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Abstract

Deep clustering incorporates embedding into clustering to find a lower-
dimensional space appropriate for clustering. In this paper, we propose a novel
deep clustering framework with self-supervision using pairwise data similarities
(DCSS). The proposed method consists of two successive phases. In the first
phase, we propose to form hypersphere-like groups of similar data points, i.e. one
hypersphere per cluster, employing an autoencoder that is trained using cluster-
specific losses. The hyper-spheres are formed in the autoencoder’s latent space.
In the second phase, we propose to employ pairwise data similarities to create
a K-dimensional space that is capable of accommodating more complex cluster
distributions, hence providing more accurate clustering performance. K is the
number of clusters. The autoencoder’s latent space obtained in the first phase is
used as the input of the second phase. The effectiveness of both phases is demon-
strated on seven benchmark datasets by conducting a rigorous set of experiments.
The DCSS code is available: https://github.com/Armanfard-Lab/DCSS

Keywords: Deep clustering, autoencoder, pairwise data similarity, clustering with soft
assignments, cluster-specific loss.

1 Introduction

Many science and practical applications, information about category (aka label) of
data samples is non-accessible or expensive to collect. Clustering, as a major data
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Fig. 1 The motivation of the proposed DCSS method. Arrows show the nonlinear mapping, using
the AE, from the original input space to the AE’s latent space (i.e. the u space). DCSS employs pairs
of similar and dissimilar samples to create the K-dimensional space q in which pairwise similarities
and dissimilarities are strengthened. Similar samples are connected with solid lines, and dashed lines
represent dissimilar data.

analysis tool in pattern recognition and machine learning, endeavors to gather essential
information from unlabeled data samples. The main goal of clustering methods is to
partition data points based on a similarity metric.

Deep learning-based clustering methods have been widely studied, and their effec-
tiveness is demonstrated in many applications such as image segmentation [1], social
network analysis [2], face recognition [3, 4], and machine vision [5, 6]. The common
practice in these methods is to map the original feature space onto a lower dimen-
sional space (aka latent space) in which similar samples build data groups that can be
detected by a simple method like k-means [7].

One of the most common approaches in obtaining the lower dimensional space is
based on autoencoder (AE) and its variations [8, 9, 10, 11, 12]. An AE consists of
two networks: an encoder and a decoder. The encoder maps the original input space
onto a latent space while the decoder tries to reconstruct the original space using the
encoder’s output space. Encoder and decoder networks are trained to minimize a loss
function that contains the data reconstruction losses. The AE’s latent space, whose
dimension is much lower than the dimension of the original input space, is indeed a
nonlinear transformation of the original space.

Some more advanced AE-based clustering methods, e.g. [13, 14, 15, 16, 17], include
in their loss function the data clustering losses besides the reconstruction losses. This
makes the AE’s latent space more effective for data clustering. Despite the reconstruc-
tion loss that can be directly computed based on the difference between the encoder’s
input and the decoder’s output, calculating the true clustering loss is impossible due
to the unsupervised nature of the clustering problem where the true cluster label of the
data points remains unknown during the training phase. Hence, researchers employ an
approzimation of the clustering losses when training the networks. At each training
iteration, the approximation is calculated based on the data distribution in the latent
space obtained in the previous iteration.

Many existing algorithms in the field, e.g. [13, 14, 18, 19, 20, 21], approximate the
data clustering losses by first performing a crisp cluster assignment and then calculat-
ing the clustering losses using the crisply clustered data, based on a criterion such as



the level of compactness or density of the data within clusters. Crisp assignment (as
opposed to soft assignment) assigns a data point to only one cluster — e.g., to the one
with the closest center. However, such crisp cluster assignment of the data in an inter-
mediate training iteration may mislead the training procedure if a significant number
of samples are mis-clustered, as the error propagates to the following iterations. This
crisp assignment issue would be more serious if there exists a high uncertainty when
deciding to which cluster a data point should be assigned — e.g., the extreme uncer-
tainty would be related to the case where a data point is equally close to all cluster
centers. Recently, self-supervised learning [22, 23, 24, 25, 26] has garnered significant
attention within the domain of unsupervised representation learning and clustering.
For instance, the Simple Framework for Contrastive Learning for Visual Represen-
tation Learning (SimCLR) [22] and Contrastive Clustering (CC) [23] have departed
from the conventional practice of relying on pseudo labels for training neural networks.
Instead, these methods generate two augmentations of a given data sample and treat
the two augmentations of the same sample as positive pairs while designating all other
samples in the batch as negative pairs, even if they correspond to the same object in
different images. This approach, which treats the same objects in two different images
as negative pairs, may inadvertently impact the network’s ability to converge towards
an optimal solution for the problem.

To the best of our knowledge, only a limited number of deep clustering algorithms,
such as [27, 28, 29, 30], attempt to utilize the pairwise relationships between sample
pairs in an unsupervised manner. However, it should be noted that some of these meth-
ods, including [27, 29], encounter challenges related to the presence of a high number
of false positive pairs during their model training, primarily because they design their
loss functions to include more and more samples till it includes all samples rather than
focusing on highly confident samples. All other deep clustering algorithms neglect the
important relevant information available in sample pairs while the effectiveness of such
information has been proven in the supervised and semi-supervised learning methods
[31, 32, 33, 34, 35] where the data class labels are employed during the training phase.
For example, metric learning algorithms are supervised learning techniques that learn
a distance metric employing pairwise distances [31, 32]. Their goal is to decrease the
distance between similar samples, i.e. samples from the same class, and increase the
distance between dissimilar samples, i.e. samples from different classes. Contrastive
learning is a metric learning technique that aims to maximize the similarities of pos-
itive pairs while minimizing those of negative pairs where the positive and negative
pairs, respectively, refer to the samples from the same and different classes.

Furthermore, to the best of our knowledge, the existing clustering methods utilize
a single loss function for all data clusters, ignoring the possible existence of differences
between the characteristics of the different clusters. We present novel cluster-specific
losses in this paper, designed to not only emphasize the reconstruction and centering
of data samples around cluster centers but also to aid the AE in finding distinctive
properties within each cluster. The only existing algorithm that explicitly employs
cluster-specific losses is presented in [18]. However, this algorithm suffers from high
computational cost as the algorithm requires training of K distinct AEs, where K is
the number of data clusters.



In summary, to the best of our knowledge, all existing AE-based unsupervised
clustering methods suffer from at least one of the following: the crisp assignment
issue, ignoring the relevant, useful information available in the data pairs, failure to
reliably identify similar and dissimilar samples, treating all clusters similarly through
minimizing a single common loss function for all data clusters.

In this paper, we propose a novel AE-based clustering algorithm called Deep Clus-
tering with Self-Supervision, DCSS, that addresses all the aforementioned drawbacks.
DCSS is a novel unified framework that employs pairwise data similarities as a means
of self-supervision during its training procedure. DCSS mitigates the error propaga-
tion issue caused by the uncertain crisp assignments by employing the soft assignments
in the loss function. DCSS considers an individual loss for every data cluster, where
a loss consists of weighted reconstruction and clustering errors. A sample’s cluster-
ing error is calculated using the sample’s Euclidean distance to the cluster centers.
This results in obtaining a latent space (for the AE), called u space, in which similar
data points form hypersphere-like clusters, one hypersphere per cluster. To make the
cluster distributions more distinguishable from each other and to accommodate more
complex distributions, we propose to employ pairwise data similarities and train a K-
dimensional space q in which a pair of similar (dissimilar) samples sit very close to
(far from) each other, where K is the number of data clusters and inner product is
used for similarity measurement. We define q to be the last layer of a fully connected
network called MNet. Only similar and dissimilar pairs of samples contribute to train-
ing MNet. Due to the curse of dimensionality [36], similar and dissimilar samples are
not recognizable in the original input feature space. Instead, we propose to measure
the pairwise similarities in the partially trained u and q spaces, which are more reli-
able! for similarity measurement. The input layer of MNet is the output layer of the
AE’s encoder network, i.e., the u space. Our experiments, supported by mathemat-
ical proofs, demonstrate that the data representations in the q space are very close
to one-hot vectors where the index of the most active element points the true clus-
ter label out. Furthermore, we demonstrate that the DCSS method can be employed
as a general framework to improve the performance of the existing AE-based cluster-
ing methods, e.g. [37, 15, 14, 13]. An intuitive motivation of the proposed method is
illustrated in Fig. 1.

