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Abstract

A Bidirectional Quantum Teleportation protocol between two parties (Alice and Bob) is investigated in which Alice possesses
arbitrary entangled coherent state and Bob preserve unknown superposed coherent state via a quantum channel (hexa- modal

entangled coherent states). This assymeteric bidirectional protocol is worked out in continuous variable (coherent states) regime.
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Asymmetric Bidirectional Quantum Teleportation
employing hexa-modal Entangled Coherent States as
the Quantum Channel

Ankita Pathak, Nidhi Singh, N. Singh, and Ravi S. Singh

Abstract—We report a protocol in which Asymmetric
Bidirectional Quantum Teleportation between two parties (Alice
and Bob) is witnessed by employing a pair of one four coherent-
modes GHZ-like state and one coherent-modes Bell-pair state, i.e,
hexa-modal cluster-type entangled coherent state as the quantum
channel. A heralded detection of photons in laboratories of Alice
and Bob followed by classical communications of photon-
numbers and local unitary (gate) operations therein, perfectly,
demonstrates the protocol with 50% probability.

Index Terms—Bidirectional Quantum Teleportation, Beam
splitter, Coherent state, Entangled coherent states, Photon
number resolving detector.

I. INTRODUCTION

UANTUM Teleportation is one of the foundational and

fundamental earliest works in Quantum Information
Processing discovered by Bennet et al. in 1992 [1], termed as
standard quantum teleportation (SQT) in discrete-variable
(DV) regime. SQT is experimentally realized first in 1997 [2],
and now, is progressed successfully to be a mature quantum
technology [3]. Braunstein and Kimble [4] have developed a
scheme to teleport the wave function of single mode
electromagnetic field using bi-modal vacuum squeezed state,
which is verified in seminal experiment due to Furusawa et
al[5].

Optical Coherent states are one of the promising candidates
for continuous variable (CV) quantum information processing
because of its feasible experimental preparation by LASERs
and an easy manipulation by linear optical devices such as
beam splitter, phase shifter and photon detector. Cochrane et
al. [6] in 1999 has introduced a logical-mode encodings based
on superposed coherent states namely, even (symmetric)
coherent states [7]. Relaxing the orthogonality condition of
multi-photon even and odd coherent states Ralph et al. in 2003
[8] have shown that coherent states, itself, may be employed
for encoding logical-qubits via |0); —la) and |1} —]-a), a is
here, taken real, where |a) and |-o) are m-phase apart optical
coherent states.

van Enk and Hirota [9], have developed the first
fundamental protocol in which a quantum-information
encoded in superposed coherent states is teleported utilizing

The authors are with the Department of Physics, Deen Dayal Upadhyaya
Gorakhpur  University, Gorakhpur (U.P.), 273009, India (email:
pathak18.phy@gmail.com; singh.nidhi3927@gmail.com;

singhnikhitabhi6@gmail.com; yesora27(@gmail.com)

only linear optical devices such as beam splitters, phase
shifters and photon number resolving detectors to non-locally
stationed Bob via bi-modal maximally entangled coherent
states as quantum channel. Wang [10] have generalized the
van Enk and Hirota’s protocol in which a quantum-
information encoded in multi-modal entangled coherent states
is transmitted by multi-modal entangled coherent states [11].
In 2007, Prakash et al. [12] brought out an improvement on
Wang’s protocol by introducing a finer consideration in the
classification of the results of photon-counting which may
only be used to infer local unitary operations. Historically,
SQT scheme [1], finds ‘first’ generalization by inserting third
party Charlie in the protocol. Charlie is intertwined with
parties Alice and Bob by sharing three particle (qubits)
entanglement prepared in maximally entangled GHZ state.
Since the third-party Charlie, here controls the perfect
receiving of quantum state at Bob’s lab, this generalization of
SQT may be named as Controlled Quantum teleportation
(CQT) [13]. Unidirectional CQT may finds myriad variants by
involving ‘many parties’, multi qubit information-states and
invoking security-issues by developing novel communication
protocols in DV regime [14]-[17].

