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Abstract

Most two way relay network (TWRN) half-duplex channel estimation algorithms have been developed for single path channels,
except for those in frequency domain OFDM systems. We derive a novel time-domain, blind Maximum A posteriori Probability
(MAP) estimation method for multipath estimation in TWRN OFDM systems. Since a TWRN half-duplex system is a cascade
of two/more bidirectional transmission systems, there are multiple forward and reverse, individual, as well as composite/cascade
(of two individual) channels (unlike only one channel in traditional transmission). The situation is further complicated in the
case of multipath channels. Additionally, TWRN systems suffer from having noise components at different nodes, including
colored (non-white) at the receiver terminal node. Thus most recent research works concentrate on the easier task of estimating
single-path (flat frequency) channels, that too by pilot-based, and sometimes, even by suboptimal least squares (LS) methods.
However, in this paper, forward, composite/individual mulipath channel estimators developed are semiblind (for enhanced spec-
tral efficiency), and which turn out to be nonlinear. Moreover, an unique “Factor Analysis Alternating Maximization” method
(used in psychometrics and some Machine Learning (MLe) applications, but not in signal processing, communication/TWRN
systems), is used, in a novel manner, to overcome the colored noise problem, allowing one to derive novel, closed-form, analyt-
ical expressions for reverse individual channel h estimation, (with its convergence provided), which is unavailable in existing
literature. Non-trivial Cramer Rao bounds have also been derived for these novel multipath channel estimators. Comprehensive
simulation results show the novel forward, reverse, composite and individual channel estimation methods perform much better

than the existing ones.
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Abstract— Most two way relay network (TWRN) half-duplex
channel estimation algorithms have been developed for single
path channels, except for those in frequency domain OFDM
systems. We derive a novel time-domain, blind Maximum A
posteriori Probability (MAP) estimation method for multi-
path estimation in TWRN OFDM systems. Since a TWRN
half-duplex system is a cascade of two/more bidirectional
transmission systems, there are multiple forward and reverse,
individual, as well as composite/cascade (of two individual)
channels (unlike only one channel in traditional transmission).
The situation is further complicated in the case of multipath
channels. Additionally, TWRN systems suffer from having noise
components at different nodes, including colored (non-white) at
the receiver terminal node. Thus most recent research works
concentrate on the easier task of estimating single-path (flat
frequency) channels, that too by pilot-based, and sometimes,
even by suboptimal least squares (LS) methods. However, in this
paper, forward, composite/individual mulipath channel estima-
tors developed are semiblind (for enhanced spectral efficiency),
and which turn out to be nonlinear. Moreover, an unique
“Factor Analysis Alternating Maximization” method (used in
psychometrics and some Machine Learning (MLe) applications,
but not in signal processing, communication/TWRN systems),
is used, in a novel manner, to overcome the colored noise
problem, allowing one to derive novel, closed-form, analytical
expressions for reverse individual channel h estimation, (with
its convergence provided), which is unavailable in existing
literature. Non-trivial Cramer Rao bounds have also been
derived for these novel multipath channel estimators. Com-
prehensive simulation results show the novel forward, reverse,
composite and individual channel estimation methods perform
much better than the existing ones.

I. INTRODUCTION

Advanced 5G and 6G wireless systems are required to
deliver very high data rate communications. Two-way relay
networks (TWRN) play an important part in building spec-
trally efficient communications. In TWRN amplify-forward
(AF) mode, the relay node (in between two/many termi-
nals) amplifies the faded signal it receives from the two
terminals. TWRN may thus be considered as a distributed
MIMO system, by reducing the number of transmit/receive
antennas on the source/destination nodes. Additionally, the
relay facilitates a bidirectional system, as it sends data to
both the terminals in the same timeslot, thereby improving
the spectrally efficiency and information rate. The spectral
efficiency can be further enhanced by transmitting only few
pilot subcarriers and resorting to semiblind data/channel
estimation.

This interest in TWRNSs has sparked significant research
in its various aspects. Starting from joint relay and antenna
selection [1]], multiple-relay network, it has been extended
to asynchronous TWRNs [2]. Advanced research has been
performed in timing-offset estimation [3]], [4], carrier offset
and phase noise estimation in TWRNs [5f, [6], [7]. The
research has then continued into full-duplex ones (for even

more spectrally efficient systems) [8], [9] and expanded to
relaying with Massive MIMO (MMIMO) [10] and cloud
based multi-way MIMO TWRNS [11]. Distributed beam-
forming [12]], energy efficiency of millimeter-wave TWRNs
[13] and time-varying MIMO dual hop relay (though one-
directional) channel estimation [14]] have also been inves-
tigated. One advantage of TWRN AF protocol is that no
signal processing is required at the relay (1) node, in that
R just amplifies its received signal signal and transmits it
to both the terminal nodes 73, T5. This results in cheaper,
reduced complexity relay components, without sacrificing
on transmission latency. However, this comes at the cost of
advanced signal processing/hardware at the receiver terminal,
as it has to semi-blindly estimate the signal (from the other
terminal), for interference cancellation (IC)), as well as
estimate the reverse channel (comprising its own channel
h to the relay R, assuming channel reciprocity) to enable
self-interference cancellation (SIC) caused by its own (self)
signal. Thus, developing low-complexity and fast TWRN
AF algorithms are still an area of significant research, to
enable superior, spectrally efficient, reception of high data
rate communications in emerging 5G/6G wireless modems.

The concatenation of two/more bidirectional transmission
systems, (in TWRN half-duplex systems), involves two/more
forward/reverse, individual/composite (cascade of two indi-
vidual) channels, which is unlike only one individual channel
in traditional transmission. This situation is particularly
very complicated in long multipath channels, which require
careful modelling and estimation of multiple (and even
coupled) parameters. A single-input, single-output (SISO)
system, with a single antenna (at the relay, as well as the
2 terminals) is considered here. This is a difficult scenario,
as multiple antennas in MIMO relays may facilitate TWRN
channel estimation [[15]].

An innovative time-domain model of a two-way, half-
duplex relay TWRN over a block based orthogonal division
multiple access transmission system (OFDM), in a full
multipath channel, is developed here, (as only few channel
paths have to be estimated in a time-domain method, instead
of estimating a large number of subcarriers in a frequency
domain approach [16]). Most of existing works concentrate
on single channel path/tapTWRN systems. Only few works
address multipath channel estimation in OFDM TWRN sys-
tem The alternative TWRN estimators in multipath OFDM
channels [16], [9]], by neglecting all noise components, resort
to least squares (LS) methods, which will shown to be
suboptimal (see (@]) below), and suffer in performance, in
comparison to the optimal ML (let alone MAP) methods,
in estimating the reverse channel. Additionally, individual
channels in [[16] are estimated in the frequency domain (see
expressions in Sec. III. A. 3, and equation (38) in [16]).
This calculation may involve some scalar divisions, which



are prone to noise enhancement at channel spectral nulls.

The contributions of the paper are:

i) Development of a novel time-domain model of a SISO,
two-way half-duplex relay network (TWRN) over a block
based orthogonal division multiple access transmission sys-
tem (OFDM), in full multipath channels, in contrast to most
existing works on (pilot based) single-path/tap (frequency
flat) channel estimation (Section II). The time-domain model
of multitude of TWRN multipath (i. e. frequency selective)
channels require appropriate signal models and estimation
techniques.

ii) Formulation of the forward, composite multipath
TWRN channels b in Section III, along with new derivation
of the prior probability density function (pdf) of multipath
composite channels, required for subsequent MAP estima-
tion.

iii) Novel blind, non-linear, (full mulipathy TWRN for-
ward composite channel (b) estimator in Section IV, along
with estimation of individual multipath channel h, g (from
composite channel b) (Section IV. A). Semiblind estimation
is achieved by using an EM algorithm (which is more
complicated than the one for single-path scalar channel [3]).

iv) Reverse channel estimation is complicated by a colored
(channel dependent) noise at the receiver terminal, as shown
in equation (I0) below and [17], thereby rendering the Least
Squares (LS) estimators suboptimal. In spite of that, existing
TWRN multipath channel estimators [16], [9]] still resort
to LS methods (to simplify matters), resulting in inferior
performance.

v) Though expressions for the ML based single-path,
reverse TWRN channel estimator can be derived [[17], [3], it
is difficult to derive closed form expressions for MAP based
reverse channel estimation (even for single-path channels), as
seen in 3], and for full-duplex single-path TWRN networks
[8. Our paper overcomes this problem by deriving an
unique, innovative MAP based reverse multipath channel
(a and h) estimators, using Factor Analysis Alternating
Maximization (a concept used sometimes in statistics and
machine learning, but not used in signal processing and
wireless communications), whose performance is superior
over LS methods (Section V). A closed form expression for
the reverse channel estimator is developed, and iterated using
a second EM algorithm in a novel way, and this estimator’s
convergence is proved.

v) Comprehensive and clear comparisons with existing
TWRN channel estimators (Sec. VI),

vi) Derivation of Cramer-Rao bounds for forward com-
posite channel b, and reverse channel h (Sec. VII),

vii) Simulation Results, illustrating the superior perfor-
mance of the novel estimators, over existing methods (Sec.
VIII), for varying number of subcarriers, channel length, and
varying number of OFDM blocks for all forward and reverse
independent and composite channels, along with estimating
time offsets and including CP-OFDM TWRN channels
Notations: Bold upper-case symbols A denote matrices.
Bold lower-case symbols b denote vectors. I; is an identity
matrix of size 7 X 4, 0 is a j x k-sized zero matrix. Also,
A(i : j,k : 1) denotes the ith to jth rows and kth to Ith
columns of the matrix A. For any vector s and matrix A,
|s||% denotes s As. ® denotes the Kronecker product.