The rest of this paper is organized as follows. Section 2 presents a brief review of
deep clustering methods. Section 3 presents details of the proposed DCSS framework.
Extensive experimental results that demonstrate the effectiveness of the DCSS method
are presented in Section 4. Section 5 conveys the gist of this paper.

2 Related Work

An exhaustive review of previous works is beyond the scope of this paper. We refer
to the survey of Xu et al. [38] on non-deeplearning-based clustering methods. The
following focuses on the review of some related deep clustering methods.

1In this paper, space A is considered more reliable than space B if and only if the clustering performance
in A is better than in B.



2.1 Deep learning based methods

Deep neural networks (DNN) have been widely used to tackle the unsupervised clus-
tering problem. These algorithms try to train a DNN-based model in an unsupervised
manner [39, 40, 30, 41, 42]. In [30], the authors initially identify the N nearest neigh-
bors for each data sample in the latent representation of a network. This network is
initialized to solve a pretext task. Subsequently, they minimize a loss function based
on the pairwise relationship between nearest neighbor samples for all samples in the
dataset. It is important to highlight that, as they formulate their loss function based
on the entire dataset, in the event of a poor initialization leading to their method
being trapped in a local minimum, there is no opportunity for escape. Additionally,
including all samples in the loss function and identifying N nearest neighbors for each
sample results in a high computational cost for this algorithm. [43] encourages pre-
dicted representations of the augmented data points to be close to those of the original
data points by maximizing the information-theoretic dependency between data and
their predicted representations. RUC [44] proposes a two-step method where, in the
first step, it endeavors to clean the dataset, and in the second step, it retrains the
network with the purified dataset. [45] trains a DNN in an unsupervised manner to
extract an indicator feature vector for each data sample. It then uses the obtained vec-
tors to assign the data points to different clusters. Recently, contrastive learning has
attracted researchers’ attention in the unsupervised clustering field [23, 22, 46]. As is
discussed in Section 1, such algorithms first need to construct negative and positive
pairs by applying augmentation to the data points. They then map the data into a
feature space and endeavor to maximize similarity (minimize dissimilarity) in positive
(negative) pairs. An extensive review of the DNN-based methods can be found in [47].

Among the DNN-based models, the AE-based and generative-based algorithms
have been widely studied and used for unsupervised data clustering. These two
categories are reviewed in the following sections.

2.1.1 AE-based algorithms

AE-based algorithms utilize deep autoencoders to embed original data points in a
lower-dimensional space. In some algorithms, such as [48, 49], learning the lower rep-
resentation of the data points is separated from the clustering task. In [48], an AE
is used to find a lower-dimensional representation of data points by enforcing group
sparsity and locality-preserving constraints. The cluster assignments are then obtained
by applying the k-means algorithm to the obtained lower-dimensional space. Graph
clustering [50, 51] is a key branch of clustering that tries to find disjoint partitions
of graph nodes such that the connections between nodes within the same partition
are much denser than those across different partitions. [49] takes advantage of a deep
autoencoder to find a lower-dimensional representation of a graph; it then utilizes the
k-means algorithm to define clusters in the lower-dimensional space.

In order to further improve clustering performance, more recent AE-based algo-
rithms simultaneously embed data points in a lower-dimensional feature space and
perform clustering using the obtained space. Deep embedded clustering (DEC) [37]
first trains a stacked autoencoder layer by layer using the reconstruction losses and



then removes the decoder and updates the encoder part by minimizing a Kull-
back—Leibler (KL) divergence between the distribution of soft assignments and a
pre-determined target distribution. Soft assignments are the similarity between data
points and cluster centers and are calculated using Students’ t-distribution. Due to
the unsupervised nature of the clustering problem, the target distribution of the data
points is unknown. Hence, DEC uses an arbitrary target distribution, which is based
on the squared of the soft assignments. Despite the DEC method, a few recent studies,
e.g [14, 13, 15], propose to take advantage of the AE’s decoder as well as the encoder.
These algorithms use notions of both reconstruction and clustering losses with the
goal of maintaining the local structure of the original data points while training the
algorithm’s networks. For example, improved deep embedding clustering (IDEC) [15]
tries to improve the clustering performance of DEC by considering the reconstruc-
tion loss of an AE besides the KL divergence loss of DEC. Improved deep embedding
clustering with fuzzy supervision (IDECF) [17] improves the DEC method by employ-
ing both reconstruction and clustering losses and estimating the target distribution
through training a deep fuzzy c-means network. Deep clustering network (DCN) [14]
jointly learns a lower-dimensional representation and performs clustering. DCN trains
its AE by minimizing a combination of the reconstruction loss and the objective func-
tion of the k-means algorithm. This results in a k-means-friendly latent space. DCN
updates AE’s parameters and cluster centers separately. The latter is based on solving
a discrete optimization problem. In the deep k-means (DKM) algorithm [13], which
has the same objective function as DCN, both network parameters and cluster cen-
ters are updated simultaneously by minimizing its objective function using stochastic
gradient descent.

Spectral clustering [52, 53] is a clustering approach that is based on building a
graph of data points in the original space and then embedding the graph into a lower-
dimensional space in which similar samples sit close to each other. Spectral clustering
has been employed in DNN-based methods [16, 54]. For example, deep spectral clus-
tering (DSC) is recently presented in [16]. DSC has a joint learning framework that
creates a low-dimensional space using a dual autoencoder that has a common encoder
network and two decoder networks. The first decoder tries to reconstruct the origi-
nal input from the AE’s latent space, and the second decoder endeavors to denoise
the encoder’s latent space. DSC considers reconstruction, mutual information, and
spectral clustering losses for networks’ training.

2.1.2 Deep generative based algorithms

Variational autoencoders (VAEs) [55] and Generative adversarial networks (GANs)
[56] are among the most well-known deep generative models which are effective for
data clustering. For example, variational deep embedding (VaDE) [57] finds a latent
space that captures the data statistical structure that can be used to produce new
samples. The data generative process in VaDE is based on a Gaussian Mixture Model
(GMM) and a deep neural network. Deep adversarial clustering [58] is another genera-
tive model that applies the adversarial autoencoder [59] to clustering. The adversarial
autoencoder employs an adversarial training procedure to match the aggregated pos-
terior of the latent representation with a Gaussian Mixture distribution. [58] objective



function includes a reconstruction term, Gaussian mixture model likelihood, and the
adversarial objective. More generative-based models can be found in [47]. GAN is a
method of training a generative model by framing the problem as a supervised learn-
ing task with two sub-models: the generator model that is trained to generate new
samples and the discriminator model that tries to classify examples as either real
or fake (generated). Many GAN-based algorithms have been developed for clustering
tasks [47, 60]. [61] presents a GAN-based algorithm that learns disentangled represen-
tations in an unsupervised manner. It maximizes the mutual information between a
small subset of the latent variables and the observation. [62] expands the idea of GMM
to the GAN mixture model (GANMM) by devising a GAN model for each cluster.
GAN-based clustering algorithms suffer from vanishing gradients and mode collapse.