Notably, CQT in CV-regime is worked out by Pandey et al.
[18] using optical coherent states for quantum information-
state and GHZ-entangled coherent states as quantum channel.
The ‘Bi-directional Quantum Teleportation (BQT) protocol
has appeared in Huelga et al. [19], who have, while
investigating implementation of arbitrary unitary operation
upon distantly located quantum system, proven that the
required resources for the same are those of implementing
BQT. In 2013 a variation of BQT, namely, Bidirectional
‘controlled’ quantum teleportation (BCQT) is proposed in
DV-regime by Zha et al.[20], of which generalization is
proposed by Shukla et al. [21]. BCQT is a three-party scheme
wherein parties are intertwined by correlated multi-particle
maximally or mixed entangled states and communication of
quantum-information encoded either in single qubits or in
entangled qubits (symmetric or antisymmetric) possessed by
sender (receiver) are exchanged with the assistance of third
party acting as ‘controller’. A spurt of interests has been
witnessed by many research works on BQT [22]-[24] and its
ramification in DV-regime on the basis of ‘to be teleported
single (multi) qubit information-state’ at sender (receiver) end
and, also various kinds of multi-qubit entangled state utilized
as quantum channel [25], [26]. BCQT may be employed to
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transport quantum states in a quantum network.
Communication in quantum network, indispensably,
necessitates the diverse kind of exchange of quantum states
possessed by parties such as asymmetric bidirectional
quantum teleportation [27]-[29], cyclic quantum teleportation
[30], [31], cyclic ‘controlled’ quantum teleportation [32]-[34],
multidirectional quantum teleportation in DV-regime [35],
[36].

In 2021 Pandey et al. [37] proposed a symmetric BCQT in
CV-regime utilizing linear optical devices in which
information-states at sender(receiver) station are encoded in
superposed optical coherent states and penta-modal cluster-
type entangled coherent states is employed as quantum
channel. Pertinently, it may be noted that a scheme for
symmetric BQT by using optical coherent state is put forth by
Aliloute et al. [38] in 2021 wherein tri-modal entangled
coherent states is utilized as quantum channel. Furthermore, a
work on BQT of even and odd coherent states [30] with
multimodal entangled coherent—states as a quantum channel is
worked out but by using overhead demand of trigger
modes[39]a coherent-states version of a scheme due to
Kiktenko [40]. Aliloute et al. [38] committed a serious blunder
by envisaging an improbable ‘action’ where the quantum-
information possessed by nonlocally stationed Alice and Bob
are mixed by allowing them to incident on beam splitter (see
Fig. 1 in [38]). That is to say, no genuine Asymmetric Bi-
directional Quantum Teleportation (ABQT) scheme in CV-
regime exist in literature, which necessitates the present work.

In the following investigation an ABQT protocol is
proposed by employing hexa-modal cluster-type entangled
coherent states as quantum channel, which may be seen as the
tensor-product of a pair of one four coherent-mode GHZ-like
state and one coherent- mode Bell-pair states. Here, the
information-quantum state possessed by Alice is entangled
coherent states and Bob keeps superposed even coherent states
and the two parties Alice and Bob are nonlocally stationed and
intertwined by distributing modes from quantum channel. The
letter is structured in the following Sections. Section (II)
describes ABQT scheme in detail. Section (III) provides the
probability and fidelity consideration.

II. ASYMMETRIC BIDIRECTIONAL QUANTUM
TELEPORTATION

In the teleportation scheme worked out, here, Alice wish to
teleport the entangled coherent state,
[¥)aa=Naar(@ola, ) + ag| —a,—a)) 4a7, (D
where N, 1= [lao *+la;|* + 249" Re (aoa})] %, is a
normalization constant and o is taken to be real for
simplicity. Simultaneously, Bob has to transmit a single mode
encoded in even coherent state [9]
[)s = Ng(bola} + bil—a))g, 2
where, Ng=[Ibol*+ |b\[*+ 2e~ 2% Re(bob})] /2, is a
normalization constant.
Since Alice’s ‘to be transmitted’ quantum information state
is bi-modal entangled coherent state and that from Bob to

Alice is mono-modal even coherent states, this teleportation
protocol may, tacitly, be termed as Asymmetric Bidirectional
Quantum Teleportation (ABQT). In order to accomplish
ABQT, we employed hexa-modal entangled coherent states,

-1
| Y)123456 = [2\/1 +x* + x8 + xlz]
(lo,a,a, ) +| —a,—a,—a,—@) )1 234

Q(la, a) +1 —a,—a))s, 3

where x = 719, as a quantum channel in which the modes
1,2,6 are taken in possession of Alice’s lab and modes 3, 4 and
5 belong to Bob ’s lab, respectively. Obviously (3) is tensor-
product of a pair of four coherent-modes GHZ-like state and
one coherent-mode Bell-pair state demonstrating that all
modes are not entangled.