II. SYSTEM MODEL

The TWRN considered in this paper consists of two
terminals 7'1, T2 and one relay node R, though extension
to multiple relays and terminals is simpleforward. Consider
a OFDM system, with s = [s"/(N = 1),...,s™(0)”
be the ith transmitted OFDM block’s data from kth ter-
minal; £k = 1,2 are the two terminals. (N is the discrete
Fourier transform (DFT) size). The time-domain signals
ugk) = [uz(.k)(N —-1),... ,ugk)(O)]T are obtained by taking
the inverse DFT (IDFT) of s The ith transmitted OFDM
block symbol consists of ugk , padded with a guard interval
of Z (> 0) zero samples (or preceded with a cyclic prefix).
The guard interval enables simple subcarrier-by-subcarrier
equalization in the frequency domain at the receiver, pro-
vided that the guard interval length is greater than or equal
to the channel delay spread L; the ¢th transmitted OFDM
block d; is of size P = N + Z = N + L. Thus d\¥ =
[u(k)iT, 01,L]T € CP. A few (pilot) subcarriers in dl@), say
7 (out of 64 in one OFDM block/symbol) subcarriers, are
assumed to be known at 7} )pilots), but others 64 — 7 = 57
are unknown (blind subcarriers).

Note Extension to OFDM with cyclic-prefix(CP) can be
done, as in [18]], where a CP system, after a specific signal re-
modulation (using 2 consecutive OFDM blocks in equation
(12), [[18]]), can be converted into a zero-padded (ZP) system
(also see equations (11) to (14), Section III.A., [18]]). Thus
we consider ZP systems only here.

Define the ith OFDM block’s, P x (L + 1)-sized, trans-
mitted data matrix from Terminal k, (kK = 1,2 terminals),

PP -1 0 0
dp-2 dPPr-1) o0 0
DM (P—1)= N
0 () d
0 )
c CPX(L-&-].)’ (l)

where dgk)(n) =0,N <n < P—1. The received signal (at
relay R), P x 1-sized r;, (with sufficient guard interval), is

f 2P ) (P =2) L )T

=DY(P-1)h+DP(P-1)g+n,, )

i

where h = [hphy_y - ho]T is (L + 1)-path multipath
channel from T1 to R; g = [gr 951 - go]T is (L + 1)-
path multipath channel from 72 to R, n, is the AWGN at R.
Relay 2 then adds another zero padding of L null subcarriers
to T, and sends out a signal r; = [/, 0, ]7 € ¢!, P =
P + L, to both the terminals T'1, T2. Note that r;(n) =
0, P < n < P — 1. Defining the data matrix (corresponding



ri(P—1) 0 0
D(;T)(]B 0 ri(P —2) TZ(P -1) 0
0 0 7;(0)
€ CPx(Lt1) - Toeplitz([ (P —1)r(P—2)---0]),
= [D{Y(P ~ 1)h| DY (P)h| -+, DIV (P + L — 1)h
+[DP(P - 1)g|D (P)g| - DP(P+ L —1)g]
+ [0,.(P = 1)|n,.(P),| - - [n.(P + L —1)], 3)

where Toeplitz(x) is a Toeplitz matrix with x as its first
column, and (defining ng)(n) as a P x (L + 1)-sized
extension of ng (n)). Then the received signal, at terminal
T1, (from the relay R), is z;(n), given by
2(0)]"

hol”

Zz%[zz(p -1 21(15 —2) -,

:DET)(P—I)[thL_l +n1ECPX1, 4)

where n; is the AWGN at 7'1.

Three general assumptions are made as follows:
(A1) The symbol sequence of each terminal k, s)(n) is
temporally white with zero mean and unit variance,
and is statistically uncorrelated with s(*)(n —m) for
m # 0.
The two noise sequences w(n) are both stationary,
and temporally and spatially white with zero mean
and variance 2.
The symbol sequences s!)(n) and s(?)(n) are statis-
tically uncorrelated with each other, and also with the
noise sequences w(n).
Note that because the IDFT matrix is unitary, the as-
sumptions (A1) and (A3) also hold for the time-domain

sequences u; ) (n).

III. FORMULATION OF THE FORWARD, COMPOSITE,
MULIPATH TWRN CHANNEL b

(A2)

(A3)

The system model, above, is further extended. Equation

@) gives

z; = [D{"(P — 1)h|---|D{" (P + L — 1)h]h
+[DP (P -1)g|---[DP(P+L-1)gh
+ 0. (P-1)|--|n.(P+L—-1)]h+n;
h 0 O
=DM P -1)---DPP+L-1)]| .. |h
0 0 h
g 0 O
+DPP -1 DPP+L-1]| - |h
0 0 g
+ 0. (P=1)|| - |8 (P+L—-1)])h+n;. (5)

Then defining ]55“%[]35”(157 ] --- |]~)Z(k)(pf 1+L)] e

CP*(L+1)? | — 1 2, equation (5) becomes

h 0 0 g 0 0
h+ D/

Z; = ]:)El) h+ﬁ,

(6)

We finally have

hrh grh
y :1(-1) hLT1h 71(.2) gLT1h
hoh goh
+(n(P-1) - n.(P+L-1)h+ny),
=D"(h®h)+ D (g@h) +n, (7

where ® is the Kronecker product. The associated composite
channel vectors, defined as a = (h® h), b = (g ® h),
are both (L + 1) x 1-sized vectors. n2[n,.(n) --- n,(n —
L)))h +ny is the P x 1 (overall) noise vector. However, in
equation , only L = (2L + 1) (incidentally, the length
of the convolution of two (L + 1) sequences) columns
of ]ZD(k) k = 1,2 are linearly independent. The linearly
1ndependent columns of D( Vareits 1,2, - ,(L+1),2(L+
1),3(L+1),--,(L+1)? th columns. Thus we define mod-
ified data matrices ]jgk)%ng)(:, 1,2,---,(L+1),2(L +
1),3(L+1),---,(L+1)?). The corresponding parameters

a/b include a subset of L components of a/b. Moreover,
a, is given by

1 0r240p
A 0 1 03 L242L—5
2 |or 1 Op—1 1 0p—1 1 0p_3 1 0
—T(h@h) = (h=h), ®

where h x h € CL*1 is the linear convolution of h with h.

Note: The Kronecker product vectors & = (h ® h) and
b consist of (L + 1) elements, each of which is a single
term, consisting of a pairwise product of elements of h/g
with h (see equation ). T is the transformation matrix
which sums up some elements of a(b) to form a reduced
subset of L elements, which is actually the convolution
a = h x h. Equation thus provides a relation between ®
and * operators. The complex valued L x 1 vector a can be
expressed in terms of its magnitude and phase components
by

a = diag(a)[e’"*], b = diag(b)[e?V*], 9

where a, b and ,, 1, are the magnitudes and phases of the
composite channels a, b respectively. Then the magnitude of
equation (7) becomes

=DM (h«h)+D®(g*h)+ (Hn, +n;)

=D"a+ Db+ (Hn, +n)), (10)

where H is the Toeplitz matrix with h as its first column.
(The phases of all variables in (I0), including composite
channels a, b, will be dealt with separately). The overall
noise n = (Hn, + n;) then depends on the multipath
channel h, (as also in single-path channels [17]]), has a non-
diagonal correlation matrix, C = (HH + I)o?, making
it a colored noise. The least-squares (LS) solutions, by
neglecting all noise terms, is then not equivalent to the
optimal ML estimate, and thus inadequate to solve the relay
composite channel estimation problem [|17]].

A. Derivation of prior pdfs of composite channels

Next, to obtain the maximum aposteriori probability
(MAP) estimate of the associated channels, the joint prior



probability density function (pdf) of composite channels (in
(@), has to be determined [5], [19)]. Recall that in [J3],
only the prior pdf of scalar (single-path) channel parameters

= h3 and b = goho needed to be determined, while
here the composite channels are convolutions b = g * h,
a = h % h, determining whose apriori pdfs, is considerably
more complicated. For simplicity and ease of presentation,
consider two 3 (L + 1 = 3)-path individual channels whose
magnitudes are h = [hs, ha, h1] and g = [g3, g2, 91]
respectively (their phases will be determined separately).
Then magnitudes of composite channels a h+h =
[a1,a2, - ,ar]t, b=gxh=[by,by,--- ,bz]T, given by

ayp = h%, a9 = 2h1h2, as = 2h1h3 + h%, a4 = 2h2h3,
as = h3.by = hig1, ba = hagy + h1ge, b3 = gihs + g2ho
+ g3hi1,bs = gahs + g3ha, bs = g3hs.

Lemma 1: The logarithm of the joint aprior pdf, f(a,b),
of the magnitudes of the composite channels a, b, is given
by

b
logf(a,b) = logf(a)logf(bla) = logf(a) + 109(%
LB g2 b)) (e - ab)?
aLv a1v arv
+ log( (bijl — ﬁ) - (b3a12_ o
10 ajv

+log([2(bsv/@ — VasB)/(@*y/arv)))—(bay/ar
— VasB)/(arv) + log(2bs /(asv)) b2/ (asv).