3 Proposed Method

Consider a K-clustering problem that aims to partition a given dataset X =
{X1,X2,..xy} into K disjoint clusters, where x; indicates the ith data sample, N is
the number of data points, and K is a predefined user-settable parameter. DCSS uti-
lizes an AE consisting of an encoder and a decoder network, respectively denoted by
f() and g¢(.). Latent representation of X is denoted by U = {uj,ug,...,uyn}, where
u; = f(x;;0.) € R d indicates dimension of the latent space, and 8, denotes param-
eters of the encoder network. The reconstructed output of the AE is denoted by
%x; = g(u;;04), where 4 represents the decoder parameters. The center of the kth
data group in the u space is denoted by p*). To accommodate complex cluster dis-
tributions, we propose to employ pairwise data similarities in DCSS. To this end, we
employ the fully connected network MNet which takes the latent representation of
each data point, i.e. u;, as input and maps it to a K-dimensional vector q; which its
kth element indicates the probability of x; belonging to the kth data cluster. In this
paper, the output of MNet for the ith data point is denoted by q; = M (u;;0,7), where
M (.) and @ respectively shows MNet and its corresponding parameters.

The proposed DCSS method consists of two phases. The first phase is to provide
hypersphere-like data clusters through training an AE using weighted reconstruction
and centering losses, and the second phase is to employ pairwise data similarities to
self-supervise the remaining training procedure.

3.1 Phase 1: AE training

At each training batch B, we propose to train the AE in K successive runs, where at
each run, a specific loss corresponding to a specific data cluster is minimized. More
specifically, at the kth run, the AE focuses on the reconstruction and centering of the
data points that are more probable to belong to the kth data cluster.

The loss function of the kth run, i.e. L’Eﬁ), is shown in (la) where £* and L’Ek),
shown in (1b) and (1c), respectively denotes weighted summation of the sample recon-
struction and centering losses. « is a hyperparameter indicating the importance of
centering loss vs. reconstruction loss. m indicates the level of fuzziness and is set to
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Fig. 2 (a) Training scheme of the first phase of DCSS. (b) Training procedure of the second phase
of DCSS; at the outset, when iterp < Th, MNet is trained based on the pairwise similarities defined
in the u space — i.e. The similarity between two data points x; and x; is determined using the dot
product of p; and p;. At the later stages of MNet training, when iters > T5, the pairwise similarities
are measured in the q space itself using quqj. (c) Visualization of the final cluster assignment using
DCSS; after completing the training phases shown in (a) and (b), we cluster a data point by locating
the largest element of its representation in the q space.
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Since data clustering is an unsupervised task, the data cluster memberships are
unknown at the problem’s outset. As such, at the kth run, we use the Euclidean
distance between u; and p®) as a means of measuring the membership degree of
x; to the kth data cluster, denoted by p;; defined in (2) where p; = [pi1,...,Dik]-
The cluster memberships are used as the sample weights in (1b) and (1c). The closer
a sample is to the cluster center p*), the higher contribution that sample has in
minimizing the loss function corresponding to the kth run.

Every T} number of training epochs, we update the centers to the average of
weighted samples in the u space, as is shown in (3), where samples closer to %) have
more contribution to updating.

(k) _ 2oxiex PikWi
in ex Pix

The block diagram of the first phase is shown in Fig. 2(a). As is demonstrated in
our experiments (see Section 4.5), minimizing (1a) results in forming hypersphere-like
groups of similar samples in the u space, one hypersphere per cluster.

3.2 Phase 2: self-supervision using pairwise similarities

To allow accommodating non-hypersphere shape distributions and to employ the
important information available in the pairwise data relations, we propose to append
a fully connected network, called MNet, to the encoder part of the AE, trained in
Phase 1 while discarding its decoder network. The MNet’s output layer, i.e. the q
space, consists of K neurons where each neuron corresponds to a data cluster. We uti-
lize the soft-max function at the output layer to obtain probability values employed
for obtaining the final cluster assignments. More specifically, for an input sample x;,
the output value at the jth neuron, i.e. ¢;;, denotes the probability of x; belonging to
the jth cluster.

MNet aims to strengthen (weaken) similarities of two similar (dissimilar) samples.
MNet parameters, i.e., 8, are initialized with random values. Hence, at the first few
training epochs, when q is not yet a reliable space, pairwise similar and dissimilar
samples are identified in the u space. Then, after a few training epochs, pairs of similar
and dissimilar samples are identified in the q space. In both of the u and q spaces, we
define two samples as similar (dissimilar) if the inner product of their corresponding
cluster assignment vectors is greater (lower) than threshold ¢ (). More specifically,
knowing that the kth element of p; (q;) denotes the membership of x; to the kth
cluster in the u (q) space, the inner product of p; (q;) and p; (q;) is considered as
the notion of similarity between data points x; and x;.

The loss function proposed for the MNet training, at the first T5 training epochs,
is shown in (4) where ¢ and 7 are two user-settable hyperparameters, and 1{.} is the
indicator function.

L= Y, 1p/p; >¢}(1—qiq;)+1{p{ p; <7}a q)) (4)
Xi,Xj cB



Algorithm 1 Clustering procedure using DCSS

Input: Data points X, 0., 04, Opr, p*) for k=1,..., K
Output: 6., 0,

Phase 1:
1: Initialize 8, and 8, with a pre-trained network (see Section 2 of the supplementary
material).
2: for iter; € {1,2,..., MaxIter; } do
3 for ke {1,2,...K} do
4: Compute p;i using (2), for i € B
5: Update AE’s parameters by employing (la) as loss function
6: end for
7. Every T iterations, update cluster centers using (3)
8: end for
Phase 2:

9: for itery € {1,2,..., MaxIters} do
10: if itery < Ty then

11: Compute vectors p; for i € B

12: Compute vectors q; for i € B

13: Update 8, and s to minimize (4)

14: Update centers u®), k=1,...,K , using (3)
15:  else

16: Compute q; for i € B

17: Update 6, and 8y to minimize (5)

18:  end if
19: end for

Final Cluster Assignments:
20: Compute g, for «;, i=1,...N
21: Assign each data sample to the most probable cluster

As can be inferred from (4), only similar and dissimilar samples, identified in the u
space, contribute to the MNet training and a pair of samples with a similarity value
between ¢ and -, i.e. in the ambiguity region, does not contribute to the current
training epoch. Therefore, minimizing £j; strengthens (weakens) the similarity of
similar (dissimilar) samples in the q space. Along with training the MNet parameters,
the encoder parameters 6. are also updated through back-propagation in an end-to-
end manner. After completing each training epoch, centers p® k= 1,... K, are also
updated using (3).

After T, epochs, when q becomes a relatively reliable space for identifying similar
and dissimilar samples, we further train MNet using the loss function £}, defined in
(5). A pair contributes to £}, if its corresponding similarity value, in the q space, is not
in the ambiguity region. As is demonstrated in Section 4, as the MNet training phase
progresses, more and more pairs contribute to the training procedure. Again, the u

10



space receives small updates through the backpropagation process when minimizing
Ly

L= Y alaq; 21 —af a;) + 1{a] a; < 7}(a] q)) (5)
Xi,XjE‘B

Fig. 2(b) shows the overall training procedure of the DCSS’s second phase.

3.3 Final cluster assignments

To determine the final cluster assignment of a data point x;, we utilize the trained
encoder and MNet networks to obtain the data representation in the q space, i.e. q;.
x; is assigned to the most probable cluster, i.e. the index corresponding to the highest
element of q; is the cluster label of x;. Such clustering assignment process is shown in
Fig. 2(c).