The composite state of total system can be written as,

|¢)A,A',B,1,2,3,4,5,6 S |IP)AA’®I lp)B ® |¢)1,2,3,4,5,6 (4)

ABQT protocol may be outlined in following steps:

Step1- Alice mixes modes A and A" with quantum channel’s
modes land 2 respectively, using a ‘symmetric beam splitter
with phase shifter’ (BPS-1) and BPS-2 and perform photon-
counting measurements at output modes 7,8,9,10 using
detectors D710, respectively. Similarly, Bob mixes mode B
with 5 using BPS-3 and detects photons at output modes
(11,12)  using detectors Dj; ;. Photon-counts are
communicated by Alice to Bob and vice versa.The BPS is
characterized by the transformation B defined as,

Bla, By = (It B) N2)), (I(a=B)A2)),  (5)
where |a,B)., is bi-modal coherent states. Applying (5) with
Step-1,(4) yields,

|b)7,891011,12236 X
aobo(|mf 0)7,8|m' 0)9,10|mf 0)11,12 lo, o, a)346 +
|m' 0)7,8|m' 0)9,10|0' m)ll,lZ la, a, —a)346 +
|0' m)7,8|0' m)‘),lo |m' 0)11,12|_°(' —Q, Y346 +
|0, \/E)7,8|0' m>9,10|0' mhmz |—a, —a, —0‘)346) +
a1bo (0, —V2a);6]0, —=vV20)0,10[V20, 0)11 12|00, &, )46 +
|0, —V2a);5]0, =V2)g,10]0, V2a)11,12 1%, &, =) 346 +
|—V2a, 0);,5|=V2a, 0)9,10|[V20t, 0)11,121 =0, =0, @)346 +
|_m' 0)7,8|_mr 0)9,10|0: m)n,m |—o, —a, _a)34-6) +
aob1(|mf 0)7,8|m' 0)9,10|0' _m)n,lz la, o, Y346 +
|\/%, 0)7,8 |\/2_0(: 0)9,10|_m' 0)11,12 la, o, —0t)346 +
|0,V2a)7,8]0,V2)g,10]0, =V2a)11,12 1= —at, )346 +
|0,VZa); 6|0, V200 10| —V20, 0)11,15|—0, —at, —)346) +
a1b; (|0, —vV20)7,8]0, =V2a)g 0|0, —V200)1 1,120, &, @) 346 +
|0' _m)zslo' _m)9,10|_\/2_0(: 0)11,12 la, o, —0t)346 +
|—\/%, 0)7,8|_m' 0)9,10|0' _m)11,12|_a, —Q, 0346 +
|_m' 0)7,8|_mr 0)9,10|_m' 0)11,12]—0 —a, —)346
(6)

which gives, after an involved simple manipulation,

|¢)7,8,9,10,11,12,3,4,6 X [(aobol V2aq, 0)7,8| VZa, 0)9,10
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a1b, |0, —v20); 8]0, =V2a)g 1), )3 4 +
(a0bo|0,v20);8]0,V2a)g 1 +
a;bg |_m' 0)7,8|_m' 0)o,10)|—0, —a)3 4]
®(|m' 0)11,12'“)6 + |0'm)11,12| —a)e) +
[(aghy |m' 0)7,8|m' 0)9,10 + a1b1|0' _m)zs
|0' _m)9,10)|0" )34+ ( a0b1|0, m)zslo' m)‘),lﬂ
+a;b; | —V2a, 0)7 6| —V2a, 0)g 10)+|—a, —a)34]
®(|0, —V2a)11,12| )6 + |[—V2a, 0)11,12] —)e) (7