Proof: See Appendix B. The results can be easily extended
to arbitrary values of L + 1, (channel length), as illustrated
in Appendix B. The method (in Appendix B) can be pro-
grammed on a computer for any generic value of L

Then the gradient of the log prior-pdf, /p[logf(b|a)], is

Y

1/b1
Vai/(bay/ar — aby)
b llogf(bla)] = | a1/(bsas — B)
\/a/(bml/g —Vash)

— @by /(@)L — aya, + (g — a?)/(ar) — Vag/o)
—(2b2/v)[1 — (a/ai) + (as/(a’a1))]
—2b3/(ayv)

—2by/(arv)

—2[)5/(@111)

(12)

IV. DERIVATION OF NOVEL BLIND, FULL MULIPATH
TWRN FORWARD, COMPOSITE CHANNEL (b) Non-Linear
ESTIMATOR

Defining z; 2 [z; D(l) al = D(Q)b + n. First, we assume
that the composite channel parameter a = (h % h) is known
from the last iteration, from which h can be determined (by
deconvolution), or as in Appendix A. Then H is formed
and used to compute the noise correlation matrix C. Also,
terminal 71 knows its own transmitted data Dﬁ”. Thus z;
can be computed. MAP estimation of the composite channel
b requires the aposteriori pdf of b, (given data z;, and a

(from last iteration)). This is given by
f(Zi|b,a)f(bla)

f(zila)
—4(z:-D{"b]"

f(b|z;,a) =

€7@ -Db] » f(b|a)

13)
f(zila)
The aposteriori pdf, f(b|z;,a), is then maximized with
respect to (w.r.t) b, to find MAP estimate [20]]- [26]. This is
equivalent to maximizing £2 log,(f(z;|b,a)f(bla)) w.rt
b. Then
Dbl C~'[z; — D{'b] + log(f(bla)),
(14

with log(f(bla)) given in (L1). However, maximizing (14},
at terminal 7'1, with respect to the composite channel param-
eter diag(b), also requires knowledge of ]352), ith OFDM
data block transmitted from other _terminal T2 to R. Since
data ]_)7(;2) is unknown at 7'1 [27]]- [29]], an Expectation-
Maximization (EM) algorithm is applied to the likelihood
function £ (in (T4). An EM algorithm is used for TWRN
relay channel estimation in [3]], but only single path/tap
channels are considered, which simplifies the situation con-
siderably. Moreover [3]] does not exploit the MAP optimality
criterion. Since D is unknown at T'1, the conditional ex-
pectatlon of the hkehhood function (I4) (over the unknown

£elp

data D; ), given z;), i. e. the E-step in EM algorithm, is
computed,
1 _ _
B, {£} = =5 Epo, {12~ Db €'z, - Db}
- Ploge(det(C) — E@),, {log(f(bla)}. (15)

However,if a ML criterion based estimator is employed,
then there is no priori pdf {log(f(bla)} term, so that its
likelihood function becomes

BNk, AL} = —5Epe, {2 — D] C'[z; — D]}
— Plog, det(C) (16)
The 1st term of (T3) is
(O] + b By, DI CDP b
— 2%{2/'C ™' Ep ), [D”]b}), (17)
where two Expectation terms, namely,
Eges, DPHc-1D®] and Eges, [D@)] have to

be ‘derived, for which the required pdfs have to be
determined. We assume that the transmitted discrete
data dl(-z) is independent, uniformly distributed, with
pdf f(dEQ) = A) = 37, A4 = 1,2,--- M. Then each
column ¢ of f)l(?), denoted by [D®], is a P-sized
column vector, with only N non-zero random entries
A, [AioAiq -+, Ainy—1]" (for the Ith random
experiment).

Lemma 2: Defining for the ¢th OFDM block’s,

AT Wl
Xi2 221 AL feorumns B+ (15) becomes

Ege{L} = zC 'z, — 2R{zf C~'Xb}

MY
+ (g)bH(Z[XCﬂXH])b+otherterms. (18)
=1



Proof: See Appendix C.
Obviously, minimizing E- (2){£} involves maximizing

Differentiation of (18], with respect to the parameter b gives

2R{z/C~1Xb}, the 2nd term in . {zFC~'Xb} has D(2){£} Z AHC'Ab - (27 A,C7Y))
the maximum value, when it is real (i. e. does not have any Jb °B
imaginary component), which then gives 2R{zC~1X}b = 1/by
2||if{C_1Xdiag(.b)]. Then the term 2R{z7C~'Xb} in a1/ (bay/at — aby)
(T8)) can be re-written as I ar ) (bsar — B)
, a1/(bay/ar — +/a
2M{z7 C1Xb} = 2R{zH C~Xdiag(b)[e**]}, (19) vai/( 4\1//7,15 Vash)
Vol i o T L —(2b1/(a1v))[1 = av/a; + (vas — a?)/(a1) — Vas /o?]
Yo (2b1/(ar 1 5 5
where [e?¥*] is a L x 1 vector. By estimating ¢, as —(2b /0)[1 — (0/7(%) +)(a5/(a4a1))]
+ 72b3 a1v
_ sHM—1 )
'l/]b = —ZZZ- C X, (20) —2b4/(a1’0)
h —2b5/(a1v)
we have 25)
2R{z7 C~'Xb} = 2R{z7 C~'Xdiag(b)[e?¥"]} which reduces to
= 2||zF C™'Xdiag(b)]|. )} MY
aEaLE} :2% [AFC™'Ab - (|2f{AlC‘1|)]+F%+Gb,
With the choice of ¢y, in (20), A becomes =1
(1-1) 1, (1—1)
) F = diag(1 pV 1 7
A= emp_%Zf—ﬂii—Alb]HCfl[ii—Alb] iag(1, \/7/[\/7 ol /by )] (-1
ar/[ar — (B/6S™ )], var/[var — (VasB/b ™)), 1],

= exp QZl 1[”Z H2 1+2§R{2iHC_1Xh}+HbHXHéfl]

—exp — 1 I 12 15— 212 € Xdiag(b) | +]b7 X]||%, 1 ]

B = E [el‘pié[”i-{{H2C—1+2H25[C_1Xdiag(b)”+‘|be]HQC—l]]z”

MN A
X = Z A, 5 (22)
=1
Then both A and B are real and positive.

It is to be noted that Hermitian, non-negative definite noise
correlation matrix C has non-negative (possibly positive)
eigen-values {);}’s; det (C) = [[, Ak, Ax — C’s kth eigen-
value, thus its determinant is also non-negative ( possibly
positive). Thus, C permits a Cholesky decomposition C =
CrCH, Crbeing the Cholesky factor. Now, 1y, (in equation
(20) can be re-written as

Yy = —£Z7C71X. (23)
Using trace operator’s properties, a = trace(a),a

scalar, trace(AB) = trace(BA), and applying (23), (22),
the 3rd term in (I8) is

MN

Z trace{b"”[A;C~
=1
— MN

= Z trace{||diag(b)>A;(CI) 1%},

'A[b}
(24)

where A = A(ellz’ G A,

The gradient of the log of prior-pdf, /p[logf(bla)], in
(12), has reciprocal coefficients of {1/b;} in the first term
on its RHS, and coefficients of its linear term b; in the 2nd
term on its RH Using matrix identities %&AX) = A,

9X] _ X)X, 8§;¢X — 2AX (for Hermitian A), [30].

+ (Va5 — a%)/(a1)—
(as/(aa1))], —2/(a1v),
(26)

G = diag(—(2/(a1v))[1 — av/ay
Vas /o], =(2/v)[1 - (a/ai) +
—2/(a1v) = 2/(a1v)),

where the superscript (=1 refers to the earlier (I — 1) EM

iteration.
OB @ (£}

Putting o = = 0, we need to solve the equation
(below) for estimating the channel magnitude b,

wWmn? )24+ Bb® + DV =0
MN
= 27 Z [AFCT'A) + G,

MN
B=—-= Z (|zA,C

D=F. 27)

Equation is a matrix quadratic, non-linear equation,
unlike linear MMSE or LS algorithms, typically used in one-
way single channel estimation. The reciprocal coefficients of
{1/b;} in pllogf(bla)], in its 1st term in RHS of (12),
gives rise to the quadratic coefficients of b in and
coefficients of its linear term b; in the 2nd term on its RHS.
The estimate of composite channel magnitude b is given
by that solution of that gives non-negative entries of b
(since b is the magnitude of the forward composite channel
vector)

b= (2W)"![-B + (B?
Uy = —/z1C71X

- 4WD)1/2}7
(28)

(.)*/? is the matrix square root operator.

Note: Multipath channel estimation (equation (16) [16],
equation (40) [9]) uses LS methods, by neglecting all noise
terms. It is different from MAP or even ML method, (which
uses the noise correlation matrix C).



A. Estimation of Individual Channels from Composite
Channel Estimation

In addition to estimation of composite channels a,b at
terminals 7’1, T2, individual channels h and g estimation
may be needed for beamforming, power allocation at the
relay node and the 2 terminals [17], [16], [S], to obtain
more efficient directional transmission between relay node
R and T'1,T2. Let us start with 3(L + 1 = 3) channels
whose magnitudes are h = [h3, ha, hi] and g = [g3, g2, 91]
respectively (their phases will be determined separately).
Then the individual channel h can be reconstructed from
a by time-domain deconvolution as

ag

h ——, hy = 29

=\ai, hy = 2h1 RN Vas (29

Similarly, L = 4, then h,a are 5 x 1 and
(L = 9) x 1l-sized vectors. Then h is obtained
from a by, h = Va1, az/(2/ar), (as —
as/(2v/az))/az, as/(2\/az), /ar)L. From the other

composite channel b = g+ h = [b1by---bg], individual

channel g is reconstructed by

g1 ="bi/h1 =b1//a1, g3 = bs/\/a?