The pseudo-code of the DCSS algorithm is presented in Algorithm 1.

3.4 Proper choice of ¢ and ~

In this section, we discuss the selection of optimal hyperparameters ¢ and ~ for our
model. It is crucial to choose appropriate values for these hyperparameters, as the
model’s performance is greatly impacted by their values. When the value of ¢ is high
and v is small (e.g., ¢ = 0.9 and v = 0.1), the model tends to consider only a small
subset of the available data during the second training phase, resulting in the neglect
of crucial information between true similar and dissimilar samples. Conversely, when
the value of ¢ is low and ~ is high (e.g., ¢ = 0.5 and v = 0.5), the model may struggle
to accurately distinguish between similar and dissimilar samples. Therefore, selecting
optimal values for ¢ and « is critical to ensure the effectiveness of our model.
Notation clarification: Representation of the ith sample in the q space is shown by
q;- The kth element of q; is shown by ¢z, k = 1,..., K, where K is the number of
data clusters. Note that q; is the MNet output when the input sample is z;. Since we
employ soft-max as the final layer of MNet, 0 < ¢;; < 1 where 1 <[ < K and the ;-
norm of q; is equal to 1. Furthermore, as is discussed in the manuscript, parameters
¢ and ~ are values between 0 and 1.

Definition 3.1. Two data points, i.e. i and j, are adjacent (aka similar) if and only if
qi q; > ¢

Definition 3.2. Two data points, i.e. i and j, are in the same cluster if and only if the index
of the maximum value in their corresponding q vector (i.e. q; and q;) are equal.
Theorem 1. Consider the ith and jth data points. Then :

T .
q; q; < min { mlaX{qiz},mlaX{qu}} (6)

where quqj 15 the inner product of the two vector q; and q;.

Proof. Assume q}f is a maximal vector that satisfies the below inequality:

T T
q; 95 < q; qj, (7)

11



where ||q}|[1 = 1. In addition, assume the index of the maximum element of q; is
r = arg max{qii} (8)

In the following, we first prove by contradiction that q;- must be a one-hot vector. Then we
prove (6).

Assume q; is not a one-hot vector. Therefore, there exists at least one index, i.e. e, that its
corresponding element q;‘e is non-zero:

Je:e#r and gj. #0. (9)

Now, let’s define a vector §; as follows:

qj*-e + q;-‘r ifl=r
i1 =140 ifl=e, (10)
aj ow

where G;; denotes the Ith

element of q;. Since ||qj[[1 = 1, we can immediately show that
|a;]|1 = 1. Moreover, we can represent the inner products qZTq;- and qZTc]j as shown in (11)

and (12), respectively.

T
QG 95 = GirQyr + GieQje + Z qid; (11)
l#r.e
T A
4 45 = Gir(@5r + @je) + Gie X0+ > qudy (12)
l#7r.e

Since g; is the maximum element of q;, we can readily show that qZ-Tq; < qZ-qu, which
contradicts the assumption shown in equation (7); thus, q;k- must be a one-hot vector.
Therefore:

T
q; q; < max{g;i} (13)
Considering (13) and (7), we have:
T
q; q; < max{gi}. (14)
Similarly, for the ith sample, we can show that qz‘qu < max;{qg;;}, hence:
T
q; qj < max{g;i}- (15)

(14) and (15) proves (6).

12



Corollary 1.1. If two samples, i and j, are adjacent, the mazximum value among their
elements is greater than (.

Proof. This statement is a corollary of Theorem 1, that can be proved from (6), (14), (15)
and the adjacency definition provided in Definition 3.1. In other words:

T . ¢ <gq
¢ < q; q5 < minldsr, gjo) — { " (16)
¢< 950

where the index of the maximum element of q; and q; are respectively shown by r and o —
ie., r = argmax;{q;;} and o = argmax;{g;;}. O
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== 2MNIST
/ —— UsPs
400 —— STL-10

#
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* 0
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Fig. 3 Number of data points that do not have any adjacent neighbors during the DCSS training
in the second phase.

Corollary 1.2. If a data point has at least one adjacent neighbor, the maximum element of
its corresponding q is greater than C.

Proof. We first empirically test the validity of the employed assumption, i.e. the existence of
at least one adjacent (i.e. similar) sample for a data point, on our datasets. Fig. 3 shows the
number of data samples that are not similar to any other data points in the q space. As it can
be seen, at the beginning of the second phase of DCSS, since MNet is initialized randomly,
many data points do not have any adjacent neighbor (i.e. almost V 4, j, ¢ # j : qZqu <)
By minimizing (4) and (5) in the second phase of DCSS, similar samples are tightly packed in
the q space; therefore, almost all samples have at least one adjacent neighbor. For example,
only 0.5% of the samples in the CIFAR-100 dataset have no adjacent sample by the end of
the training phase. Note that CIFAR-100 presents the worst case among the other datasets
shown in Fig 3. All in all, we can roughly assume that each data point has at least one
adjacent sample.

Let us consider an arbitrary data point, i, and one of its adjacent data points, j. From
Corollary 1.1, we can conclude that:

{C < max{q;} (17)

¢ <max;{q;}
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Thus, we proved that the maximum element of q;, where i is an arbitrary data point, is
greater than (. O

Corollary 1.3. Assume each data point has at least one adjacent neighbor and v < C2. If
two data points, i and k, are dissimilar, i and k are not from the same cluster.

Proof. We prove this corollary by contradiction where the contradiction assumption is: i and
k are dissimilar, yet from the same cluster where v < ¢2.

Since i and k are in the same cluster, the index of the maximum element of q; and q; are
the same. (i.e. f = argmax;{q;;} = argmax;{qs;}). Since each data point has at least one
adjacent neighbor, from Corollary 1.2, we can conclude that:

{C < g _ (18)

¢ < arp
and we can represent qZqu as follow:

a4 A = Gstes + Y Gitdnl (19)
I#B

Therefore, ¢;zq13 < qquk. Also, we know i and k are dissimilar. From (18), we can conclude
that:

¢® < dqigarp < ai ax <7 (20)

(20) contradicts the assumption of 4 < ¢2. Hence, i and k are in different clusters. O

Theorem 2. For % <, if i and j are adjacent, they are in the same cluster — i.e. r is equal
to o where r = argmax;{g; } and o = argmax;{q;;}.

Proof. First, we find an upper bound for qZqu, when the ith and jth samples are adjacent
but from different clusters.
Since i and j are not from the same cluster, we can represent qZqu as follows:

T
A4 G = GirQir + Gioljo + D Gudl

l#o,r
Vi q;1<qj50
———"% < @irQjr + GioGjo + Z 4il950
l#o,r
= qirdjr t Qo ( Z Qil)

l#r

ZL#T qit=1—qir
—— = qirQjr t+ Qjo(l - Qir)

qjr<1—qjo

———5 < qir(1 = gjo) + @jo(1 — gir)
from (16)

—— < gir(1 =€) + gjo(l = ¢)

iry djo }€[0,1
{air asobel01]

<2(1-9). (21)
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Note that g;- < 1—gj, because Z#O qj1 +qjr +qjo = 1. Note that all elements of a q vector
are probability values between 0 and 1.

Hence, as is shown (21), if two samples are not from the same cluster, then the inner product
of their corresponding q has an upper bound of 2(1 — (). Therefore, if two samples i and j
are adjacent (see Definition 1) but from different clusters, then:

¢(<aiq;<2(1-9)

2
21— el (22
Thus, for % < (,1iand j cannot be from two different clusters. In other words, if two samples
i and j are adjacent AND the user-settable parameter ( is set to a value greater than %, then
the two samples are from similar clusters, i.e., 7 = 0. In this paper we set ( = 0.8 > % O

Corollary 2.1. Assume ¢ > % Consider three data points: i, j, and k. If i and j, and also i
and k are adjacent, then j and k are from the same cluster.

