposj

δp+ R̂njrjS
(
p
rj
rjb

)
︸ ︷︷ ︸

Hcalibj

δanj
rj (B17)

Appendix C Numerical values

Numerical values for the matrices Q and R⋆ were set as

σacc = 47.85m s−1.5

σars = 5.35× 10−7 rad s−0.5

σbacc = 4.91× 10−3 ms−2.5

σbars = 1.74× 10−7 rad s−1.5

σcalib = 0 rad s−0.5,

where σcalib is zero because the antennas are stationary, and

σρ = 15m σgnss,x = 0.2m
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σψ = 2◦ σgnss,y = 0.2m

σbaro = 5m σgnss,z = 0.4m

σalt = 5m.

The parameters for (56) were chosen to be

P0 = 10 040Pa

T0 = 280.15K

Rt = 287.7 J kg−1 K−1

Kt = 6.5× 10−3 Km−1

g0 = 9.807m s−2.

The numerical values for Rt, Kt and g0 were chosen from [16, Ch. 6.2.1], and
P0 and T0 are based on the local temperature and atmospheric pressure on
the field test day.
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