= (b2v/a1 — aby) /a1, o (2a4 —a2)/(2Vas),  (30)
Extension to generic L multipath channels is given at the
end of Appendix A.

V. ESTIMATION OF REVERSE CHANNEL PARAMETER a

Reverse channel estimation is complicated by a colored
(channel dependent) noise at the receiver terminal, as shown
in equation and [17], thereby rendering the LS es-
timator ineffective. Though expressions for the ML based
single-path, reverse channel estimator can be derived [17],
[3[, it is difficult to derive closed form expressions for
MAP based reverse channel estimation (even for single-path
channels), as noted in [5], and for full-duplex single-path
TWRN networks [8]. Our paper overcomes this problem
by deriving an unique, innovative MAP based multipath,
reverse channel (a and h) estimators, using Factor Analysis
(a concept used sometimes in statistics and machine learning,
but not used in signal processing and wireless communica-
tions). Factor Analysis allows us to convert the associated
difficult maximum likelihood (ML) problem, into a tractable
likelihood function, which can be maximized analytically.

From , we have, for the [th (received) OFDM block,

Zli[zl — f)l(Q)b] = f)l(l)a
+ ([n.(n) -+ n.(n— L)|h+ny, 3D
which can be re-written as
= ArdY + Hn, + 1y, (32)

H and A are the Toeplitz matrices constructed from h and
a respectively. Extending (equation (14) in [33]]), we have,

for S = 3 OFDM blocks in a time-invariant channel,

Z1 dgl)
Zo :diag(AT, Arp, AT) dél)
73 )
ne; n;
+ diag(H,H, H) |n,o| + [na|,
n,3 ng
dgl) n;
= diag(Ar, Ar, A7) |d" | + | By (33)
dgl) ns.

n; = Hn, ; +n; is the total noise, where the first noise term
Hn,.; is still Gaussian (as a filtered Gaussian noise remains
Gaussian [19]]), but colored (non-white). Thus, n; is a Gaus-
sian, colored noise. Since E{dl(l)} =0, E{dl(l)(dgﬁ))H} =
5(1—m), and E{(n,)i} = 0, E{(n,)i((n))"} = 026(1—
m), (and similarly for noise sequence n;). The mean and
covariance matrix of z; are

7] = Ale(l) +Hn,; +ny,
pz =0
H
Cov(z) = HE{n,n }H" + A;E{dVd" " }AZ
+ E{(nyny; M)} = c2(HH? + 1)+ ApAH = C. (34)

C is the covariance matrix here (different from C in equation
(14), Sec. 1V). Suppose at this stage, a and its Toeplitz
extension Ap are known from the last (I — 1)th iteration.
Then,

. LA
H = maraL(H,A)= " log(p(z|H, A))
=1

S = ~
=" — 1) (€)1 — piz) (27) /2| det(C)|
! (35)

Using (34), we have

[2]™)

o*I+HHY) + E,E=AA".
(36)

S
margL(H, A) Z
=1

(2m)~F/?|det(C)|72,C =

However, maximizing £(H, A) is difficult, for which there
is no known method, see [20].

It is here, that a technique called “Factor Analysis” (used
in machine learning for separating mixture of distributions
[31]], [32], and very recently in speech and signal processing
[33]]), comes to the rescue. The received signal (observation
vector) z; can be viewed as filtering white n, through
the unknown H factor, (along with other factors) in the
factor analysis model . Thus, n, can be considered as
a latent/hidden variable, which generates filtered Hn,. (the
2nd term in equation . Since, Hn,, has non-diagonal
covariance matrix, it is correlated, almost signal-like. Re-



writing (36)),

S
L(H,E) = log(p(z[H,E))
=1

S n,HE
> tog(X fnet x PETEEE

p(ila n;; Ha E)

f(nr‘il)

Il
Mo I

log(Enr|il{ })v (37)

Il
-

by multiplying both numerator and denominator by f(n,.|Z;).
Using Jensen’s in-equality for concave log function, i. e.
log(E{X}) > E{log(X)} , we have

S ~ ~
(Zz\nr;H,E)f(nr\Zl)
)2 ) B llos 0 B
S
=3 Y f(n,]z) x log(p(zi|n,; H,E).  (38)

-
Il

1 n,

This reduces to

%)

(zin,; H,E)} — mazuLl(H,E)

> B

Lz {log(p

S

= mazw [Mmaz s, jz) [Ba, 2 Y_{10g(p(zi]n,; H,E)}],
=1
(39

which falls within the category of EM algorithms, with the
last equation in (39), encompassing its E (Expectation) and
M (Maximization) steps. Maximization of £, over the pdf
f(n,|z;), followed by maximization over H, are carried
out in an alternating fashion, as in [33|]. This requires
that the pdf p(z;|n,) be determined first, after which its
Expectation (over the hidden variable n,|z;) is computed
in (39). To compute (39), the conditional pdfs, f(n,|z)
and p(z;|n,; H, E), have to be determined. The conditional
random variables (n,|Z;) and (Z]n) are both Gaussian
distributed, with pdfs f(n,|z;) ~ N(pin, |z, [Cov(n,|2)])
and p(z|n,) ~ N(pz|n,,Cov(z|n,) respectively. Using
z; = H(n,), + Aé?_l)dl(l) + (n), (from equation (34)), we
have
Lemma 3

The conditional means and covariances of the pdfs
p(zin,; H, A) and f(n,|z;) are given by

[z, n, = Hn,, Cov(z|n,) = 0’1 (40)
Hn, |z, = 02HH(C)71(21)3
Cov(n,|z;) = o?[1 — ?H?[C] ' H]. (41

Proof: See Appendix D.

S
= Z log(zp(zh n;; Ha E))
=1 n,

Continuing from (39) and employing Lemma 3, it follows

S

Z E{log(p(iz |nr; H? A)}

=1

S ~
=" Bujs [log(2m) ="/ — log(det(Cov(z|n,))~?)

zZ — Miz\nr)H(COU(i”nr))_l(zl - Mil\nr)]a

=1
1
7(zl - Hnr) 72(Zl - HIIT)], (42)
S
1 Z;" Z (EnfHH" 7)) z;"Hn,
= §Z[E( o2 o2 o2 )
=1
HHHH
+ E( I 5 fr )] + other terms. (43)
o

Then using a = trace(a),a scalar, trace(AB) =
trace(BA), equation (43) gives the log-likelihood (for kth
iteration) as

13 7
!
= §Ztrace[EnT|il7( l02 ) —
=1

ilHHEnrliz (n,)
2

EnT‘il (nf)HHZl
2

g
(HHH)Enrliz (nfnr)

o2

]

g

+ other terms, (44)

Now, one has to maximize the likelihood function over H,
for which we take the differentiation of (44) with respect
to H, and equate it to 0. This provides an estimate of
the channel parameter H matrix, (rather than the composite

channel a vector). Using the identity , %IEATC)) =
CAB + CHAB?, (for any generic we have ,
8Enr|z, log(L 18
- arr 5 nT |z, nr)
Zl H
— 2[§En7.\zz (n,)] = 0. (45)

Finally, the estimate H is

S

I:I = (Z Zl/’ém |zl

S
ZCO’U Hr|Zl +Mnr\zzunylzz]) 1’
1=1 =1

(46)

by using E(nf'n,) = Cov(n,|2;) + fin, 3,1 |z If apriori
information about the pdf H is utilized, then the MAP

; ; : : — of) _
estimate of H is obtained by defining W = =55 =

nZ
(((21_[#;2‘;?316 Zf:om) x T, where T is a
matrix with its first row given by [(¢? — h%), (6% —
h% )y, (0?2 — h3), 0 , 0]. Then equation is
modified by

Toeplitz

s
H= () [z |5 + W]x
=1

-1 47)

M

(> _[Cov(n,|z1) + pin, |z 10 12,])

~

1



H is initialized by its LS estimate,

ZD

, one needs to compute substitute the values py |z,
and C’ov(nr|zl) using equation (#1) (Lemma 3). Then the
Ith iteration of H", is computed (from its (I—1)th iteration
estimate), by

S

10— (3

=1

D<1 . (48)

S
HY = (> o*zzfC'HI7Y))
=1

S
Q_o[
=1

+02[H(l*1)H(~3 zleC g1 )]])*1

O_QH(l—l)HC—lH(l—l)]

(49)

A(-1) - - (1-1) o (-1 H
where CU—Y = o2(I+ HU-VHI-DH) L ALTVALT
The estimated channel matrix H being a Toeplitz matrix, the
individual channel h is estimated by

h" (k) = mean(diagH®Y , k)),k = 0,1,--- | L, (50)

where diag(H,k) is kth sub-diagonal of H matrix
(diag(H, 0) is the main diagonal of H). The NRMSE of
fl, in is less than than of LS estimates, Fig. 7. Then the
reverse composite channel vector a can be estimated by

a®) = h® « ", (51)

So this algorithm proceeds, as follows: In every [th EM
iteration, determine h(’)_is obtained by equation . Then
we estimate a(’) by , from which the matrix ATl i
constructed from a Toeplitz extension of ("), These are all
used in the (I + 1)th iteration to compute H(+D h(+D,
by using and . Since fixed values of a¥ and Ag)
are used to estimate H(+Y) at (I + 1)th iteration. H(+Y s
then fixed at its present value, and then it is used to estimate
al+1) and Agﬂ), and so on. Thus the above parameters
are coupled together, which has, till date, been solved by
numerical means only, as in existing literature [5], [8]. The
complete algorithm is tabulated in Table II.