Proof. Since i and j (i and k) are adjacent and ¢ > %, from Theorem 2, we can conclude that
iand j (i and k) are in the same cluster; hence, the three samples i, j, and k all are in the
same cluster. O

Theorem 3. Consider three data points i, j, and k where i and j also i and k are adjacent
(aka similar). Assume ¢ > % If v < C2, then the two samples j and k are not dissimilar (i.e.

qj q £ 7)-

Proof. Considering Theorem 2, i and j and k are in the same cluster. Therefore, we do not
want to include the pair of j and k samples as a dissimilar pair when minimizing the loss
function defined in equation (5) of the original manuscript.

Since j and k are in the same cluster and knowing that the index of the maximum element
in a q vector shows the cluster of the corresponding sample, we have:

n = arg ;naX{qu} = arg ;naX{le}- (23)
Thus,
T
Q4 Ak = @1k + dinden- (24)
I#n
Therefore,
T

q; Ak > 9jnQky- (25)

Since ¢ < qiqu and ¢ < qquk, we can infer (26) from (16).

{C S (26)

ngkn
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From (25) and (26), we can obtain below:

2 T
¢" < QinGin < d; Qi (27)

Thus, if we choose v < ¢ 2 we will not include the pair of samples j and k as a dissimilar pair
in equation (5) of the main manuscript. In this paper, 7 is set to 0.2, i.e. v = 0.2 < 0.8%2. O

4 Experiments

In this section, the effectiveness of our proposed DCSS framework is demonstrated on
eight benchmark datasets through conducting a rigorous set of experiments. The DCSS
clustering performance on the eight benchmark datasets is compared with seventeen
clustering methods.

4.1 Datasets

The effectiveness of the proposed method is shown on eight widely used datasets.
Considering the unsupervised nature of the clustering task, we concatenate training
and test sets when applicable. Combining train and test datasets is a common prac-
tice in the clustering research field [37, 13, 15, 14, 16]. The datasets are:

(1) MNIST [63] consists of 60,000 training and 10,000 test gray-scale handwritten
images with size 28 x 28. This dataset has ten classes, i.e. K = 10.

(2) Fashion MNIST [64] has the same image size and number of samples as MNIST.
However, instead of handwritten images, it consists of different types of fashion
products. This makes it fairly more complicated for data clustering compared to the
MNIST dataset. It has ten classes of data, i.e. K = 10.

(3) 2MNIST is a more challenging dataset created through the concatenation of the
two MNIST and Fashion MNIST datasets. Thus, it has 140,000 gray-scale images
from 20 classes, i.e. K = 20.

(4) USPS [65] contains of 9,298 16 x 16 handwritten images from the USPS postal
service. It contains ten classes of data, i.e. K = 10.

(5) CIFAR-10 [66] is comprised of 60,000 RGB images of 10 different items (i.e.
K = 10), where the size of each image is 32 x 32.

(6) STL-10 [67] is a 10-class image recognition dataset comprising of 13,000 96 x 96
RGB images. The number of clusters K for this dataset is set to 10.

(7) CIFAR-100 [66] is similar to the CIFAR-10, except it has 20 super groups based
on the similarity between images instead of 10 classes. The number of clusters K for
this dataset is set to 20.

(8) ImageNet-10 comprises ten classes from the larger ImageNet dataset [68]. Despite
its reduced size, ImageNet-10 preserves the structural and thematic diversity of the
original ImageNet dataset.

The network architecture and implementation details of DCSS for each dataset are
presented in Section 1 and Section 2 of the supplementary material file, respectively.
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4.2 Evaluation Metrics

We utilize two standard metrics to evaluate clustering performance, including cluster-
ing accuracy (ACC) [69] and normalized mutual information (NMI) [70]. ACC finds
the best mapping between the true and predicted cluster labels. NMI finds a normal-
ized measure of similarity between two different labels of the same data point. The
ACC and NMI formulations are shown below:

N — .
ACC = maXmap Ei:l ]l{lz'];map(cl)} (28&)

I(l;c
NMI = sttty (28D)

where [; and ¢; denote the true and predicted labels for the data point x;. map(.)
indicates the best mapping between the predicted and true labels of data points. I(1; )
denotes the mutual information between true labels 1 = {iy,ls,...,Iy} and predicted
cluster assignments ¢ = {cj,c2,...,cy} for all data points. H(.) presents the entropy
function. ACC and NMI range in the interval [0,1], where higher scores indicate higher
clustering performance.

4.3 Clustering Performance

Table 1 ACC and NMI on the benchmark datasets for different clustering methods.

Meothod Datasets MNIST Fashion MNIST 2MNIST USPS CIFAR-10 STL-10 CIFAR-100 TmageNet-10
ACC | NMI | ACC | NMI | ACC | NMI | ACC | NMI | ACC | NMI | ACC | NMI | ACC | NMI | ACC | NMI
Tmeans 53.20 | 50.00 | 4740 | 51.20 | 3231 | 44.00 | 65.67 | 62.00 | 22.90 | 870 | 1920 | 12.50 | 13.00 | 840 | 241 | 11.90
LSSC 7140 | 70.60 | 49.60 | 49.70 | 39.77 | 51.22 | 63.14 | 58.94 | 21.14 | 10.89 | 18.75 | 11.65 | 14.60 | 7.92 B B
LPMF 4710 | 45.20 | 43.40 | 42.50 | 34.68 | 38.69 | 60.82 | 5447 | 19.10 | 8.10 | 18.00 | 9.60 | 11.80 | 7.00 B -
DEC 8130 | 83.72 | 51.80 | 54.63 | 41.20 | 53.12 | 75.81 | 7691 | 30.10 | 2570 | 35.00 | 27.60 | 1850 | 13.60 | 38.10 | 28.20
TDEC 88.13 | 83.81 | 52.00 | 55.70 | 40.42 | 53.56 | 75.86 | 77.08 | 36.09 | 32.58 | 32.53 | 18.85 | 19.61 | 14.58 | 39.40 | 29.00
DCN 83.00 81.00 51.22 55.47 41.35 46.89 73.00 71.90 3047 24.58 24.12 20.17 12.54 37.40 27.30
DRM 8100 | 8154 | 5131 | 5557 | 4175 | 4658 | 7570 | 77.60 | 35.26 | 26.12 2012 | 18.14 | 1230 | 3810 | 29.80
VaDE 9150 | S7.60 | 50.39 | 59.63 | 40.35 | 58.37 | 56.60 | 51.20 | 29.10 | 24.50 20.00 | 15.20 | 10.80 | 33.40 | 19.30
DAC 07.75" | 93.51" | 62.80 | 58.00 B - B B 52.18 | 39.59 | 46.99 | 36.50 | 23.75 | 18.52 | 52.70 | 39.40
GANMM 61.00 | 6100 | 34,00 | 27.00 B B 50.12 | 1935 B B - B B B B -
cC 8856 | 84.21 | 64.52 | 6145 | 4215 | 5889 | SL21 | 7945 | 77.00 | 67.80 | 85.00 | 7640 | 42.30 | 42.10 | 89.30 | 85.00
PICA B B B B B - B B 69.60 | 59.10 | 71.30 | GL.10 | 33.70 | 31.00 | 87.00 | 80.20
EDESC 91.30 | 86.20 | 63.10% | 67.00" | - B B B 62.70 | 46.40 | 7450 | 6870 | 3850 | 37.00 | - B
TDFD - - B B B B B B 8150 | 7110 | 75.60 | 64.30 | 42.50 | 42.60 | 95.40° | 89.80%
MICE - B B B B B B ~ 83507 | 73.70 | 75.20 | 63.50 | 44.00 | 43.60 | - -
DCCM - B B B B B 68.60 | 67.50 | 62.30 | 49.60 | 48.20 | 37.60 | 32.70 | 2850 | 71.00 | 60.80
AE + k-means 86.03 | 80.25 | 57.04 | 57.15 | 44.01 | 6280 | 7511 [ 7445 | 80.23 | 68.65 | 85.29 | 76.00 | 43.81 | 42.86 | 87.23 | 85.22
DCSS, 95.00 | 89.95 | 62.00 | 6358 | 4531" | 63.00° | 82.03" | SL8I¥ | 8243 | 7132 | 86.47* | 76.52% | 44.08" | 43.70* | 89.46 | 86.30
DCSS 98.00 | 94.71 | 66.40 | 67.10 | 48.57 | 67.80 | 87.21 | 86.10 | 84.16 | 75.09 | 87.91 | 77.39 | 45.10 | 44.51 | 95.70 | 90.52