Step2- Alice performs photon-count measurements by the
photon-number resolving detectors D;g, for output modes
(7,8) from BPS-1 getting (p,q) number of photons and Dy,
for output modes (9,10) from BPS-2 getting (p’,q’) number
of photons. Similarly, Bob does the same measurements via
detectors Dy jofor output modes (11,12) from BPS-3 getting
(p",q'") number of photons.
That is to say, (6) collapses to provide the heralded state
vector, |¢(p,q,0",q",0",q""))3,46Where,
M. q.0" 4. p",4"))346 =

Xpls{qlolp’110¢q 114" 1120q" |9} 8.0,10,11,12346  (B)
Now, Alice sends the results of photon-number
measurements,p, p', q and q' to Bob through classical channel
and, at the same time, Bob communicates his photon-numbers
p",q" to Alice via classical channel too.
Step 3-Alice may find photons p # 0,q = 0 from detectors
D, photons p’" # 0,q" = 0, from detectors Dy jin Alice’s lab
and photons p” # 0, ¢"’ = 0 may be detected in Bob’s lab
from detectors Do ;. It is, therefore, (8) yields the heralded
state-vector

[d")2,36 % aobola, @, @)z 46 + (—1)P"agbla, @, —a)z 46+

(—1)P*P aybo|—a, —a, @)z 46 +
(1P a by |-, —a, ~ )34 (8a)
upto a normalization constant. For the other possibilities
(»,p',p" =0)and (q, q',q" # 0) the heralded state-vector
may be read as
|d"")236 X aobol—a, —a, —a)s 46
+ (=D aoh;|—a,—a, @)z 4
+ albo(—l)qw’ lo, o, —a)3 46
+ (-1 *" q b, a, )36
In deriving (7a) and (7b), expressions (m|0()=e_%|0‘|2 o
(m| —a)=(—1)me_%|a|2\7—::have been used, m being non-
zero integer.
Step 4- According to (8a) and (8b), the different possibilities
of number of photons p,p’,p"" and q,q’,q" from detectors
D7g89.1011,12 and their consequent ‘heralded states’ vectors
along with local unitary operations at Alice’s and Bob's labs
may be listed in given Table-I.

Thus, the ABQT protocol is successfully realized by
classical ~communications of number of photons
(v, ), (@', q") and (p",q"") and local unitary operations at
Alice’s and Bob’s labs,

(ao l@, a)ta)| — a, —a)); 4@ (bola)tbi| —a))s  (9)

upto a normalization constant.

III.PROBABILITY OF SUCCESS AND FIDELITY

Finally, the probability of finding the number of photons
p,p’,p" and the number of photons g,q’,q"in modes
(7,8,9,10) and (11,12) may be derived by

P(p,p".p",9.9',94") =
\7(p\9(p’\11(p,|8(CI|10(‘1’|12(51”|¢)7,8,9,10,11,12,3,4,6|2 (10)
After a simple calculation, (10) gives the success
probabilitiesP(0,0,0, p,p', p") and P(p,p',p", 0,0,0) for even
p,p',p'"to be,

1
Peven = Z P(0,0,0,p,p’,p") + Z P(p,p’,p”,0,0,0) = >

(11)
for |a| — oo, signified physically by either of the two
detection-events occurring exemplified by Table-I and II.

It may be seen from (11) that the success probability is
independent of a, the amplitude of optical coherent field and
the unknown probability amplitudes ay,a;of Alice information-
state and those of by,b; of Bob’s information-state.

In order to analyze the performance of quantum
teleportation one may evaluate fidelity, i.e, the overlapping of
‘to be teleported’ information-state and the states obtained
after ABQT gets completed. Since the asymmetric
bidirectional quantum teleported state, (9) are same as the
information-states possessed by Alice and Bob, fidelity is
evaluated to have nearly unit value, if |a| = oo, i.e, perfect
ABQT.

Since the ABQT-scheme worked out, here, utilizes
experimentally available optical coherent states, multi-modal
entangled coherent states and simple optical elements such as
beam splitters, phase shifters and elementary unitary (gate)
operation, the ABQT-protocol could also be realized
experimentally.

even
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