A. Convergence

It can be shown that (@9) converges to the optimal solution.
After processing an adequate number (S) of OFDM blocks,

HY — o?[B(zz{ )C'HI"V]) x (o*([1— o>HI-DH
_cle(lfl)] +o [H (I-1 HC 1E(iliH)C 1H(l71)H)71
_ (0_2[66—11_1(1—1)]) % (0‘ HI _ O’QH(Z_l)Hé_lH(l_l)}
+ 02[H(l71)HcflCcle(lfl)H)f

= (*[H"V))) x [T =HY, (52)

by recalling that E(zz{') = C (equation (34)). The above
convergence confirms the validity of the reverse channel
estimator in (49). Estimating h in this way may be less erro-
neous, than estimating (a = (hxh) first, and then obtaining
h by de-convolving a noisy estimate of a). Equation
is a non-linear equation, which is unlike linear MMSE or
LS algorithms, typically used in one-way individual channel
estimation. Recall, estimation is being done at terminal 7'1,
and thus knows its own transmitted data ]31(1).

TABLE I
Two Way Relay Networks (TWRN) Composite Channel Estimation

Step A. Estimation of Composite Channel b
Step A. 1 2 L-tap individual channels h = [hphp_1 -+ hol, g8 =
lgL 9p—1 -~ go]. Define the magnitude of composite channels
a=(hxh), b (g + h), * : linear convolution.
P x L matrices D( ) , k = 1,2 are Toeplitz matrices constructed
from the transmltted data from 2 terminals Ty, L = 2L + 1.
Step A. 2 Let a be known (or, from previous iteration), From a, determine
h by deconvolution.
For example, for (L + 1) = 3 path multipath channels h, g,
the composite channel a if of length L = 2L + 1 = 5. Then
h = [\/a1,a2/(2y/a1), /@2L51)] can be easily determined. See
Appendix A for details.
Step A. 3 Construct channel matrix H as the Toeplitz matrix from h. Then
compute C = (HH? 4 1)o2.
Step A. 4 Moreover, Terminal 77 knows its own transmitted data f)gl).
Step A. 5 Define: z; 2 [z; — ﬁgl)a] = ]32(2)b + n(n)
Let A; be the P x L-sized alphabet matrix at Ith
computer experiment, corresponding to ]5(2) (ith  OFDM
block transmltted block from terminal T2) Dehne A

-1l g =

Hgo—1 H
ZZL: exp” Sz 1 +2l2] Xdiag(b)||+b7 X]|IZ ,
N H Ha-1 Hx =
Zivi}v[mp U215 -1 +202ff ¢~ ' Xdiag(b) ||+ 1T X]|I7, 1]}L X —
]W AlB

Step A.6 Phase of composite (complex) bb is given by w<l)
—/zHC™1X = —/bWHAHC™IA;, with b on RHS of
(equatlon above) havmg been computed at the last (I — 1) EM
iteration and ) on LHS, is the phase estimate at the current ith
EM iteration.

Expectation of Maximum A-posteriori (MAP) criterion {L} for
estimating composite channel b:

D(g) {L} = —trace{[zFC~!

Step A.7

z;]} — trace{|[z{' C~ ' X[b]||]}

+ MY AAHC race{||diag(b)AF Cr)H |2} +
other terms, A = A(eHBHAz Hz).
Step A.8 Differentiation of E[L] with respect to b, 8%‘%} =

N
24 M [AfCT'ADb — (2FACY)] + Fi + Gb,
F and G given in equation (26). where the superscript
(=1)  refers to the earlier (I — 1) EM iteration.

8Ef)(2){L} i T
_ = 2 =1 Achil(CTAl)b —

|) + F% + Gb. F and G given

ob
M
2375

in equation

4(zH A, C™
]5.(2){13
Step A9  Putting —}5—— to 0, equation to estimate the mag-
nitude of the composite channel b: W(b.)2 + Bb +
2L+1
D = oW = AyMYAHC-(CrA) + B =
—Zl IQLH ,/%(|zf1AlC DD = F (.)1/2 : matrix square
root. ~ A Lo
Finally using Step Step A.8 , estimate b = diag(b)el¥b.

VI. COMPARISON WITH EXISTING METHODS

Our novel semiblind multipath relay estimation algorithm
is specifically compared with 1. [[17]], 2. [16], 3. [3[I, 4. [5],
5. [9l.

A. Comparison with [|17], [|16]

[17] is a relay estimation method in single-carrier, con-
tinuous transmission (CT not block-based system with a
single path, which eases the problem considerably. In case
of multipath channels, the forward channel b is estimated
by a LS method [16]], by neglecting all noise terms. The LS
method (not equivalent to ML) in this case, as the overall
noise (i = Hn, + n;) in depends on the multipath
channel h, (as for single-path channels in [17]]), making it
a colored noise. This fact makes LS solutions inadequate
to estimate the reverse relay channel a. A ML method is




TABLE II
Two Way Relay Networks (TWRN) Cascaded Channel Estimation

Step B Estimation of Composite Channel a

Step B.1 For lth iteration, assume that all~1) known from (I — 1)th EM
iteration.

Step B.1 From received signal at Terminal 1, define
72z — Db =7 = Ard{") + H(n,); + (n1);,. H and
A are the Toeplitz matrices constructed from h and a.

Step B.2 Mean and covariance matrix of z; are puz = 0, Cov(z;) =
?(HHE +1) + ArAH =C

Step B.3 mazpL(H, A) solved using Method of alternating Maximiza-
tion.

S

mazy [Maz p(n, |,) [Fn,z,[>_{log(p(zi|n,, H)}]]
=1

Maximization of £, over the pdf f(n,|z;), followed by maximiza-
tion over H, are carried out in an alternating fashion.
Use EM algorithm with Expectation (E) and Maximization (M)
steps.

Step B.4 Then the likelihood function is

Rz,

zH 7 5 (n

s
1
= §Ztrace[EnM2l’( g ) —

| BB, g (nfn)

o2

o2
Zl HEnr\ZL (ny)

o2

I+

Step B.5 Using EM algorithm and Factor Analysis, lth iteration HOH
from its (I — 1)th iteration estimate, given by

S
HY = 3" o?zz T HIY] + W)
=1

S
x (> o1
=1

o HIDH G

UzH(z—1)Hé—1H(z—1)]

zaf! G HOV])

2

h%
= (@iohi) ~ X0 502 ‘
where W = ((2m72())L+16 7=0202) x T, where T is a
Toeplitz matrix with its first row given by [(62 — h2), (o2 —
h%_1), s (02 =h), 0, -+, 0].

Step B.6 H is initialized by its LS estlmate

S
H —
(E DM D)
1=1

S
HO = (S DM 7))
=1
Step B.7 From Toeplitz H, h is obtained by averaging over its diagonal
and sub-diagonal entries.
Step B.8 For next iteration, calculate a = h x h (linear convolution), and
A is a Toeplitz extension of a.
Step B.9 Estimating h in this way is less erroneous, than estimating a =
(hxh) first, and then obtaining h by de-convolving a noisy estimate
of a.

thus used in [17] to estimate single-tap a, with enhanced
performance.

On the other hand, [[16] estimates multipath channels in
an OFDM system via a time-domain method. However,
composite channels a and b are jointly estimated by a
LS method only, neglecting all noise terms, see equation
(16), [16], which is clearly sub-optimal for estimating a
in noisy situations, as overall noise is colored, depending
on individual channel h, as explained in [17], and above
paragraph. Simulations show inferior performance in noisy
multipath cascaded channels, compared to our novel method
here, but extraction of individual channel estimation is done
in equivalent frequency domain (see expressions in Sec. III.
A. 3, and equation (38) in [[16]])-which may lead to noise
enhancement, due to scalar divisions, at channel spectral

null frequencies); also requires some restrictions on each
channel length (along with sign ambiguity). Additionally,
[16] is an entirely pilot-data based estimation method, not
exploiting prior channel pdf as in MAP estimators, while our
novel method is blind/semi-blind, thus making it spectrally
efficient, by allowing more OFDM blocks/symbols to be
transmitted in a certain amount of time.

Note: Multipath channel estimation (equation (16) [16],
equation (40) [9]]) use LS methods (not MAP or even ML
method, which uses the noise correlation matrix C in the
associated likelihood function in equation (16)).

B. Comparison with [4], [3], [2|]

[4], [3]] estimate a single-path/tap L +1 = 1 TWRN
channel; the estimation is semi-blind, as much of the trans-
mitted symbols from the other terminal (except for few
pilot symbols is unknown but the method is designed for
a single path channels. The semi-blindness is achieved by
using an EM algorithm (hidden variables being the unknown
transmitted symbols from the other terminal, similar to our
approach).

Also, [3] (and [2]) considers a half-duplex single-path
TWRN h, g channels, with timing offsets and pulse-shaping
filters, using a ML method, along with optimization of pulse-
shaping filters and training sequences. In asynchronous (3],
it is assumed that the data from terminal 7} arrives at relay
R arrives earlier than from other terminal 75 by a timing
offset of 7. The value of 7 may be summation of integral
multiple of symbol period and a fraction (of symbol period)
part. Equation (12) in [3]] shows the received signal (at 77)
consists a term, which is the summation of few (instead
of a single, in synchronous case) data symbols transmitted
from Terminal 75, which leads to a multipath channel g.
Specifically Sec. III. B. [3]] considers a rectangular pulse
truncated to 2 symbol periods, so the received signal (at
T1) consists of interference, corresponding to 2 transmitted
data symbols from 75 (denoted by s%, k = 1,2) in equation
(31) [3]. This results in a L + 1 = 2 tap multipath channel,
which is just a particular case of our generic L + 1 (for
any L) g channel. Our method can thus be easily applied to
asynchronous system, with timing offsets (though oversam-
pling may be required to handle the fractional part of timing
offset). Not only that, [3]], [4]], do not exploit the channel
pdf information (if available), as it is not based on MAP
optimality. Our novel method, on the other hand, employs a
MAP method for a multipath channels.