The effectiveness of our proposed DCSS method is compared against seventeen
well-known algorithms, including conventional and state-of-the-art deep-learning-
based clustering methods, using the commonly used evaluation metrics ACC and NMI,
defined in Section 4.2.

The conventional clustering methods are k-means [7], large-scale spectral clustering
(LSSC) [71], and locality preserving non-negative matrix factorization (LPMF) [72].
Deep learning-based algorithms are deep embedding clustering (DEC) [37], improved
deep embedding clustering (IDEC) [15], deep clustering network (DCN) [14], deep k-
means (DKM) [13], variational deep embedding (VaDE) [73], GAN mixture model for
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clustering (GANMM) [74], deep adaptive clustering (DAC) [27], and the very recent
clustering methods such as contrastive clustering (CC) [23], deep semantic clustering
by partition confidence maximization (PICA) [75], efficient deep embedded subspace
clustering (EDESC) [76], instance discrimination and feature decorrelation (IDFD)
[77], Mixture of contrastive experts for unsupervised image clustering (MICE) [78],
and deep comprehensive correlation mining (DCCM) [28]. In addition, we report the
clustering performance of a baseline method AE + k-means in which k-means is simply
applied to the latent representation of an AE that has a similar architecture as the
AE used in the DCSS method, trained based on minimizing the dataset reconstruction
loss. More details about the comparing algorithms can be found in Section 2.

We also demonstrate the success of the first phase of DCSS, presented in Section
3.1, in creating the reliable subspace u in which the data points form hypersphere-like
clusters around their corresponding cluster center. To this end, we only implement the
first phase of the DCSS algorithm — i.e., we train the DCSS’s AE through minimizing
the loss function presented in (1), where the AE architecture and its initialization
are similar to those presented in Section 1 of the supplementary material file. After
training the u space, we perform a crisp cluster assignment by considering each data
hypersphere-like group in the u space as a data cluster and assigning each data point
to the one with the closest center. In the following tables and figures, clustering using
only the first phase is shown as DCSS,. A preliminary version of DCSS,, is presented
in [79].

The clustering performance of DCSS,, and DCSS, along with the comparison algo-
rithms, are shown in Table 1. For the comparison methods, if the ACC and NMI of a
dataset are not reported in the corresponding original paper, we ran the released code
with the same hyper-parameters discussed in the original paper. When the code is
not publicly available or not applicable to the dataset, we put dash marks (-) instead
of the corresponding results. The best result for each dataset is shown in bold. The
second top results are shown with *.

Several observations can be made from Table 1: (1) The proposed DCSS method
outperforms all of our comparison methods on all datasets. (2) The first phase of DCSS
(shown as DCSS.,) effectively groups the data points around their corresponding cen-
ters. This can be inferred from DCSS,’s ACC and NMI values. When measuring ACC,
DCSS,, outperforms other methods in five out of seven datasets, and it exhibits even
stronger performance by outperforming competitors in six out of seven datasets when
considering NMI. (3) Effectiveness of the self-supervision with similar and dissimilar
pairs of samples can be inferred by comparing DCSS with DCSS,,. It can be seen that
DCSS significantly outperforms DCSS,, on all datasets. (4) Effectiveness of the AE’s
loss function proposed in equation (1) compared to the case of training AE with only
the reconstruction loss can be inferred by comparing the DCSS,, performance with
the baseline method AE+k-means. As can be seen, the DCSS,, clearly outperforms
AE+k-means on all datasets.

4.4 Effectiveness of the First Phase

To demonstrate the efficacy of introducing cluster-specific losses and the adopted
approach in iteratively updating the network’s parameters over K successive runs, as
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Table 2 ACC and NMI on the benchmark datasets for different methods.

Datasets
Method
ACC | NMI | ACC NMI ACC | NMI | ACC | NMI | ACC | NMI | ACC | NMI | ACC | NMI

AE + k-means 86.03 | 80.25 | 57.94 57.15 44.01 | 62.80 | 75.11 | 74.45 | 80.23 | 68.65 | 85.29 | 76.00 | 43.81 | 42.86
DCSSgq 87.51 | 81.35 | 59.61 58.47 45.21 | 62.90 | 76.38 | 75.17 | 81.39 | 70.77 | 85.60 | 76.10 | 43.71 | 42.90
DCSS., 95.99 | 89.95 | 62.90 63.58 45.31 | 63.00 | 82.93 | 81.84 | 82.43 | 71.32 | 86.47 | 76.52 | 44.08 | 43.70

MNIST ‘Fashion MNIST‘ 2MNIST ‘ USPS ‘ CIFAR-10 ‘ STL-10 ‘ CIFAR-100 ‘

is discussed in Section 3.1, we present a comparative analysis against an alternative
approach where all loss terms are aggregated in the initial phase, followed by a single
backward pass to update the network parameters at once. The results are presented
in Table 2 as DCSS,44, highlighting a consistent trend. Across all experiments and
datasets, the performance of DCSS, surpasses that of DCSS.4y and AE + k-means,
showing the advantages of employing cluster-specific loss functions and iteratively
updating the network parameters in K successive runs.

4.5 t-SNE visualization

MNIST Fashion MNIST 2MNIST
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Fig. 4 Clustering visualization of different phases of DCSS using t-SNE for different benchmark
datasets. For reference, the visualization for the baseline model AE+k-means is shown in the first
row. Axes range from -100 to 100.

Fig. 4 illustrates the effectiveness of different phases of our proposed DCSS frame-
work for all datasets, where t-SNE [80] is used to map the output of DCSS’s encoder
and MNet to a 2D space. The different colors correspond to the different data clusters.
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The first row of Fig. 4 shows the representation of different data points in the u
space, i.e. the latent space of the DCSS’s AE, only after completing the first phase
discussed in Section 3.1. As it can be seen, after completing the first phase of DCSS,
different clusters of data points are fairly separated, sit near their corresponding cen-
ters, and form spheres; however, not all clusters are well separated. For example, in
the USPS dataset, the data clusters shown in pink, purple, and magenta are mixed
together. This indicates the insufficiency of the reconstruction and centering losses for
the clustering task.

The second row of Fig. 4 shows the data representations in the u space after
completing the second phase of DCSS discussed in Section 3.2, where u is refined by
minimizing (4) and (5). As it can be seen, refining the u space employing pairwise
similarities results in more dense and separate cluster distributions. For example, the
pink, purple, and magenta clusters of USPS are now well distinguishable in the new
refined u space. As another example, see samples of the three clusters shown in red,
olive, and brown of the 2MNIST dataset. These clusters are more separable in the
refined u space compared to the corresponding representation shown in the first row.