C. Comparison with [5|] and [6|]

: TWRN channel estimators are derived using the MAP
criterion in [5]], and show improved over ML estimators in
certain cases. However, [5]] deals with only single-tap/path
channels, while ours deal with multipath channels, which is
a more complicated situation in two-way cascaded channels.
These methods also suffer from another disadvantage in
that even for single-path channels, MAP based [5|] does not
provide close-form expressions for the ML reverse channel
(a) estimation problem; instead the likelihood function is
maximized via (exhaustive search, in both magnitude and
phase dimensions) or suboptimal search and numerical tech-
niques [S]. While, close-form expressions can be derived



for our novel MAP reverse multipath channel estimator (by
employing “Factor Analysis” technique).

D. Comparison with [8]

[8] estimates single-path channels, but for full duplex, AF
TWRN systems. Due to the feedback in the self interference
link, at the relay, the overall system cannot avoid being a
multipath (IST) channel. However, the multipath weights are
all related to each other (which makes it easier), whereas
ours is a random multipath channel, with multipath tap
values uncorrelated to each other. Another problem with
[8] is that it does not provide close-form solutions for
the ML reverse channel (a) estimation problem, unlike our
novel MAP reverse channel estimator. By incorporating the
self-interference in full duplex networks, our novel method
may be extended to full duplex TWRN multipath channels.
However, this is not provided in this paper, due to brevity
(space limitations).

E. Comparison with [9)]

[9] employs a EM-based method for semi-blinding esti-
mating a full-duplex TWRN OFDM multipath channel, along
with frequency offsets. However, composite channels a and
b are each estimated by a suboptimal LS method only, (see
equation (40) in [9]). The noise terms w1 (n) (in equation
(9), and described above equation (11), pp. 5, [9]) is taken
as white noise (with a diagonal correlation matrix), which
is clearly sub-optimal for estimating a in noisy situations,
(because the colored noise term in (TI0) depends on individual
channel h, as seen in equation (10) above and in [17])). It
provides for spectrally efficient, semiblind estimation (via
EM algorithm), but, being semiblind, performs worse than
even all training-pilots-based [16].Not only that, another
disadvantage of [9] is that it does not provide methods
for individual channels h and g estimation, which may be
needed for beamforming, power allocation at the relay node
and the 2 terminals [17]], [[16], [S], nor does it use MAP
optimality criterion.

Ours is a time-domain, MAP based TWRN multipath
channel estimator, which works well in reduced guard in-
terval. The MAP likelihood functions, for both a and b
channels, are in the time-domain. The colored noise situa-
tion, in eqn leads to a complicated likelihood function,
with noise correlation matrix C = o?(HH + I), which
is difficult to maximize, in estimating reverse channel a.
We overcome this problem by employing a novel “Factor
Analysis” method. The “Factor Analysis” method allows us
to transform the associated likelihood function to a simpler
form, which can be maximized analytically, see equation
(@9). We also provide individual channels h and g estimation
methods.

To the best of our knowledge, Factor Analysis method has
not been employed for TWRN channel estimation before.
Even for single-path channels, MAP based [5] and [8]] do not
provide close-form solutions for the ML reverse channel (a)
estimation problem; instead the likelihood function is maxi-
mized via (exhaustive search, in both channel magnitude and
phase dimensions) and numerical techniques [5].

VII. DERIVATION OF CRAMER-RAO BOUNDS (CRB) FOR
CASCADED CHANNELS IN TWRN

Derivation of Cramer Rao(CR) lower bounds (CRLB) for
forward and reverse channels is quite complicated, especially
for multipath TWRN channels.

Lemma 4: The CRLBs for forward (b) and reverse chan-
nels (H/h) are given by

CRLBy, = Jup " = (1/4) S ((IH|]? + Do?)
l

([IAF177H (53)

4 i ~
Jan = ;[E{IIMHZzIIQ} + E{||Cov(n, |2,)H]|*}

— E{pf7,Cov* (n,|z,)H*} — B{Cov(n,|z,)Hu*z;},
(54)

from which Jy, 1, is easily obtained.
Proof: See Appendix E.

VIII. SIMULATION RESULTS

The channels from both terminals 77}, j = 1, 2 to the relay
R, are assumed to have five or three taps, each represented
by a symmetric complex Gaussian random variable with
zero mean and unit variance. The novel algorithms for MAP
multi-path TWRN channel estimators are compared existing
methods. Their performances have been compared in terms
of i) varying number of subcarriers (size) of each OFDM
block, ii) varying SNRs, iii) varying length of multipath
channels (L + 1), iv) number of OFDM blocks used in
estimation. The CRBs have been derived for both forward
(and) reverse composite/individual channels, used as a lower
bound benchmark of performance for all estimators.

The data signals {sz(»k) (n)} are binary phase shift keying
(BPSK)/quadrature phase shift keying (QPSK) modulated,
with a single transmit/receive antenna at relay R and at each
of 2 terminals T'1, T'2. Few (T) of the transmitted subcarriers
{dgk)(n)}, in each OFDM block, are known at the receiver
(pilots), the rest are unknown data subcarriers. Simulation
results are obtained by averaging over 100 trials; for each
computer trial, independent and identically distributed com-
plex Gaussian channel coefficients with zero mean and
unit variance (Rayleigh fading channel) are generated. The
receiver signal-to-noise ratio (SNR) is defined as SNR =
M, (w(n) : AWGN noise); performance of

E([[w(n)[]2)
different estimators measured by normalized MSE (NRMSE)

5 (P)

100 L (p) 2
h — Ch
100 .= 2o ICHP (0)| [

(55)

for any generic channel Ch. Ch could be composite chan-
nels a, b or individual channels g, h.

As mentioned earlier, multiple forward and reverse, indi-
vidual as well as composite channels estimators (for novel
semiblind, and existing training, semiblind algorithms) have
to be simulated, for performance comparisons:

i) Novel Semiblind MAP based Composite b, a (Forward
and Reverse) Multipath Channel Estimation, using EM algo-
rithm, in ZP-OFDM multipath transmission system, (denoted
by “Semiblind-EM-ChbEst” in Figs/plots)



ii) Blind MAP channel estimation of Reverse individual
channel h and individual channel g. Factor Analysis and a
2nd EM algorithm, (denoted by “Est-ChH-Novel” and “Est-
ChG-Novel”)

iii) Novel training pilots based all composite and individ-
ual channel estimators, (denoted by “Training-Chb-Est”)

iv) Existing OFDM multipath (composite and individual)
channel estimator [[16], (denoted by “Gao-Chb-Est”, “Est-
ChH-Gao” and “Est-ChG-Gao”)

v) Another existing semiblind OFDM multipath (com-
posite) channel estimator [9]], (denoted by “Chak-Chb-Est”,
“Est-ChH-Chak” and “Est-ChG-Chak”)

vi) Another existing ML based semiblind single-path/tap
composite channel, with timing offsets in asynchronous
systems, [3]], and compared with our novel method, (denoted
by “[4]-Timing Offset”)

vii) Simulation of cyclic-prefix (CP) based OFDM system,

viii) Simulation of CRB lower bounds of both composite
and individual channels, (denoted by “CRB-Chb” and “CRB-
HH”).

It is to be noted that only few OFDM blocks/symbols are
used here, as compared to that in [3]] etc.

Fig. 1 a) considers a SISO OFDM system with 64 subcar-
riers and plots NRMSE of forward composite b estimated
by our novel method, [16], [9]] in a 5 multipath channel. Of
this, only T = 7 training subcarriers are employed as pilot
subcarriers; and 6 OFDM blocks are used. It is to be recalled
that even forward, composite (multipath) channel estimation
(equation (16) [[16], equation (40) [9]) uses suboptimal LS
methods (not MAP or even ML estimator, which uses the
noise correlation matrix C in its associated likelihood
function in equation (I6)). The associated CRB lower bounds
are plotted in Fig. 1 b). Note that our novel methods, (using
the entire received OFDM block of P subcarriers, instead of
removing the ZP/CP subcarriers from the received OFDM
block, as in most existing estimators) exploit the additional
information in received signal block (even those correspond-
ing to the transmitted zero subcarriers). Fig. 2 considers
the same system with more training subcarriers (1" = 14),
where the performance of “Training” and “Semiblind-EM”
estimators are very close to each other. Semiblind estimators
perform well, as the channel information is still embedded
in its received OFDM blocks (which can be extracted by
advanced signal processing techniques, as we do in Section
IV). The NRMSE of the novel estimator is pretty close to
CR lower bound (for most of the SNR range). This result
holds, even for long multipath TWRN channel, which has
mostly been avoided in the existing literature.

Fig. 3 compares the performance of different forward
composite channel (b) estimators for a 32 subcarrier (for
each OFDM block) system. Figs 3 a) and b) compares the
performances, for 2, 4, 6 OFDM blocks; the performance
improves with more OFDM blocks, as expected.

And in the more difficult reverse channel (a, h) estimation
case in Figs. 4-6, the noise is correlated (see equation (I0)
above). The existing multipath reverse channel (a, h) esti-
mators (equation (16) [16]], equation (40) [9]]) use suboptimal
LS methods, and thus their performance degrades. The novel
reverse channel estimator takes care of all correlated noise
terms and uses a MAP (enhanced from ML) criterion/cost
function. Due to the difficulty in reverse channel (a, h)

estimation, its NRMSE is higher than that of b estimator.
Simulation results are provided for varying channel length,
number of subcarriers and number of OFDM blocks used
in estimation. Fig. 5 b) shows that the NRMSE of reverse
channel estimator, using 6 blocks, is close to CRB lower
bounds. Also, individual channel g is estimated from com-
posite channel b, and individual reverse channel h (after
they have been estimated), as in Sec. V. A., and its NRMSE
also plotted in Figs. 4-6. The NRMSE of g is higher than
that of the other individual channel ﬁ as h is estimated
directly from the received signal, whereas estimation of g,
in equation (60), involves some divisions (by noisy estimates
of other channels). Such a situation has also been witnessed
for MAP estimated single-tap channel - (see Figs. 7, 8 in
(5D.

Fig. 7 plots the NRMSE of reverse channel h vs. EM
iteration no. for SNRs of 2, 13 dB. The Factor Analysis-
EM algorithm convergences quickly. However, there is a
sharp drop in NRMSE of h vs iteration no., at low SNR
of 2dB, while there is slight drop in NRMSE (from its
initial estimate), vs iteration no., at higher SNR of 13 dB,
indicating superiority of our novel algorithms, especially in
noisy situations.

Fig. 8 compares our novel semiblind-EM channel estima-
tor with that of [3]]. We consider a rectangular pulse truncated
to 2 symbol periods, so the received signal (at 73) consists
of interference, corresponding to 2 transmitted data symbols
from T (denoted by s{, I = 1,2) in equation (31) [3]. This
results in a L + 1 = 2 tap multipath channel, which is just a
particular case of our generic L + 1-sized g channel, which
again affects composite channel b. Our estimators performs
better than ML-based estimator in [3], as we use apriori
channel pdf in our novel MAP estimator.

Fig. 9 simulates the composite and individual channel
estimators in a CP-OFDM multipath transmission system,
with similar results. Following the discussion in Note in Sec.
II, and also [18|], CP-OFDM is converted into a ZP-OFDM
system, then our novel methods are applied to it. Even for
CP-OFDM system, our novel estimators perform appreciably
better than the existing ones.

IX. CONCLUSIONS

Semiblind estimation of multiple forward, reverse, indi-
vidual and composite channels in bi-directional AF TWRN
systems, continues to be a very active area of research to
deliver spectrally efficient, high data rate 6G systems. Supe-
rior reception and demodulation require non-trivial sophis-
ticated, fast IC/SIC receiver architectures. at the terminals.
The noise (including colored noise), at different relay and
terminal nodes, make LS methods [[16]], [9]], inadequate for
demodulation. As a result, most existing works have concen-
trated on the easier task of single-path channel estimation.
These disadvantages are overcome by developing optimal
MAP estimators in this paper. Of particular importance is
the derivation of an closed-form analytical expression for
multipath reverse iterative channel estimator, via the inno-
vative Factor Analysis approach and using an Alternating
Maximization method, and whose performance is superior
to LS methods. The convergence of the reverse channel h
estimator, proved in , confirms the validity of the reverse
channel estimator in (49). Estimating h in this way may be



less erroneous, than estimating (a = (h * h) first, and then
obtaining h by de-convolving a noisy estimate of a). Even
for single-path channels, MAP based [5] and [8|] do not
provide close-form expressions for the ML reverse channel
(a) estimation problem. Instead the likelihood function is
maximized via (exhaustive search, in both magnitude and
phase dimensions) or suboptimal numerical techniques [5],
without providing any insight into expression for the re-
verse channel estimators. Asynchronization, timing offsets
etc. particularly affect TWRN performance, as there may
be two/multiple terminal and relay nodes involved. Also
bidirectional communications complicate the situation, as the
timing offset in a timeslot affect the transmission/reception in
the next timeslot. Thus effects of asynchronization, timing
offsets have received substantial interest in existing works
11210, 120, 4], [3]; however, as discussed in Sec. VI. B., this
asynchronization can be accommodated within the generic
framework of our novel TWRN full multipath channel
estimators. Simulation results demonstrate the supremacy
of the novel estimators over existing methods. Future work
include developing time-domain method of full mulipath,
along with alleviation of phase noise and carrier offset
effects, as well as time-varying TWRN channel estimation
in advanced full-duplex (FD) TWRN and for other emerging
communication systems (with cascaded channels), e. g.,
unmanned aero vehicle (UAV)s [35]], Intelligent Reflecting
Systems (IRS) [36].
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Appendix A: Reconstruction of individual channels
h, g from composite channels a, b

Let us start with 3(L+1 = 3) channels whose magnitudes
are h = [hg, he, h1] and g = [g3, g2, g1] respectively (their
phases will be determined separately). Then a = hxh =
[al as as Qg a5], given by

a1 = h%, [ 2h1h2, az = 2h1h3 + h;

ay = 2hghs, a5 = h3. (56)

Then the magnitude of the reverse composite channel is
given by a = [h x h] = [aj,a2, -+ ,af], where h; , is
the Ith channel tap magnitude of h. (the phase of h will
be dealt with later on). Then the individual channel h can
be reconstructed from a by time-domain deconvolution as

= = ﬂ = a2 =
hi1 = Va1, hy = oy 2\/(leh3 Vvas  (57)
Also, the following relationships exist,
A
ha = (a4)/(2v/as) = \/az — 27, y—\/a1as (58)

The 2 equations above will be used in Appendix B to derive
apriori pdfs of composite channels a,b. Similarly, L = 4,
then h,a are 5 x 1 and (L = 9) x 1-sized vectors. Then
h is obtained from a by, h = [\/a1, a2/(2\/a1), (as —
as/(2y/ag))/az, as/(2,/az), /az]" Extension to generic

L multipath channels is given at the end of this section.
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The other composite channel b = g * h is given by
b = [b1bs - - - bz],
b1 = h1g1, ba = hag1 + h1g2, b3 = g1hs + g2ha + gshi,
by = gahs + gsha, bs = gshs. (59)

Then from b, individual channel g is reconstructed by
g1 = b1/h1 = b1/\/ay, g3 = b5/ /as,
A
g2 = (b2v/a1 — abi) /a1, a—(2a4 — a2)/(2V/as).

The above analysis can be easily extended to any value of
L+1,L = (2L +1).The first and the last (i. e. L)th points
of the convolution have only one term, involving one h;
coefficient (for a;) or a product h;g; (for b;), This allows
us to find the conditional pdfs of ai, af, by, by directly.
The second and second-last terms of the convolution are
a summation of one/two terms invloving 2 coefficients of
hi,g; (see as,aq,bs,by). Their pdfs are determined next.
Continuing in this way, the third and third-last of the
convolution are a summation of two or third terms, their pdfs
are next determined in the same way as L +1 =3, L =5
example above. This is then continued for the other points
of the convolution. This analysis holds for any arbitrary
value of L. If value of L is known apriori, the equations
for reconstructing individual channels h, g from composite
channels, can be easily determined beforehand. This method
can be programmed on a computer for a generic value of L.
Moreover, equations (36) to (60) will be used in Appendix B
to evaluate the apriori pdfs of the composite channels a, b.

Appendix B: Proof of Lemma 1: Derivation of Apriori
PDFs of composite channels a, b

Since complex h, g are Gaussian distributed with variance

v, their magnitudes h, g are Rayleigh distribuged. Then the

— 2z ,—
v1

(60)

pdf of each component of h is f, (z) “ . Then using
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(36) to (38), and using the formula for pdf of a function of
random variable, the pdf of a is

fai(a1) = fa, (M1 = V/a1)/(|0a1/0h1])
= (2V/a1/v)e” " [2\/ay = e/ Ju,
fas(as) = fny(hs) = V/as)/(|0as/Ohs|)
= (2y/as/v)e /" /2 /a5 = e /" Ju

= fay(azlar) = fp,(h2 =

(a2/2v/a1))/(2/a1) = (az/(arv))e™"2/ o),
hy = (a4)/2v/as = f(aslas) = (2a4)/(vas)x

—a4?/(4asv)
b

>
)
I

(&

hay = \/az —2\/a1a5 = fa,(asla1,as)

= ((2y/as — 29)/v) x e” = 720/v 5 = \Jajas,

fa(@) = fa,(a1) fa,(az|ar) fa, (aslar, as) f(as|as) fas (as)
(61)

The phase of a is =[01, 0a, - - - , 07] are distributed jointly by
unform distribution as

f([91792a e 795])

E,O < 6; <27
(2)
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Similarly, employing (60), the pdf of b = g« h is

foi(brlar) = fg, (91 = b1/+/a1)/(|0b1/Dg1])
= (2by/(ayv))e b1/ (@)

fos (b5) = fgs (93 = bs/+/a5)/(|0bs/Dgs])

= (2bs/(azv))e ™5/ (@)

f(ba|b, ag, aq,a5) = 2(bev/ar — aby)/(a1v)
e baVmmab) a o — (204 — a5)/(2¢/a5),
f(bs) = [2(bav/ar — V/asB)/(0*\/arv)]

e UaVm=VaAS/eTen) g — by fa —aby. (62)

Now it remains for us to determine

bz = h3g1 + haga + h1gs =
g3 = (bsay — B)/ax, B = [b1y/as + a(by — aby)],

Fra (Blai, by) = 2(bsar — B)/(arw)e~sar=H"/(ato) - (63)
Then the joint pdf of { a, b} is

f(a,b) = e 4/? /yy x az/(alv)e_ag/(‘ml“)

x ((2y/ag — 27)/v)e~ (@2 vy
2a4/(va5)67“42/(4a5“) X e /Y Jyx

2b1 /(a1v)e /(91 % 2(by\/ay — aby)/(ayv)
e~ (b2va—ab)*/arv o 9 (hyay — B)/(ayv)

2\2 2
e b=/ (1) 5 (2(byv/ar — v/asB)/(a*arv)]
e~ (bavar—yasp)?/(atarv) 2b5/(a5v)6_b§/(“5”) (64)
The logarithm of f(a,b), is then given in (TI).