The last row in Fig. 4 depicts the output space of MNet (i.e. the q space), in
which we make decisions about final cluster assignments of data points. As is expected,
clusters in this space have low within- and high between-cluster distances, and cluster
distributions can take non-hypersphere patterns. As an example, consider the cyan
and the purple clusters of the Fashion MNIST. These clusters are mixed in the u
space, but they are completely isolated in the q space.

4.6 Effect of input features

To make sure our improved performance isn’t solely due to using features from
SimCLR as input for our algorithm, we conducted an additional experiment which
presents the performance of the other deep learning-based methods that can accept
the extracted features, here SimCLR, as the input of their algorithm. To this end, we
evaluated the clustering performance using two types of features from SimCLR. In
the first experiment, named SimCLR (Z space), we used the output of the projection
head as input for DCSS and the other algorithms. In the second experiment, SimCLR
(H space), we used the output of ResNet-34 (i.e. the SimCLR’s backbone), after the
average pooling layer, as input. The results are shown in Table 3. The best results
for each dataset are in bold, and the second-best results are marked with an asterisk
(*). Notably, our DCSS method consistently outperforms all other algorithms across
all datasets. Additionally, DCSS,, consistently ranks as the second-best method in all
experiments.

4.7 Loss function convergence

Fig. 5. depicts the average, over different clusters on different batches of data points,
of the reconstruction, centering, and total losses corresponding to the first phase of
DCSS (i.e. DCSSy) shown in (1). As can be seen, all losses are converged at the end of
training. The noticeable reduction in the centering loss shows the effectiveness of our
proposed approach in creating a reliable u space in which the data points are gathered
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Table 3 ACC and NMI with different extracted features using SImCLR

Dataset Method SimCLR (Z space) | SimCLR (H space) |
ACC NMI ACC NMI
DEC 84.26 75.14 85.66 76.13
IDEC 84.55 75.64 85.90 76.44
DCN 81.26 71.23 82.84 73.35
STL-10 DKM 83.14 74.93 83.64 74.85

AE+k-means | 84.59 75.39 85.29 76.00
DCSS,, 85.11%* 76.31* 86.47* 76.52%*

DCSS 86.66 76.66 87.91 77.39

DEC 76.60 66.91 81.59 70.00

IDEC 76.78 67.02 81.89 70.49

DCN 73.00 62.35 78.05 67.82

CIFAR-10 DKM 76.99 66.52 81.19 69.47
AE+k-means | 75.13 65.98 80.23 68.65

DCSS, 77.21% 68.00%* 82.43* 71.32*

DCSS 77.55 68.91 84.16 75.09

DEC 42.42 42.22 43.75 42.55

IDEC 41.83 41.20 43.87 42.73

DCN 40.88 40.13 42.11 41.59

CIFAR-100 DKM 42.36 42.16 43.40 42.90

AE+k-means | 42.56 42.26 43.81 42.86
DCSS., 43.12* 42.88* 44.08* 43.70*

DCSS 43.43 43.18 45.10 44.51
Lc LR Lu
MNIST Fashion MNIST usPs
2500 2000 1500
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7 1500 a 2
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Fig. 5 The reconstruction loss L,, centering loss L., and total loss £, of the first phase of DCSS
vs. training epochs, for different datasets.

around the centers. Moreover, the figures show that at the first training epochs, our
method trades the reconstruction loss for improved centering performance. This proves
the insufficiency of the reconstruction loss in creating a reliable latent space for data
clustering.

In Fig. 6, we investigate the convergence of the second phase losses, shown in
equations (4) and (5). Since we initialize the MNet randomly, at the first few epochs,
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Fig. 6 The second phase’s loss function of DCSS for different benchmark datasets.

MNet has little knowledge about the lower-dimension representation of the data points
in the q space; thus, we face a high loss value. As the training process progresses, the
loss value drops and converges to zero at the end of the training process. In the first
T, epochs (T, = 5), the algorithm minimizes the loss presented in (4). It minimizes
(5) in the remaining epochs. The continuity of the loss reduction over epochs, along
with the sharp loss drop at the 5th epoch, confirms the effectiveness of our proposed
strategy in employing u for similarity measurements in the early epochs and then q
in the later epochs.

4.8 DCSS as a General Framework

Table 4 ACC and NMI on the benchmark datasets when employing DCSS as a general framework
to improve state-of-the-art AE-based clustering methods.

Datasets
Method

MNIST

Fashion MNIST‘ 2MNIST ‘ USPS ‘ CIFAR-10 ‘ STL-10 ‘ CIFAR-100 ‘

ACC | NMI | ACC NMI ACC | NMI | ACC | NMI | ACC | NMI | ACC | NMI | ACC | NMI
DEC+MNet 89.13 | 86.97 | 61.25 56.30 44.25 | 57.35 | 77.58 | 78.15 | 81.88 | 70.79 | 85.97 | 76.33 | 44.10 | 42.81
IDEC+MNet 90.51 | 85.42 | 60.12 57.16 44.83 | 58.00 | 76.58 | 78.14 | 82.26 | 70.86 | 86.11 | 76.35 | 44.21 | 43.01
DCN+MNet 87.49 | 83.25 | 54.23 58.69 45.62 | 48.24 | 76.90 | 77.59 | 79.13 | 68.51 | 83.11 | 74.00 | 43.21 | 41.86
DKM+MNet 88.31 | 84.52 | 57.23 56.26 44.34 | 49.50 | 77.13 | 78.02 | 81.30 | 70.63 | 83.75 | 75.01 | 43.78 | 43.19

In this section, we demonstrate the effectiveness of the DCSS method as a general
framework where the u space is trained with other AE-based clustering techniques.
To this end, we substitute the first phase, presented in Section 3.1, with other deep
learning-based techniques that train an effective subspace using an AE for the purpose
of data clustering. Among our comparison methods, DEC, IDEC, DCN, and DKM
algorithms are AE-based. For each dataset, we train AEs using these algorithms, then
take their encoder part and append our proposed MNet to the latent space. Then, we
run the second phase of DCSS. Results of such implementation are reported in Table 4
where X+MNet indicates the performance of DCSS employing the X method’s latent
space as the DCSS’s u space. Note that, for the RGB datasets, features are constructed
using the pre-trained SimCLR (H space).

Comparing the clustering results reported in Table 1, Table 3, and Table 4 confirms
the effectiveness of DCSS as a general framework to improve the existing state-
of-the-art AE-based clustering methods. On average, MNet improves the clustering
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performance of DEC, IDEC, DCN, and DKM respectively by 2.68% (1.66%), 2.23%
(1.21%), 2.58% (1.35%), and 2.12% (1.23%) in terms of ACC (NMI).

4.9 Performance on Imbalanced Dataset

MNIST MNIST
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Fig. 7 The clustering performance of different methods on imbalanced samples of MNIST.

To demonstrate the effectiveness of our proposed DCSS method on an imbalanced
dataset, we randomly collect five subsets of the MNIST dataset with different reten-
tion rates r € {0.1,0.2,0.3,0.4,0.5}, where samples of the first class are chosen with the
probability of r and the last class with probability of 1, with the other classes linearly
in between. Hence, on average, the number of samples for the first cluster is r times
less than that of the last cluster. As is shown in Fig. 7, our proposed DCSS frame-
work significantly outperforms our comparison methods for all r values. This indicates
the robustness of DCSS on imbalanced data. As is expected, in general, for all meth-
ods, increasing r results in a higher performance because the dataset gets closer to a
balanced one. Higher performance of DCSS on imbalanced datasets can be associated
with two factors: (1) considering an individual loss for every cluster in the 1st phase,
and (2) considering the pairwise data relations.