As in Appendix A, f(a,b) can be derived for any arbitrary
value of L. This method can be programmed on a computer
for a generic value of L. Since individual channels h, g are
Rayleigh distributed, expressing the composite channels a, b

f(DP = Ay|z;,b) =
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as functions of h, g (see Appendix A), allow their pdfs to
be determined, by using the formula for the pdf of functions
of random variables.

C: Proof of Lemma 2

The 1st term of (T3] is

1 _ _
—5(E'C'a] +b" By, DM CTDb
~ 2R{z}'C ' Bpa, D7]b)), (65)

In (65), it is seen that one needs to compute two
Expectation terms, namely, E DPHC-1DP] and

i

D \iz‘[
EDE” 2 [131(2)], for which the required pdfs have to be
derived. We assume that the transmitted discrete data dz(-Q) is
independent, uniformly distributed, with pdf f (dl(?) =A4) =
ﬁ, A;=1,2,--- , M. Then each column c of 1352), denoted
by [D®)]_ has the pdf, (skipping the subscript {i}, for ease
of notation), f([D®] = Aj]) = ﬁN, since each column
has only N random dl@)’s (N: number of subcarriers in each
OFDM block), the rest are zero entries in [D(Q)]C. Now, the
conditional pdf f(]jg) = A;|z;, b) is given by

f(z:]b,D? = A) F(D?)) = A))

exp—%[Z:—Alf)]H(371 [z;—A;b]

Ztl\f’lv exp—%[m—Atb]HC—l[ii—Alb]

(66)

Finally over the independent L columns of D', the data
matrix D) has the pdf

f(D(Q) = [Al]fjcolumnsﬁh b)
(exp—%Ele[zi—Alb]HC*l[zi—Alb]) A

[Zi\g’ exp~ 5Z—Ab]TC [z~ Ab]|L

A

MY (z,b,DP = A))F(DP) = A))
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e;vp*% Zzi ([Zi—Ap]FC
Czi— Alb]]

'2i—Ab] gnd B =
Then

where A =
[T eapdlam—anl”

MN

ED® = Ajfb,z;] = [Af(D

=1

MmN

2 AC

where A, is the al habet for D@, at the Ith experi-
ment, and and E[D;”C~'D 2)H|b z] ~ 0,7 # j (see
note [6] in [34]). We use the notation s C~1s2 ||s||Z,_

(for any vector s)), Defining for the ith OFDM block S,

A MY A A
X;= Zl:l [Alﬂ]f/cohunns?’ we have

Ef)gm{ﬁ} = ZfC‘

_ _ _ A
EDPCc'DP b, z,] = TAMZ (69)

z; — 2R{zF C~'Xb}
N
B M

H —IxH
+(Z)b (;[XC X*])b + other terms.

(70)
D: Proof of Lemma 3
For 2 Gaussian random variables x; and x5, the con-
ditional pdf of x1|ze is still Gaussian [20] and its
conditional mean and covariance matrix are fig |z, =
pz, + Cov(zy,x9)[Cov(m2)] (w2 — p2), Cov(wy|xy) =

Cov(x1) — Cov(z1, x2)[Cov(x2)] 1 Cov(xa, x1). Consider
the 2 dimensional Gaussian random vector x = {[z},n]7}.

Then, Using (34), we have

[ix = [z, n, 7 = [0,0]"

Cov(n,,z;) = E{nT(Adgl) +Hn,; +ny;)"}

H
= E{n,d{""} + B{n,(0/}H" + E{n,n{")} = c*H",

Cov(z) = C (71)

- A
Vlzib)] =D A

Then

_[Cov(z)) E@ZnH)] [ C o’H
Cou(x) = E(n,zf") E(nrn,{{)} - [UQHH o1 |”
(72)
Then
[iz,|n, = Hz + Cov(z,1,)[Cov(n,)] " (n,)

= (6*)H)[0*T] 'n, = Hn,,
Cov(z|n,) = Cov(z) — Cov(z;,n,)[Cov(n,)] "

~ I
-Cov(n,,z;) = C — (UQH)—QUZHH =o’L
o

Defining differently, x = [nI z]]7

same way as (72), we have

, and proceeding in the
[in, |z, = tn, + Cov(n,,2;)[Cov(z)]” " (z1)
=0+ 0*HA(C) 'z,

= Cov(n,) — Cov(n,., z)[Cov(z)]~*
[UQHH[C]_lHUQ].

Cov(n,|z)
-Cov(z;,n,) = 0*1 — (73)

E: Proof of Lemma 4,

Derivation of Cramer-Rao Lower Bounds (CRLB) for
estimating composite channels a, b

E.1 CRLB for b channel

The CR bounds for ML channel estimates (without using
any prior channel information), are derived in this Subsec-
tion.
» Re-defining {L} Eg»{L} (with slight abuse of
notation), the complex Fisher information matrix (FIM) is
defined, [[17]],

{L} oL} o{L} o{L}
b\ b b b7
Since complex b = b, + jb, and using the formula for
derivatives of (product of functions), we have

)"} = B{

(

Jobp = E{ IO L))

OE{L} OE{L} OF{L}
ob*  0Ob, Oby,

OB{L} _ 0lz;— %, Ab]"C 'z, — ¥ Ayb]
ob, db,

= —ZAfIC*l[zi —> Ayb]+ [z -
7
ZAl
Z AfC?

ZAlb]H
1

OE{L)
ab,

z; — Z A,b]
-

+[zi—ZAl bl C™ (i) Ay) (75)
l ,
Then, we have
agéf} = —2ZA{IC—1[@ - ZAl/b]
R
(76)



Then the FIM is given by
O{L} o{L}

ob* ObT

== AC i - ZZAlfb]1[<[zi - A"
O A

o> ATYC 1 > A Af)

Clz - Y AT | |

l
=4)_llA{'C™!' [Hn + 1|
l

Jb,b = E{

=4y NATIPIE] +Do®) ][ (H][* + 1))
l

=40 IAFIP(E]? +1)o?) ([ H]* +1)o®)]
l

=4 [[ATPI(H]? + Do)~ a7

since

zi:ZAlb+Hn+n=>[ii—zAzb]ZHn‘Fm
! !
(78)

and

IC| = HH" +1|0* = ([H|* + I)o?
Finally, becomes
Jop =4>_ A{'[Hn +n,|C7'][-C™*[H*n" + n}]

l
D (A =4E{[>_ A ||[Hn +ni]C P[> AN}
4 l v
= atr{[>_ A [I[H]]> + To*(|HH"|| + T) 20~ *(A])"
l

= 4tr{> _((|IH||* + D)o®) "1 (|| A7) 79)
!

Then the Cramer Rao bound for parameter b(CRLB), is

CRLBy, = Jop " = (1/4) S ((H|P + Do) [|AF )
l (80)

since data A (generated in [th and [ 'th experiments) are zero
mean and uncorrelated with each other. Since in training-
based estimation of b, transmitted data ]51(2) (from terminal
T2) is available, then

CRLBy = (1/4) S ((IIH|? + D)D", (1)
l

for Ith experiment.
C.2 CRLB for H (and h) channel
Let complex channel matrix H = Hp + jH;. From (#2),

L=

5 1 1
Z Enjz, [5(21 — [Hg +jH1]nr)H§
=1

(z1 — [Hr + jH )] + -+ (82)

Juu =

% Cov* (n,|z)H*} — E{Couv(n,|z))Hy*%]},

oL 1[ oc oL l

oH ~ 2'0H; “oH,
Using product rule of differentiation,
OL/OHR =

%E{[a(il - [HR +jHI]nT)H/8HR](Zl - [HR +jHI]I’1T)]

+(# — [Hg + jH;n,)"[0(2 — [Hg + jH 0, ) /0HR]}
= o B{on, o~ [+ Hn,)] + G !
-[Hg — jH;])(—n,)}

Similarly,

oL /OH; =

(83)

B — ! [Fy — L))/ (OH]) (2~ [Hg + jH[]n,)
+ (2" —n[Hg — jH;))d(2 — [Hg + jH{n, ) /0H }

= B! @~ (Hi + )] + [
-[Hg — jH/](—n,)) ()]}

Finally, we have

OL/OH = 9L /0Hf — jOL/0H,
2 -

= - B{[#" —n/H"]n,}

OL/OH* = OL/OH p + jOL/OH,

2
=~ B(n!![7 - Hn,]} (84)

Jm = B ALy 55)
Tran = ()B4 % — Cov(n o) B [B{(x°5 ~

Cov* (n |70 ] = (3 P[B{ (1" 70 — Cov(n, 70 HI|%)
(86)

Then becomes

4 ~ .
—B{lln"2*} + E{|[Cov(n,|2)H]|*} - E{u"
(87)

from which Jy 1 is easily obtained.
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