4.10 Visualization of q vectors

Fig. 8 shows the representations of the data points from various clusters in the q space.
As can be seen, the proposed DCSS method results in representations that are very
close to the one-hot vectors. Note that the kth element of q; denotes the probability
of sample x; being in the kth data cluster. The closer q; is to the one-hot vector, the
more confidently a crisp cluster assignment can be made. As is proved in Corollary
1.2 of Section 3.4, if data point x; has at least one similar neighbor, the maximum
element of q; is greater than ¢. In our experiments, ¢ is set to 0.8. This can justify the
aggregation of the data points near the one-hot vectors in the q space.

To further demonstrate convergence of the q representations to one-hot vectors,
histogram of residuals h; = ||I; — q;||1, 7 = 1,..., N for all datasets are shown in Fig. 9;
where ||.||1 indicates the ¢;-norm and I; is the one-hot crisp assignment corresponding
to q; — i.e. the index of the non-zero element of I, is equal to the index of the maximum
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(b) Fashion MNIST

Fig. 8 Visualization of q for samples from (a) MNIST and (b) Fashion MNIST datasets. The q
vector for each image is depicted beside the image. The vertical axes range from 0 to 1.
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Fig. 9 Histogram plot of h; = ||I; — qi||1, % = 1,..., N where I, is the one-hot crisp assignment
corresponding to qj.

element of q;. As can be seen in Fig. 9, the representation of almost all data points in
the q space is very close to their corresponding one-hot vector.

4.11 Hyperparameters Sensitivity

In Fig. 10, we investigate the effect of different hyperparameters on DCSS clustering
performance. For hyperparameters of the first phase (i.e. @, m, and Ty), we report the
performance of clustering using DCSS,, (as is presented in Section 4.3).

In our proposed method, hyperparameters are fixed across all datasets, i.e. no
fine-tuning is performed per dataset. Hence, one may obtain more accurate results by
tuning the hyperparameters per dataset.

In Fig. 10(a), we explore the importance of the centering loss in the first phase’s
loss function, shown in (1), by changing « € {0,0.01,0.1,1} for MNIST dataset. As is
shown in this figure, by increasing the value of o from 0 to 0.1, our DCSS performance
significantly enhanced in terms of ACC and NMI, which demonstrates the effectiveness
of incorporating the centering loss beside the reconstruction loss in the first phase’s
loss function. We observed a similar trend across all the other datasets. In all our
experiments, for all datasets, « is set to 0.1.

Fig. 10(b) shows the impact of the level of fuzziness m on the clustering perfor-
mance of DCSS,, for the Fashion MNIST dataset, where m € {1.1,1.3,1.5,1.7}. In the
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Fig. 10 Sensitivity of DCSS to different hyperparameters.

case of m— 1 (m— o00), group membership vectors converge to one-hot (equal probabil-
ity) vectors. As shown in this figure, as desired, the DCSS method is not too sensitive
to m when it is set to a reasonable value. We observed a consistent pattern across all
the remaining datasets. In all our experiments, for all datasets, m is set to 1.5.

In Fig. 10(c), we scrutinize the effect of update interval Ty in the clustering per-
formance of the first phase for Ty € {2,5,10,15}. As is expected, better clustering
performance in terms of ACC and NMI is acquired for a smaller value of T} for the
USPS dataset. Consistently, the same behavior was observed across all remaining
datasets. In our experiments, for all datasets, Ty is set to 2.

In Fig. 10(d), we change the number of training epochs T, defined in Section 3.2,
for Fashion MNIST dataset, where T> € {1,5,10,20}. As is expected, for a very small
T> value, e.g. T» = 1, where training the q space is mainly supervised by the q space
itself even at the MNet training outset, DCSS cannot provide a proper q space, since
q is not a sufficiently reliable space to be used for self-supervision. The figure also
shows that for a very large Th value, e.g. Tb = 20, when we only trust the u space
for supervising the q space, we cannot train an effective q space. As shown, a good
clustering performance can be obtained when T; is set to a moderate value. In our
experiments, for all datasets, Tb is set to 5. This demonstrates the effectiveness of the
proposed strategy in supervising the MNet training using both the u and q spaces.

In Fig. 11, we change ¢ and v in range [0,1], where ¢ + v = 1, to observe model
convergence and accuracy for different lengths of the ambiguity interval, defined as
¢ — 7, ranging from 1 (when ¢ = 1) to 0 (when ¢ = 0.5). Fig. 11(a) shows the number
of pairs participating in minimizing the loss functions defined in (4) and (5). As can
be seen, at the beginning of the second phase, our model can make a decisive decision
only about a few pairs, and the remaining pairs are in the ambiguous region. As the
second phase of the training process progresses, more and more pairs are included in
the loss functions optimization process. Finally, at the end of the second phase, almost
all pairs contribute to the training.

Furthermore, in Fig. 11(b), we investigate the influence of ¢ and v in clustering
performance. As it can be seen, as is desired, the final clustering performance of our
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Fig. 11 Changing hyperparameters ¢ and « for different datasets. (a) Number of data pairs par-
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different datasets for different values of ¢ and ~y; the clustering performance of DCSS is less sensitive
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DCSS framework is not highly sensitive to the choice of ¢ and v when these are set to
reasonable values. In all our experiments, ¢ = 0.8 and v = 0.2 for all experiments and
datasets.
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Fig. 12 Sensitivity of DCSS model to the initial number of clusters (K).

In Figure 12, we investigate the impact of initializing the number of clusters to
values smaller or larger than the actual number of clusters on the performance of our
DCSS model using the Fashion MNIST dataset, where the true number of clusters
is 10. When the initial number of clusters (e.g., K = 4) is smaller than the actual
number, the model is forced to group data samples from multiple clusters into a single
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cluster, resulting in a decrease in the DCSS model’s performance in terms of ACC
and NMI. Conversely, with higher values of K (e.g., K = 16), the algorithm may tend
to over-segment the data, creating smaller clusters that may not well align with the
true structure of the data. In an extreme scenario where K is set to a very large value,
the over-segmenting of the data may cause overfitting to the training data. Employing
a validation set becomes valuable when conducting a parameter sweep to identify
an appropriate value for K. See [81, 82] for more discussion on how to have a prior
estimation for the number of clusters.

4.12 Features visualization

In order to investigate the effectiveness of our model in extracting useful features
for different datasets, we train a deep neural network with the same structure as is
presented in Section 1 of the supplementary material file in a supervised manner, and
then we compare the output of the first convolutional layers for the trained model and
our proposed DCSS model. As it can be seen in Fig. 13, our DCSS learns a variety of
low- and high-frequency features, which are similar to features learned in a supervised
manner. This demonstrates the effectiveness of our framework in finding informative
features in an unsupervised manner.

a) Original Image b) DCSS c) Supervised Features
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Fig. 13 (a) samples of MNIST, Fashion MNIST, 2MNIST, and USPS. The output of the first

convolutional layer using (b) the unsupervised DCSS method and (c) a supervised manner employing
the same network structure as of DCSS is shown in Section 1 of the supplementary material file.

MNIST

2MNIST

UsPs

Fashion MNIST

5 Conclusion

In this paper, we present a novel, effective, and practical method for data clustering
employing the novel concept of self-supervision with pairwise data similarities. Despite
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most clustering methods, the proposed DCSS algorithm employs soft cluster assign-
ments in its loss function, optimizes cluster-specific losses, and takes advantage of the
relevant information available in the sample pairs. The proposed algorithm is shown to
perform well in practice compared to previous state-of-the-art clustering algorithms.
We also show that the DCSS’s self-supervision approach can be employed as a general
approach to improve the performance of state-of-the-art AE-based clustering methods.
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